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Preface

Thsse two volumes are the basis of the sophomore mathematics program
for the students in the College of Engineering at Cornell University. It
is not expected that all this material will be covered by all the students
ir the seven semester hours allotted to this portion of the curriculum.
There is room for some selection of topics, and in particular the more
difficult topics and problems are intended only for the best students.

The freshman year contains eight semester hours of mathematics -
essentially the first fifteen chapters of Calculus and Analytic Geometry,
by C. B. Thomas, Jr., (Addison-Wesley Publishing Co., Reading, Mass., Third
3dition, 1960). In additon to this mathematical background the fresh-
man student learns how to program in the Corﬁell Computing Language
(CORC) and how to have his problems run in the Computing Center. Com-
pletion of most of the classical topics of differential and irtegral
calculus in the freshman year permits a new approach to the mathematics

of the sophomore year.

The sophomore program contains features that we believe will develop
into significant advances in mathematical education. The arrangement of
courses, syllabi, and the interdisciplinary nature of the effort are in
accord with contemporary and future developments in the undergraduate
mathematics education of engineers and scientists.* The dominant features

include:

*
See "Recommendations on the Undergraduate Mathematics Program for Engineers
and Physicists® Report Number 5, January 1962, Committee on the Undergradu-
ate Program in Mathematics, Mathematical Association of America.



The opportunity to interweave physical interpretation and engi-
neering applications, hence stirring the students' imagination
and motivation and reducing the separation between theory and
practice.

A substantial period of time devoted to linear transformations
and matrices, linear egquations, quadratic forms and elementary
eigenvalue theory.

The introduction of vector field theory in the sophomore year
so that students will be prepared for the field theory approach
in junior year applied science courses in fluid and solid me-
chanics,rtransport phenomena, and electromagnetism.

The inclusion of numerical and méchine technigues in such mathe-
matical topics as differential equations, infinite series, and
linear algebra.

An interdisciplinary effort at both the planning and working
levels whereby professional mathematicians and engineers create
a course having balance between mathematiceal rigor and sophis-
tication and physical insight and motivation.

Coordination of mathematics with the sophcmore mechanics and
electrical sclence courses.

A mathematics program upon which the student will be encouraged

to build in subsequent years.

If a sophomore course constructed along these lines proves success-

ful it is hoped to extend the program at a later date to include a rewor-

king of the freshman material, so as eveﬂtually to provide a coordinated

program for the first two years of engineering mathematics.
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CHAPTER 1

Differential Equations

1. Introduction

The study of differential equaticns originéted-in the middle
of the sixteenth century when early scientists attempted to des-
cribe mathematically the physical laws governing their environ-
ment. As investigations in astronomy, solid and fluid mechanics,
optics and heat flow deepened, the need arose for the solution of
mathematical equations involving rates of change between the perti-
nent but elusive variables. After Newton and Leibnitz leid the
foundations of calculus in the last half of the seventeenth centu-
ry, a succession of physical problems of both théoretical and prac-
tical importance yielded to orderly description. The scope and
depth of penetration of our understanding of the biclogical and phy-
sical world has continued to give rise to a wealth of problems in-

volving relationships between functions and their derivatives. The

study of these mathematical questions led to the development of that

branch of mathematics known as differential equations. The mathema-

tical study of differential equations continues to give precision,
rigor and insight to the description of physical processes. Thus,

for the engineer and scientist the study of differential equations

is a three-fold process. The phenomenon must be described mathemati-
cally in accordance with the laws governing the process. The resulting
differential equations must then be solved. Finally the results are

interpreted in terms of the physical quantities being studied.
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Example 1.1 A Problem in Heat Transfer

The exchange of heat between different media is of primary im-
portance in éll devices which are made to control thermal energy.
Heat is transmitted by three processes, known as conduction, con-
vection and radiation. Conduction is the process whereby energy is
transmitted due to the excitation and resultant vibrational motion
of matter. Convection results when matter, which has been excited.
by the transfer of heat, is free to move and hence carry energy by
virtue of its freedom to flow. Heat transfer by radiation is the
result of the propagation and abscrption of electromagmetic energy
between bodies. One must be able to discriminate between these
mechanisms or know when not to attempt to discriminate. The laws
governing the three types of heat transmission are different.

Consider the heating or cooling of a body initially at tempera-
ture TO in an enviromment having constant temperature Te. An exam-
ple would be a cider jug put outside on an evening in the fall. We
are immediately confronted with the problem of discrimination, for
it is not obvious by which method or methods the heat is, transferred.
In the case of the jug in air it is not clear whether a film of air
remains close to the surface and heat is conducted through this layer,
or whether local convection currents are established due to density
changes created by the heat flow, or whether convection due to atmo-

spheric air flow dominates, or whether radiation is important, or

perhaps a combination of effects is present. Newton (1643-1727)

postulated that in such cases the rate of heat transfer, Q (BTU/hr.),
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between a body at temperature T(°F) and enviromment at temperature

Te( F) is

(14) Q = hA (T_-T)

where A 1is the surface area (ftng) through which heat flows and

h & film heat-transfer coefficient which depends on the flow
conditions, body shape, and physical and chemical nature of
the surface. Experiment has shown that for modest temperature
ranges (TO"Te) and flow conditions,  (1.1) is a valid
description with conduction and convection the dominant means
of heat transfer. If Te > T then heat flows to the body,
while if TezT then the body and enviromment are in thermal
equilibrium. In the time interval from t to +t+&At the

increment of heat stored in the body is given by

(1.2) cpV {T(t+at) - T(t))

where ¢ is the specific heat of the body material, p its density,
V the volume of the body and T(t) the temperature at time t. The

instantaneous rate of heat storage in the bedy is

(1.3) limt—> 0 i {T(H&z)st“ )y = coVT (%)
or
(1.4) cpV %%ﬁ ;

From the law of conservation of energy, ths rate of heat added, =29.
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(1.1), must equal the rate of heat stored (1.4) so that

. ar
(il 5 - = K(T_-T)

where k = hA/ch. The introduction of constants such as h in (1.1),
cpV in (1.2), or k in (1.5) is always required in analytical descrip-

tions of physical processes. Constant h in Newton's law of cooling,

(1.1), is a proportionality constant which includes several geome-
tric and physical effects. In (1.2) the product cpV expresses the
known physical result that a material has the capacity to store heat.
Constant k caﬁ be considered to be the overall rate constant of
the jug, for equation (1.5) when solved for k gives the time rate
of change of temperature of the jug per degree temperature difference
between the jug and its environment.

A careful discussion of the mathematics involved 1in solving
equation (1.5) is deferred until Section 5; here we give a treat-

ment in the spirit of Thomas, Section 6-11. Put (1.5) in the form

T_Te = -k dt.
Integration gives either
(1.6) log(T—Te) = -kt + C
or
(1.7) log(Te—T) = -kt + C,

depending on whether T—Te is positive or negative. In our case

of a cooling process,we start with the initial condition T = TO > Te



when t = 0, so we must use (1.6). Putting t = O gives
log(TO-Te)l: &,
and substituting this value for C in (1.6) gives
log(TwTe) = -kt + log(TO—Te),

which reduces to

T-T
[
T T

log

or, finally, to

(18] Tl = (TO—Te) e

The reader is advised to carry through the similar procedure
for the heating process, TO = Te, starting with equation (1.7).
The final result should be the same, i.e. equation (1.8), the dif-
ferenge being that in the cooling process the two sides of (1.8)
are positive, whereas in the heating process they are negative. Af-
ter a sufficiently large period of time the e_kt term becomes ne-
gligible, T ——> Tej and thermal equilibrium is reached. We conclude
that in such a cooling or heating process the temperature never
"overshoots" the environmental temperature. The results are shown
graphically in Figure 1.1.

If the cider jug is initially at TO°F, the night air temperature
20°F, and the cider temperature 60°F after one hour, we can determine
when the student should set his alarm clock in order that the cider

be rescued, The rate constant k is determined from the knowledge
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of the temperature after one T [

hour. Hence, (1.8) becomes

k 4 ~ T >0
o e

(60 - 20) = (70 - 20) e, o ™

which when solved for k gives e | T
/"’m“
r |7 T <T

k = 0.223 °F/hr. per °F. ©

|
Thus, (1.8) is |

. ir
T - p0 = 50g70-223% Figure 1.1

If we assume that the freezing point of cider is 32°F, then we can

determine the time +t required for T to achieve this value:

(32 - 20) = 50 o UB23t - a6 = 6.ko nrs.

Example 1.2. Light Absorption in the Ocean

When man attempts to explore underwater regicns he is faced with
the difficult problem of visibility. Incident light radiation is ab-
sorbed and scattered by a thin layer of water in direct proportion to
both the amount of incident radiation and the thickness of the layer.
The proporticnality coefficient Cy depends on the properties of the
water layer, including its turbidity, so that it might vary with depth.
Many regions of the ocean support luxuriant plant and animal life, es-
pecially in those strata where the intensity of light is high. Assume
that experiment shows that the amount of light absorbed by a layer of

plants and animals is proportional to both the thickness of the layer



and some power p of the intensity of light incident on the layer.
Bocth the proportionality constant <5 and power p must be determined

from experiment. The problem is to find at what depth vision is no

longer possible without artificial means.

Figure shows a layer of ocean
at depth x (ft.) below the surface. g_A4QLNBA_AHJ\/«_»QLaJA_Xi}x
A
the surface the incident radia- X

tion is I(O)zIO. The law of

conservation of energy when J, .l I(X)l -l

Water + Plants + Animals Wivs

=<

anplied to the layer of

2
thickness Ax must equate the l’ J/ T( x+ix)

amount of incoming radiation

I(x) to that leaving, I(x+tAx),
plus the radiation absorbed or 77 / 77 7 /
scattered by the water, plants Figure 1.2

and animals. According to the processes previously discussed this gives
(1.9) I(x) = I(x+ox) + cl(i)l(x)ﬁx + CQIP(X)AX

where x is a depth in the layer between x and x+Ax such that
the term cl(i)l(x)éx is the intensity absorbed or scattered by the

water in this layer. This equation can be rewritten as

T(x+Ax) - I(x - .
(1:10) = ﬁﬁgﬁ (x) = —cl(x)I(x) = chp(X)n

We will, of course, take the limit of (1.10) as Ax —> O and thereby

arrive at the differential equation governing the light intensity at
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depth x. However, in doing this we should be cognizant of any tacit
assumptions made. We wish to emphasize that we are constructing a
mathematical model of a situation which contains both physical and
biological processes. The energy absorption previously described
assumed a continuous composition of the medium which is, in fact,
discrete. The assumption gives an excellent model for the water
alone which contains a large number* of water molecules per cubic
foot, a slightly questionable model when turbidity is included (for
the nature and density of the sediments would affect the result),

and a decidedly questionable model for the plants and animals, which
on the scale of water molecule size are discrete and free to cluster
and move about. The scientist takes one of two viewpoints when con-
fronted with this common dilemma in describing nature. He abandons
the original problem and concentrates on a detailed study of radia-
tion absorption and scattering by liquids, plants and animals, or

he performs his experimenis on samples and under conditions represen-
tative of the actusl conditions, recognizing that there are limita-
tions to the validity of his model and accuracy of his results. We
will adopt the cecond viewpoint, tske the limit of (1.10) as Ax —> 0
even though we may cut through fish in the process, and arrive at

the differential equaticn
(1.11)

with initial condition I(O}:IO. Fguation (1.11) does not possess

*About 9.h5 x 1026



-

the simplicity of (1.5), in which the variables were separable and
the equation easily integrated.

Some special cases are interesting to examine, for they shed
light on the properties of the solution to the original problem.
L cgzo there are no plants or animals present and (1.11) can be

put in the form

which integrates to
(1.12) log I = -F(x) + C,

where

F(x) = fcl(x)dx

is an indefinite integral of cl(x). (8ince I is never negative
we have only cne form of (1.12) to consider.) By the same proce-

dure as was used in Example 1.1 equation (1.12) can be reduced to

(1.13) T = 1 FO)-F(x)
O

The intensity decreases with depth; the exact rate of decay depends
on the form of F(x). Thus, at a certain depth the threshold of visi-

bility is reached. If the absorption coefficient ¢y is constant,
-oo X

then the intensity varies as Ioe = . The term CEIP can only re-

duce the intensity so that this will alter the decay curve to scme-
thing other than an exponential and cause the threshold of visibili-

ty to occur at a shallower depth. If cy is constant the original
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equation (1.11) can be put in the form

I X
(1.14) —_—‘H—E s dx
IO clI + CEI o)

but this is of limited help because without a change of variable
the left-hand side can be integrated in closed form only for spe-
cial values of p. For example, with p=2, eqﬁation (1.14) can be
integrated in closed form. Using cl=0.80XlO“2, 02=O.1OxlO_2,
Iozl and x=225 ft. integration yields a value I=0.,15. Even if
(1.14) cannot be integrated in closed form it can be integrated nu-
merically and the relation between I and x determined.

For the general equation (1.14), it is not obvious at this stage
that a solution can be found. The fact that there is a unique solu-

tion is guaranteed by Theorem 2.1.

2. The Fundamental Theorem of The First Order Equation - Fuler's Method

An equation of the form

(2.1) ' % = @z,

is called a first order differentisl equation. A function y(x) is

called a solution of equation (2.1) if, upon substituting yv(x) for
v, (2.1) becomes an identity. For example, in the cooling problem,
the function T = Te+(TO—Te)e_kt is a solution of the differential
equation %% = k(Te—T). Differential equation (2.1) together with
the initial condition y(xo) =y, 1s known as the first order pro-

pagatien {or first order initial value) problem, because as we shall

see it defines a state of affairs whereby the solution can be gene-
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rated by a "marching forward process" from the initial value Y
Physically, such problems arise when mass or energy is transmitted
by the law of transmission (differential equation) from the initial
state.

Theorem 2.1* Let f(x,y) and §§ be continuous in a domain D of the
Xy-plane. Let (xo,yo) be a point in D. Then there is a number

H >0 such that on the interval l x—x071< H there exists one

and only one function y(x) which is a solution of the differential
equation (2.1) and satisfies the initial condition y(xo) =y .

°

This theorem when applied to equation (1.11) of the light absorp-

tion problem assures us that there is a unique function I(x)

satisfying (1.11) and the initial condition I(O)=IO- However,

finding this solution is a different matter. In general, (2.1) can-
not be manipulated in such a way that a closed form solution can be
found. In such cases one resorts to numerical methods.

We seek a means of golution for the clags of propagation prob-

lems represented by

d,
(2.1) = - f(x,y)
with initial condition

(2.2) , yix )=y

” ‘
For a proof of Theorem 2.1 see R.P. Agnew, Differential Equations,
McGraw-Hill Book Co., New York, 1960, Chapter 15; or W.S. Kaplan,

Ordinary Differential Equations, Addison-Wesley Publishing Co., Reading,
Mass., 1958, Chapter 12.
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Instead of seeking a closed form solution which could only be ob-
tained for special forms of f(x,y) (ef. Sections 5 and 6) we will
develop a method due to Buler (1707—1783) in which we find approxi-
mate values T of the solution for a discrete, successive set of
peints X - Once we overcome our prejudice for closed form solu-
tions in terms of elementary
functions, the appeal of a
discrete method is great,
especiall& if it can be S ///
adapted to a high speed y(X5) : - T
computing machine. Euler's ,f’///”7r$’//,/ |

method consists of approxi- v __’/*/O

mating the derivative dy/dx

by the difference quotient il Vel 22— |,
dy s 7 Y51
(2.3) dx T X o ‘
s-1 s Ts-1 < % 5 % >
To i g-1 s
Figure 2.1

and 1f this approximate

expression for dy/dx is used in (2.1), that equation gives

(2.L) ¥

I

s ys-l * b f(xs-l’ys—l)

where h=x _-x_ .; see Figure 2.1. Equation (2.4) is called a recur-

sion formula. The process of generating successive values for ¥

tegins by using the initisi value, ivom {2.2), in (2.4) to yield

vy = ¥, v h f(x,y)

and then continues with the use of recursion formula (2.4). Func-



- 1.13 ~

tion f(x,y) may be given empirically cr in tabular form rathsr tha

as an analytical expression. The simplicity of the method is such

that the approximate equations (2.3) and (2.4) might be viewed with

suspicion and skepticism for they imply certain errors inherent in

the process. However, it can be shown that as h —> 0 the approxi-
mate solution converges to the true solution. One should be warned
however that as h —> 0 the number of computations increases as

l/h and consequently the round-off error can become unacceptably

large.

Example 2.1, A Cooling Problem
Although the cooling problem of Example 1.l resulted in the

closed form solution (1.8) , tt is instructive to illustrate the

Euler method in a case where the " T T Error
exact solution is known. The ol o - 705 0
Jug initially at 70° F is 1| 0.20 | 67.77 | 0.0u8
placed in an envirconment of > 0.40 65,64 0.093
20° F and cools with a rate 3] 0.60 | 63.60 | 0.134
constant k = 0.223, In this L 0.80 | 61.65 0.181
case equation (2,1) has the 5| 1.00 | 50.79 | 0.215
form given by (l,S) which is 10 2 .00 51D67 0.335
%% - -0.223(T-20). 15 {1 3.00 | 45.20 | 0.416
|20 | k.00 | 40.10 | 0.437
Using (2.3) to approximate 25| 5.00 | 35.97 | 0.430
the derivative dT/dt, recur- 30| 6.00 | 32.73 | 0.393
sion formula (2.4)‘becomes 31| 6.20 | 32.15 | 0.393
32| 6.40 | 30..61 | 0.387

Table 2.1

i)



|

P o 1 - O.283h(TS_ ~ 20Y,

S s=-1 1

We know that the time for the jug to reach 32° F is over 6 hours
so that a choice of h = 0.20 hr. is a relatively small time in-

crement. With TO = (0 the first step with the recursion formu-

la gives
T, = 70 - G22300.80) (70 - 20) = 61.77.

Equation (1.8) gives the exact result

T, = 20 + (70 - 20)6-0.223(0.20) = G0

The results are tabulated in Table 2.1 which gives the tempera-
ture TS calculated by the Euler method at time ts. The last
column of Table 2.1 gives the difference between the exact result
and that obtained from the Euler method; hence, the last column

is the error. It 1s seen that Ts = 32° F occurs when ts i3
approximately 6.25 hrs.; the exact value for the time is 6.40

hrs. so the Euler method predicts the time to freezing within about
2.3%. The error in the temperature at a given time tq is seen to

e

never exceed about 1.2%.

Example 2.2, Light Absorption in the Ocean

Euler's method will now be used to obtain a solution to the
ocean visibility problem formulated in Example 1.2. Assume experi-
ment shows that for the process of light absorption by the plants

and animals p=2.0 and 02=O.lelO_E. The proportionality coeffi-
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cient Cl varies with depth according to the wvalues given in

-2 a2
Table 2.2; it rises from a surface value of 0.75x10 to 0.87x10

at depths greater than Depth 5 ;
8 £t cl(x)xlo Is
190 ft. Equation (1.14) )
0 0 0.75 1.000
becomes
i, 5 0.75 0.958
(2.5) S = -c (%)T - | -
' g™ L 2 10 075 0.918
-2.2 8
0.10x10 I 3 15 0.75 0.079
. L 20 0475 0.8k2
and cannot be solved in
2 0.76 0.806
a closed analytical form. 2 2 !
6 0 .76 0.772
If the Euler method is used, g T T
0.76 0.7k0
recursion formula (2.4) T 20 I {
) 8 4o 0.76 0.709
gives
9 | L5 0.77 0.679
Is = Tgu = Ol - 10| s0 0.77 0.651
o.loxlo'ghls?l. il &5 0. 77 0.624
15 60 07T 0.598
If the surface light inten-
13 70 0.79 0.547
sity is taken as 1 so that
_ 1k 80 0.81 0. 500
I(0) = 1 and with depth
15 90 0.83 0.456
increments of 5 ft. so
16 | 100 0.83 0.416
that h = 5, the first
26 § 200 0.87 0.164 .
value is given by Il =
B o Yo 0.87 0.14g
1 - (0.75x10 7)(1)(5) -
5 5 28 | 220 087 0.136
(0.10x1077)(1)(5) =
29 | 230 0.B7 0.12L
0.9575. If I. is

il
Tablie 2.2
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rcunded off to three decimal places then Il = 0.95%8 and IE =
0.958 - (0.75xlo‘2)(009j8)(5) - (OoiOxlO"a)(O.953)2(5) = 0.918.
If the process 1s repeated the IS values in Table 2.2 are gene-
rated. This calculation shows that ii the threshold of visi-
bility is at an intensity of 0.15 this value occurs at a depth
of 210 ft. If c, is constant, (2.5) can be integrated in closed
form; with ¢y = O.SOXlO-E the solution gives a thresheold inten-
sity of 0.15 at a depth of 223 feet. The Euler method is simple,
direct, and amenable to repetitive numerical computation. It is
flexible, for the increment size 11  is not necessarily fixed.
Table 2.2 shows that smaller increments were taken in the region
where the slope was largest. Further, it is seen that cl(x)
may be obtained empirically at discrete points. The nature of the
approximation of the derivative, (2.4), suggests that if h is
chosen sufficiently small and the slore does not change rapidly
then the error incurred is smell. This intuition is reinforced
when the error cean be determined exacltly in similar problems and
is found to be small.

Although no theory of error propagation will be presented here,
the various sources of error will be briefly described. Identify

the exact solution by y(x) so that the exact propagation problem

is given by

(2.6) Lo £(ay) , x> x

<

If the exact solutior y has a confnuous second derivative, then
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by the Extended Mean Value Theorem (Thomas, Section 3-9) we have

2
p2 <ye)
2.7 vix) = y(x_q) + b £(x, 1,y 1) + 5~ ——5—
dx
where X4 < §é< xs but the exact lccation of Es is urknown.

If we assume that the approximate and exact values are equal at
step s-1, y(Xs~l) = B then the error in the Euler method is
the difference between (2.4) and (2.7),

2

w2 ay(e)
(2.8) v(x) ~vg=%5—% -
dx

Thus, the Euler method can be considered as employing the first
two terms of (2.7) so that an error is introduced due to omitting
the remainder term. The error (2.8) is therefore called the trun-
cation error. It is proportional to the second derivative and hence

related to the curvature, which is a measure of the change of

slope.

Example 2.3, Truncation Error
In the cooling problem of Examples 1.1 and 2.1 the temperature

is given by (1.8) as

T =20 + 50 8-0,223135
hence
aT ) -0.223t
T -11.15 e
and
dET -0.223t
_2 = 2‘,1!-86 g ’ ’ s
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In order to evaluate the truncation error when s=1, equation (2.9)

gives

2 a®1(¢, )

k"

2 .
: (9:20)_ (2.u86) &70-22%;

where O S gl < 0.20. Although the exact gl is unknown, 1T we

use gl = 0 we clearly get a bound on the error. Thus,
o
2 dT(E,) o
h T (0.20)° , ooy -
5 = s 5 (2.486) = 0.050,

dt
This estimate of the truncation error should be compared with the
total error given in Table 2.1 when s=1.

Another error arises in any numerical computation because the
arithmetic is rarely carried out exactly; numbers are rounded off
at ;each step. For instance, in Example 2.2 a round-off error of
.0005 was introduced at s=1 by taking Il=O.958 instead of 0.957%.
The magnitude of round-off errors can be controlled by selecting
the number of decimal places to be carried, but one must be alert
to the possible sericus accumulation of such errors in a large
computation.

Finally, any "marching forward process” for solving differen-

tial equations involves an inherited error. This arises from the

fact that in the step from X 1 to x, the error in Ygr @8
computed from (2.4), is due not only to the truncation and round-

off errors inherent in this formula but alsoc to the error already

present in VEE Thus the total error in ¥ builds up in a
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a0
7

complicated way as s increases.

The truncation error in Euler's method, given in (2.8) is
of order hg. If h is decreas=d by a factor cf 2 the fruncation
error is decreased by a factor of 4; on the other hand, twice as
many steps are needed to cover a given range of values of x, so
the effect of the inherited error is more proncunced. The combined
effect can be shown to be a gain in accuracy, and in fact one can
prove that as h approaches zerc the approximate solution apprcaches
the true solution. The round-off error steadily grows, however,
and in actual calculation the ultimate accuracy is limited by the
number of decimal places carried.

Euler's method is the simplest of a large number of marching
forward processes. In computing practice, other methods such as
those of Runge-Kutta, Milne, or Adams are generally used. They have
a smaller truncation error than the Euler method and for the same
step size achieve greater accuracy. Thus bigger, and therefore fewer,

steps can be taken, and machine time saved accordingly.

*

For a discussion of the inherited error in Fuler's method see
S.H. Crandall, Engineering Analysis, McGraw-Hill Book Co., New
York, 1956, Section 3-8.

Problems

In Exemple 1.1 what assumption was mads about the conductivity of
the body in order that its thermal state be characterized by one .

temperature?
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2.2 The cathode heating element of a vacuum tube supplies heat at a con-

2:3

stant rate r BTU/min. while the tube is in an environment having
constant temperature TE' Assuming Newton's law of cocling, determine
the differential equation which governs the tube temperature.

Vhat temperature does the tube approach after a long period of time?

Ans, T___)TE + h_?i: A

A fundamental problem in the entrainment of small solid or liguid
particles set in a stream is to determine the particle wvelocity as a
function of time. Assume aercsol particles with zero initial velocities
are deposited in an airstream having constant velocity V. It is

known from a postulate first made by Stokes, and experimentally veri-
fied, that the drag force exerted on such particles is proportional to

the relative velocity of the stream and particle. If the particles are

of mass m, determine an expression for their wvelocity as a function of
time. In addition to the stated assumptions, give an additional perti-
nent assumption made in deriving the differential equation. Find thegt
position of the particles as a function of time. Ans., v = V(1 - e ™ ) .
In the cooling of glass it is Important to know the temperature - time
behavior so that properties can be controlled. Assume the cooling

obeys Newton's law of cooling but that the surface properties change with
temperature so that the film heat transfer coefficient h is proportional
to (T - Te)l/u where T is the giass temperature and T, the tempera-
ture of the enviromment. Let k Dbe the overall rate constant for the

cooling process.
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(2) Derive the differential equation which describes the cooling and
&l 5/L
give the required dimensions of k. Ans. e -k(T—TP) T .
(b Find the solution to the differential equation and show that it can
q
be put in the form
T-T
e_
T -T °
o} e

1
kt
[l + E—(TO - Te)

i

where TO is the initial glass temperature,i.e.: when t =0, T = To'

Alpha particles are emitted from radium as it decomposes. If we assume
that the rate at which the amount of radium decreases is proportional
to the amount present, determine an expreseion for the amcunt of radium
at any time. Initially, there are RO grams of radium. Ans. R = Roe-kt.
Surfaces containing electrical charges are known to discharge due to
"leakage." If the rate of discharge is proportional to the amount of

charge, determine the charge as a function of time.

Bathyscaph devices descending in the ocean pass through regions having
different temperatures. The prcblem is to determine the temperature of
the bathyscaph as a function of time, t. Assume there is no internal
heat generated and the gondola loses heat according to Newton's law of
cooling with rate constant k = 0.04 per min. It is known from depth-
time information that the ocean envircnment temperature is given by the

following relation



- 1.22 -

T, = 60° F, 0 < t < 10 min.

T, = 60 ¢~0-018(£-10) 10 < t < 20 min.

T, = U5 o ~0+005(£-20) t > 20 min.
2

(a) Write the differential equations governing the rate of change of
temperature for each period of time. Write the recursion relations
for an Euler step-by-step solution for each time period in which
you cannot integrate the differential eguation.

(b) If initially the bathyscaph temperature is 70° F., determine its
temperature at t = 40 min., by a hand (and head) calculation. Use
h =5 min.

(c) Write the CORC program for the calculation of part (b) and from

computer results find the temperature at +t = 40 min. Use h = 1 min.

The decrease with time in the number of aerosol particles per unit
volume is due to the following two effects. There is a decrease re-
sulting from surface loss which is proportional to the number per unit
volume present; this process has a rate constant b = 0.25 per minute.
In addition, coagulation occurs at a rate proporticnal tc the 1.5 power
of the number per unit volume present. The coagulation rate constant
is ¢ = 2.5 x ILONLL [(no. per cubic cm.)—l/g/minl
(a) Find the differential equation governing the rate of change of
aerosol particles per unit volume. Determine the recursion formula
for an Euler step-by-step solution. Ans. %% = -.25N - (2.5 x 10-4) 2

15

Ng=N__ - .250N_ . - (2.5x lO'u)h(Ns_

s5~1 L l)
(b) If initially there are 3 x 106 gerosdl particies per cubic centimeter,

determine the number per c.c. after 20 minutes. Use h = 1 min.
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2,9 A simple time del ay network consists of =z capacitor which is charged

through resistor R ccnnected in _d//,s R

@Aﬁm_ﬁmf\J\Nh\r__
E. In-

itlally no charge is on the capaci-

series to constant voltage
tor. When switch S is closed, the — B N
rise of current is opposed by the ca-

pecitor of capacitance C. The vol-

tage drop across a capacitor is g/C

where q 1s the instantaneous charge Figure 2.2

on the capacitor. With S closed, determine the differential equation
governing charge g and find its solution. Also find the current-time

. d
relation and sketch the i(t) and a(t) curves. Note: i = E% ;

2.10 A radioactive waste liquid is stored in a 10,000 gallon shielded tank
until its radioactivity level decays to half its initial lethal value
in 30 days. The tank is then flushed with fresh water which enters the
tank at a rate of 100 gal./min. and Fresh water
the mixture leaves the tank at the l
same rate. Derive a differential
equation for the amount, x 1bs.,
of radiocactive material in the

tank at any time t after flush- ] > Mix-
ture

ing has begun which includes both

the flushing and decay processes. Figure 2.3

Integrate the equation to find the amount of radioactive material at any
time. Determine how long it takes to reduce the amount to half that when

flushing begins; make the same calculation neglecting the decay prccess

during flushing. Ans. o Log Q)t
F _X(O) & 100 43’200 .



3. Systems of First Order Simultaneous Eguations.

In the class of problems considered in previous sections, the

state of the system was defined by one dependent variable y: a situation
which is called one-dimensional. In many circumstances, more than one
dependent variable occurs as a result of coupling between the objects
comprising the system. The coupling results from a transfer of mass Or
energy between the several parts. In such cases n quantities yl(x),
yg(x),n.a,yn(x) are needed to define the state of the system which is
thern called an n-dimensional system. We shall consider the mathematical
form which is a generalization of the one-dimensional propagation prob-

lem. Given

dyi

d—_X—: f]_(x:le-YQ)"Jyn):

dyé

== = B (0 Foewe <o)

d.X 2 2 17 2) J n J
(3.1)

dy

n -

B = Bt o)
with initial vglues
(3.2) v (x ), wplx))s oo sy ()5

determine the state of the system yl(x), yg(x), @i § ,yn(x) for x> xon
Tn order to avoid writing out the expressions (3.1) and (3.2) we adopt

the notation

W
(3°l) = f‘j(xjleYE:““:yn):
with initial wvalues
( =
(3.2) yi(x,) = vy o

where j =1, 2, ... ,n. The theorem assuring existence and uniqueness

of a solution has the following form.
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Theorem 3.1. For Jj=1,2,...,n and k = 1,2,...,n let 2,
af,
and §§i be continugus in a domain D of the (X}yljyé},,,’yp) space.
k )

Let (XO’yi,O’yE,O"'"’yn,O) be a point in D. Then there is a num-
ber H > 0 such that on the interval Ix - X, I < H there exists one
and only one set of functions yl(x),yg(x),o.n,yn(x) which are a solu-
tion of the system of differential equations (Sul) and satisfy the ini-
tial conditions (3.2).

The solution of equations (3°l) is in general complicated by the
coupling of variables so that the equations do not stand alone as in
the one-dimensional case. Only in a restricted class of problems can
we obtain elementary, closed-form Soiutions, However, the Euler step-
by-step method is easily generalized to the n-dimensional case. As in

the one-dimensional case, approximate each derivative by

dy . V. ™ ¥i o m
(3.3) &= g

When (3.3) is substituted intc (3.1) and solved for yj g we get
J

yL,s - yl,smi & hfl(xs-l’yl,s-l’yQ,s—l’°°“’yn,s—l)’

IR AR R NS LT TS SN TRRTIS AN

)e

. o= + hf (x .,y. . e .
n,s yn,s—¢ n( s—l’”l,s~l’y2,s~l’ ’yn,s—l

Tne step-by-step method is initiated by starting at the initial point

(yl(xoﬁ,yg(xo),,D.,yn(ﬁj)), The right-hand side of (3.4) is then

known and the left-hand side gives a new point (x, + n, y. vy Fp iaerea ¥, - Fa
0] eligres 2)_1. n,l
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Thus, eguations (3.4) for the first step are

yl,l = y-l’O + hf:-l_(xo}yl,o) “"’Jyn)o).? .

yE,O + hfg(xo}yl’oj ra "’yn,O)’

° . . . e . . " 0 ° o 0 G ° ] o

Yn,0 * hfn(XO’yl,O’ ceoVy o)

In this manner numerical values of yj are obtained at discrete points.
Modern computing departments have established programs that one can
use to solve say one hundred eguations (S,h).so that one need not write
the program each time.
Example 3.1. The Parachutist Spin Problem

Consider a problem which arises when a parachutist falls from a
high altitude. He is accelerated downward by the attraction of gra-
.vity, but the air flow about his body creates drag forces which impede
his fall. Due to an inevitable lack of geometric symmetry these drag
forces exert moments on him which cause rotation about his center of
gravity. The speed of rotation may increase and exceed thé 150 RPM
which is fatsl to most men. Agsume the man is released from rest at
85,000 feet. During the descent he remains in a supine position. Fig-
ure 3.1(a) shows his instantaneous downward velocity V(ft./sec.),
and spin velocity w(rad./sec.), while end view (b) is a fres body dia-
gram showing the force of gravity W, drag force D, and drag moment M.

Newton's dynamical laws for linear and rotationsl motion are

(3e5) W-D =

and
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den

{3.6) M=1 5

where I  1is the moment of inertia of
the men about a vertical axis through
his center of gravity. Wind tunnel
tests on representative dummies with
parachute show that drag force D,
even in the presence of rotation, is
proportional to the square of the
instantaneous velocity V and ap-

proximately equal to
(3.7) = 56090 % T,
These tests also show that the size of moment M

by the rotation but that it de-

rends on velcecity V according M $+-1b)

Figure 3.1

(a)

is not influenced

to the curve shown in Figure 124
3.2. The moment increases from
' 10 +
zerc to a maximum and then de-
creases. We will assume g 8+
"standard man” possesses the
&4
following properties: W =
200 1bg. and I = 12 slug~ 44
ftgu In this mathematical
e
model we will assume that D
and M do not depend on al- t t
40 80

titude(air density changes

¥ (fey/ sea,)
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are noglected) and W is constant. Equations (3.5) and (3.6) bacome

av . 2.2
f3 0 e I o
13.8) e 32,2 0.11x10 "V,
and
dw X
(3.9) T I8 M(V),

0, w(0) = 0. Equation (3.8) shows

with initial conditions V(O)
that in the early stage the V2 term is negligible compared to the
acceleration of gravity, g = 32.2 ft./sec.g; however, as the veloci-

ty increases the squared term increases. If the fall is sufficiently
long the drag force term, O.llxlO_2V2 builds up to Just cancel the
force of gravity and the parachutist descends with essentially a con-
stant velocity - the terminal velocity. FEquation (3,9) is coupled
through V with (3.8) and the equations are a two-dimensional spe-
cial case of the general theory. We can take ¥y = v, fl = 32,2 -
OnllxlO_QVQ, Yo =0, T, = %E-M(V) and x = t. The total time to

fall 85,000 ft. is the order of magnitude of 500 sec. and the accelera~
tion is largest in the early stages of descent, thus causing the largest
velocity changes during this period. Hence, time increments h should
be small compared to the totsl time of fall and sufficiently small so
that large velocity changes do not cccur in azny increment h. During
the initial stages of fall a value of h = 0.5 sec. meets these condi-
tions without necessitating a great number of steps in the calculation.
Table 3.1 shows that after the initial period h can be increased to

1.0 without changing the velocity increments appreciably. Further, h
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can be increased to 2.0 as the constant terminal velocity is approached.
The choice for h depends on the problem and the desired accuracy. It
is important to realize that h 1is adjustable and can be altered to fit

the needs of the problem. Eguations (3.4) of the step-by-step method

vield
- -
(3.10) V.=V, .+ 32.2h - 0.11x10 v _ih,
and
h
s it _ wo=w o+ 75 MV, )

The first step is

v, = v(0) + 32.2(.5) - 0.11x10'2v2(o)(.5) = 18 ol
w, = w(0) + Ligl M(V(0)) = O

because V(0) = w(0) = M(V(0)) = 0. The second step yields

R - - B
Vo = V4 32.2(.5) - 0.11x10 vl(,5) w 32,71,

_ (.5) _ g _
Gy =+ g M(16.1) = I? (0.12) = .005.

Table 3.1 gives the step-by-step values and the curves of Figure 3.3 are
drawn through these discrete points. The angular velocity is seen to ex-
ceed the fatal threshold of 150 RPM after about 21 sec. has elapsed. Thus,
methods must be devised to reduce and control the angular velocity. The
berminal velocity of 170.2 ft./sec. (which is easily obtained from (3.8)

with 9 = 0) is essentially reached after only 16 sec. of fall.

3t



s ( g;'rge) h=At Vs Ms CL‘s
(£t/sec) (£t-1b) (REM)

0 0 o) 0 0

i 8.5 0.5 16.1 0.12 0

) 10 0.5 291 .47 0.04T
3 1:5 0.5 L7.6 1.00 0.235
L 2.0 045 62.4 17T 0.633
5 2.5 0.5 . 6.3 2.65 1.34
6 3.0 0.5 89.2 3.60 2.39
i 4.0 1.0 112.6 5.50 5.25
8 5.0 1.0 130.7 7.20 9.55
9 6.0 1.0 1hi 8.40 15.4
10 8.0 2.0 162 102 28.7
11 10.0 2.0 168 10.6 45,6
12 12.0 2.0 169.8 10.7 62.5
13 14.0 .0 150 105 755
14 16.0 2 170.2 10.8 96.6
15 18.0 2.0 123

16 20.0 2.0 153
i 22,0 2.0 158
Table 3.1

V(ft/sec) 180
w(RPM)

150
120
Figure 3.3 2°

60

30

--__f -T_.e;rmina.l leloc ity

| & 150 RPM///’/”frt

21,

;o (secuj
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Problems

In the parachutist spin problem the effect of air density change with

altitude on the velocity drag force, D, was neglected. The density is

known to vary with altitude z ft. above the Earth as

where ¢ = 0.0034 slug/ft°3 and b = 1/22,000 ft.~

€ =0°

1 This causes the

drag force to vary with =z as

(a)

D = 0.600%18 % PEY,

Determine the system of differential equations for velocity V and
altitude 2z from which one could in principle find the time varia-
tions of these quantities. (Hint: F 5 Y

If the parameters and initilal conditions are the same as in Example
3.1, set up the recursion formulas for an Euler step-by-step solu-
tion of the differential equations. Do the first two steps to find

v Z and Vg,zD using h = 1 sec.

¥ L 2
Write the CORC program for the calculation of part (b). From the

computer results determine the maximum value of V and the time to

fall 85,000 ft.

In the design of long-range ballistic missiles one must be able to pre-

dict the motion in the re-entry phase of flight. The missile enters the

"outer reaches" of the atmosphere, H = 40 miles, with a velocity of

20,000 ft./sec“ Assume the body weilghs 20 lb. and descends vertically



L. =

from the 40 mile altitude. 7
Gravity exerts a downward force
and at the high velocities V‘l
considered here, the drag force,

D 1bs., is given by

V2

i = CD?

where Cp = MO,Q:is the air density
given by the exponential varia-
tion in Problem 3.1 and V i1s the
instantaneous downward velocity.
(a) Determine the system of dif-
ferential eguations for velo-

city V and altitude =z from

which one could find the time

o

variation of these quantities.

(Hint: 22 . = V).

= Figure 3.4

(b) Write the recursion relations for an Fuler step-by-step solution of

the differential equations. Do the first two steps to find Vl’ Zq

and Vé, 5

(c) Write the CORC program for the calculation of part (b). From the

Zz, using h = 1 sec.
computer results find the velocity and time at z = 40,000 ft.
(d) Determine the non-dimensional deceleration, %%/g, versus altitude,

z, curve for the 40 miles to 40,000 ft. region.
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3.3 The two -loop electric circuit iy )
& o RH—- — A — —y
shown has voltage E(t) applied i
> ———— |
i i
across terminals a, b. The 1 2 ?
. P = (,>
inductances Ly, L, and resis- Q;) E(t) EE‘Rl ff R,
tances Rl’ R2 are constant. > ¥
If the voltage drop across an |
di B B ” !
inductor is L 3t and across
a resistor 1R, write the Kirch- Figure 3.5
hoff voltage law for each loop thus deriving a system of simultaneous
differential equations for currents il and 12. Write the recur-
sion formulas which you wuld use to obtain an Euler step-by-step solution
dil 1 . . *
for the system of differential equations. Ans. —= = — (E - iR + iR )
dt L, 471 21
3.4 Processes which depend on more than one variable in the following man-
3
ner are called second order processes. The rate of change of variable
u is proportional to varisble x when variable y is held constant
and proportional to y when x 1is constant. Consequently we can write
du
at = Y
Ve

where k 1s the rate constant for the process. Rate %% is said to

depend jointly on x and y. In general, there will be other equa-

tions relating the variables so that a system of equations results.
We wish to construct a mathematical model for an epidemic in a
community of total size N. An infection spreads between the number of

susceptibles x and the number of infectives ¥y« In addition, z persons

ai
%Answer continued e (i-R, - i.R i B0 i = i +
’ Tdat Ly 1l 272 0 R T -T2
h : h
—(E(t_ ) -1 R, + i R,); i = i +o— . .
L s-1 T ) 2, g-1"2 2,8 2, 8-1 L2(11,8_1R1~12,S_lﬂgnlg,s;lRl)u_
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are removed from the infectious process due to immunity upon recovery
from the infection. If the population size i1s constant, then

x +y+ 2z =N, The rate of decrease of susceptibles x is known to
depend jointly on the number of susceptibles x and the number of

infectives y, with an infection rate constant b. Hence,

=5

- bxy.

In addition to this process between x and 7y, the rate of increase of

immune persons 2 1s proportional To thé number of infectives ¥, with

a rate constant c.

(a) Determine the other two differential equations which give the rates
of change fdr y and =z.

(b) Write the recursion formulas for an Euler step-by-step solution

to this problem. Ans. x = x - hbX ¥ 49

<
I

g = Ty g BEE ¥ g = HOF, g

Z = Z + hcys_l,

s s-1

Consider a set of constant-volume consecutive chemical reactions. In one
reaction chemical A forms chemical B at a rate T3 the forward rate
constant Ty is the number of 1bs. of B formed per unit time per 1b.

of A. This reaction is reversible so that B becomes A with a re-

verse rate constant Ty Thus we can write

(1) A T—
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Further, another reaction occurs in which B becomes chemical C at a

rate r3, but this resction is also reversible so that C becomes B
with a rate T Thus
T
—3&.
(2) B o8
—
gt

Initially, when the chemicals are mixed the amounts present are
Na(O) = 2 1b., Nb(O) =1 1b. and NC(O) = 0.

If N, is the amount (1bs.) of A at any time, then conservation

of mass requires that

dan

a
T - Yol - 1q¥,-

(a) Determine the other two rate equations involving N, and W_.

(b) Add the three differentisl equations together and show that the
result is consistent with the overall conservation of mass for all
three chemicals.,

(¢) Set up the recursion formulas for an Euler method solution to this

problem,

Let Nl and Né be the populations of two species of animals. Vol-

terra's Competitioﬂ Equations are

dal

1
s = By - B,
an,

5 =y = did

Explain the rationale behind these equations. In particular note that if

the coefficients a, b, ¢, d are positive this correspcnds to two com-
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peting species, whiie If d 1s negative this correzaponds to the second
species preying on the first. Explain why the term aNi wouid be more
appropriate than the term aNl as given, 1f the indlividuals of the first

species were Wldely dispersed, rather than living in compact groups.

In electromagnetic relay and switching deviczs, & movable armature is ac-

tuated by being part of a mag-

neti ircuit having flux e =
ic ci g Q Iron *] f /

/
which is established by passing / Armgture

{
current 1 through a coil. A l Coil
L

AW
congtant source of voltage E o / / f /Q}/\ ;;j
is in series with switch S and S J i‘\f
the coil, which has resistance R, ]3:;§;. ¢/

When switch 8 1s closed, the cur- ' j
rent rise in the coil circuit is Figure 3.6
d

copposed by the induced vecltage azr(Nﬁ), where N dis the number of coil
turns. Xirchoff's law for the veltage drep around the coil circuit gives

a(nNg)
at

E=RI1+
Assume that an empirical equation connecting current and flux, i = i{@),
is known. The armature motion is coupled to the magnetic circuit by the flux

f at the gap which exerts s force F = kﬂg/(c%x)g on the armature. x 1is

the gap cpening; k and ¢ are constants.

Write the system of three first-order differential equations which govern
this electromechanical system. Introduce any inertis or length parameters
of the armature as needed; x 1is small compared to the armature length.
Set up the recursion formulas for an Eulsr method solution and indicate

how you would find the time required fto close the armature.
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li, Higher Order Differential Equations

The order of a differential equation is the order of the highest
derivative of the unknown function which appears in the equation. For

example, the differential equations

(4.1) %% + v = 0,
1 d i
(4.2) 5?;% + 25% + 3y = sin x,
2 duy 3dy
(4.3) (1+x7)— + y°g2 = 0,
. dx

are of order 1, 2, and 4, respectively.

Thus, a differential equation of order n is an equation of the

form
n
(4.1) (67,5 ¥ ™) = 0,
(n) dny i :
where ¥y denotes —=. The function y 1is called the dependent

n
dx
Vvariable or the unknown function and x is called the independent

variable. A function y = ‘¥(x) dis called a solution of (4.4) if,
when Y(x) 1s substituted for y in (4.4), that equation is satis-
fied for all x.

In most cases equation (4.4) defines y(n) as a function of the

variables Sx,y,y',...,y(nhl)? and thus (4.4) can be expressed in the
J
form
n
d n~1
(4.5) LY 2,5,y D).
dx

This 1s called "solving for the highest order derivative."

For example, (4.1), (L.2), (4.3) can be written in the forms
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dy- 2 x
E_XX:—‘YE’

o

d T, ,

——% = 5(51n x - 2y' - 3y),
a3

4
g;% - . Y’ .
dx l+:><2

We shall assume, in what follows, that the equation is in the form
(k.5).

Many problems call for finding a function y(x) that satisfies
not only a differential equation of the form (4.5), but, in addition,
meets the requirement that, when x 1is set egual to a certain value,
say  Xu; the function y and its first (n-1) derivatives y',n.o,y(n—l)

take on specified values. That is y(x is required to satisfy the

n conditions

|
]

y(x,) =

O,
| -
N (Xo) - Cl)
(4.6) :
(n-1) _
y (Xo) - Cn_lﬁ
where ¢y, Cyy.eey C 5 &FC specified constants. Equations (L4.6) are

called initial conditilons.

The differential equation (4.5), together with the initial con-

ditions (4.6), is called an initial value problem.

Example 4.1. Newton's Second Law of Motion (F = ma), applied to a parti-
cle moving along the x-axis, is expressed by the second order differen-

tial equation



.

d?
(%.7) m——g & Plhom, 2% ),
| dt

where F(t,x,x') is the force in the x-direction. In this problem, t
is the independent variable and x the dependent variable., The ini-

tial values

XO,

X(to)

(4.8)

x'(to) y
specify the position and velocity at time +t = tO'
The initial value problem (4.5), (4.6) for an nth-order differential
equation can be put in the form of the initial value problem (3.1),
(3.2) for a system of n first-order equations in n unknowns. This

may be seen by meking the change of variables

yl = y}'
-y
y2 - d_X,
(4.9)
- dn_ly
n dxn--l

The nth- order equation (4.5) and the equations (4.9) can then be

expressed in the form

o 1

ax - Yoo
s

d_'}{ - yB)

(4.10)



= f(X,yl,yg, . "’yn)’

which is a special case of (3.1). Similarly the initial conditions

(4.6) become, under the change of variable (4.9),

yl(XO) = Co)

yE('Xo) = cl)
(4.11) ;

yn(xo) = Cn_l}

which is a special case of (3.2).
Thus Theorem 3.1 can be applied to the initial value problem

(4.5), (4.6) with the following result.

in

(n-l))

Theorem 4.1. Suppose that the function f£(x,¥,¥',.e.,¥

equation (4.5) is continuous in x and has a continuous partial

derivative with respect to each of its last n arguments in a domain

D of (n+l)-space. Let (x ,co,cl,..,,cn_l) be a point in D. Then
there is a number H > 0 such that on the interval lx—xol < =
there exists one and only one function y(x) satisfying the condi-

tions (4.5), (L.6).

Similarly by writing the problem (4.5), (4.6) in the form (4.10),

(4.11) the Euler method of solution described in Section 3 may be
applied.

Example 4,2, Physical laws are frequently expressed in terms of 4if-

ferential equations involving derivatives higher than the first. The
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acceleration in Newton's Law of Motion, F = ma, is an example of a
second derivative. Thue, in the parachutist problem, Example 3.1,
if u 1is the position of the man downward from his starting altitude

then Newton's Law gives

2
(4.12) W-oc %)2~E§-3,
' & at
du dgu
where ¢ (~—-) is the drag force and ——= the acceleration.
\dt dt2
Equation (4.12) can be written as
dEu ge [dul 2
(%.13) Stog - ()2
dt2 W oidt

which is a second order differential equation having the form of (L4.5).

In order to write this as a system of first order equations we let

(h.1k) Do,
and (L4.13) becomes
(k.15) Ty

Thus, (4.14%) and (4.15) are a system of first order equations of the
form (4.10). Equation (L4.15) is of course identical to (3.8) which
we solved numerically by the .Euler method., With the values of Vs

given in Table 3.1 equation (4.14) is easily solved by the Euler me-

thod for

u =u . +hV _ .
5] s-1 s-1

Thus, the distance dropped can be found.
It should be noted that the above remarks apply to the initial

value problem (4.5), (4.6). If the initial conditions (k.6) are
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replaced by other conditions, in particular by conditions at mere than
one point, then the existence and uniqersss theorem (Theorem L.1) may
not hold. The Fuler method of solution will also run into difficulties.

To illustrate these remarks consider the second order differential
equation

(k.16) y" HKy = 0 ( # 0).

As we shall see later all the solutions to this equation are of the
form

(4.17) v = A cos kx + B sin kx,

where A and B are arbitrary constants. If we require the initial
value conditions y(0) = a, y'(0) = b then (in agreement with Theorem

lt,1) there exists the unique solution

¥y = a cos kx + E gin kx.

If, on the other hand, we require the two-pdint boundary conditions

y(0) = a, y(1) =",
then we find upon substitution of these conditions inte solution (4.17)

that there is

(i) a unique solution y = a cos kx + E:%EEQE;E sin kx if sin k # 0;
[=3

(ii) no solution if sin k=0 and b # a cos k;
(iii) infinitely many solutions y = a cos kx + B sin kX, where
B is arbitrary, if sink =0 and b = a cos k.
The point of this discussion is to show that the existence and
uniqueness situation is considerably more complicated for the two-

point boundary conditions, than it is for the initial value problem.
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We shall be concerned mostly with the initial value problem. (See

Problem 1.7 of Chanter 2 for a numerical solution of a certain tyve

of two-point boundary value problem.)
Problems

A mathematical modél of a loudspeaker consists of a central mass M
attached to a very light cone which resists longitudinal motion with
spring constant k. The system has inherent damping which exerts a
retarding force on M proportional to

the velocity of M. Coil C is coupled

electromagnetically with M and drives cone

M with a force proporticnal to the vol-

tage E(t) across the coil. Determine {Ltjjlr'—“ 5

the system of differential equations go-

verning the velocity and displacement of E(t)

M. Find the recursion formuias for an

Euler method solution of the differential

x = +hx ; Ps = Figure 4.1
b 1,s lsl
Xy 5ol M(CE( ) =Ty
In “the docklng of a laTge shlp of ass M the engines are essentially

equations. Ans.

stopped whiie tugs T exert the

forces necessary for maneuvering.
Water resists the sidewise motion
cf the ship with a force which is

proportional to the velocity. As-

sume that the ship has an initial

sidewise velocity V(0) = V, when Figure 4.2

the tugs come in contact with it and exert a cunstant cpposing force I,
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by

4.5
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Determine the system of differential equations for the sidewise velocity V and

displacement x. Solve these equations and thus find V and x as functions

of time.

The differential equation for the flow of heat in a cireular cooling fin is

d?T 1l 4T
—5 + === - c(T-T ) = 0, where T is the temperature st radius r, T the
dr2 r dr e e

constant envirommental temperature and ¢ a constant. Write this second order
sqation as a systiuw of first order equations and determine the recursion

formulas for the Euler method of solution.

2
Finda numerical solution to the differential equation gﬁg = x2 + 2%y + y,
dx

which passes through the point x = 0 with ¥y =1 and slope 0.5. Find the

solution over the range x =0 to x =1 using increments in x of 0.2.

Ans. % 'yl yé
0.0 1:0 5
0.2 X o
0.4 1.24 1.016
0.6 1.443 1.494
0.8 1.7h42 2.201
1.0 2.182 3.235

Show that the angular displacement © of the bendulum shown in Figure

4.3 satisfies the initial value F ¥ g
problem
2
d—-QQ-:—%sinQ,
dt
; _ de B 9
with ©(0) = 6y and dt(o) =

®y. Write the recursion formulas - Pigure 4.3
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necessary for computing ©(t) by Buler's method and carry out the first

three steps if @, = 0.2 rad,, ®. =0, L = 3 ft. and h = .2 sec.

0 0

A column with ends free to rotate carrying cénstant axial locad P

when deflected sideways an amount ¥y satisfies the differential

equation
o
dx
ETI is the constant bending stiffness o

of the column, If the ends are not
allowed to deflect sideways then the

two-point boundary conditions are 1

7(0) = ¥(1) = 0.

Show that the solutions of the dif-

.z
LI

ferential equation and boundary

conditions depend upon whether

sin[ %f ] L is or is not

zero, Find the solutions under

Figure 4.4
these conditions and determine e

their physical significance.
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5. Special Integrable Forms.

As the discussion in Section 1 shows, the solution of a problem a-

rising in the physical world involves three stages: the construction of

a mathematical model of the problem, the solution of the éorresponding
mathematical problem, and the interpretation of the results. These three
stages are not independent, and in particular the techniques to be used in
stage two must depend on the information supplied by stage one and the re-
sults desired in stage three. Nevertheless, in developing the mathemetical
techniques it is generally wisest to concentrate on the mathematics. This
is what we propose to do in this section and Section 6, leaving the com-

plications involved in applications to Section 7.

Theorem 2.1 and the numerical methods described in Section 2 apply
to a very general class of differential equations. There are, however,
some special cases that can be solved much more easily, and in ways ca-
pable of giving information not obtainable by using the Euler method. Ve
shall consider the most important of these cases.

Case I. The indefinite integral. If f(x,¥y) in equation (2.1) is inde-

pendent of y the equation becomes
(5.1) & _ p(x).
v 1is therefore the indefinite integral of f£(x),

(5.2) = [ e,
and to get y in explicit form we have at our disposal all the tech-

niques of integration. The constant C can, of course, be determined
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by initial conditions; if no initial conditions are given, (5.2) is called

the general solution of (5.1).

Note. The term "general solution" has been much misused in discus-
sions of differential equations. We shall use it in this chapter merely
to refer to the equation containing a constant arising from an indefinite

integration. Tor a critical discussion see R.P. Agnew, Differential Equa-

tions (2nd. ed.), McGraw-Hill, 1960.

Example 5.1. %%-: xe™ y(0) = o.

By integrating by parts or using tables we get the general solution

J[-Xe-ax dx + C

1l -ax 1
(x a) + C.

e
1l

e
Putting x=0 and y =0 gives

1 /3 !
G =i (E) + G, C = ;g ’

so0 that the desired solution is

.= %5 (1 - e ¥ (1+ax)).

Example 5.2. Find the general solution of

Ele

It

Using partial fractions gives
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1 1
.j’(l - X * 1 + X) &% O

-
- - log{l-x| +log|l+x]| +C
or
y = log |72 +c.

This second example illustrates a need for caution. The graph of the
solution, shown in Figure 5.1,
conglgts of three disconnected
pieces. To see just what is

happening from the mathemati-

cal viewpoint we shall state ;"lr
the theorem that takes the : |
place of Theorem 2.1 in our : :
present special case. ' :
y=log| T EE| 4 ¢
Figure 5.1

Theorem 5.1. ILet f£(x) be a continuous function on the interval I:
a<x<bh, let X be a number in I, and let i be any number. Then

the equation %% = f(x) with y(xo) = ¥, hes the unique solution
x

(5.3) ylx) =y, + £(u)au

for x in I,

This theorem is merely one form of the Fundamental Theorem of Calcu-

lus (cf. Thomas, p. 215).
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Apply Theorem 5.1 to Example 5.2 with X, = 2y Ty = 3. BSince

fx) = = 5 ig discontinuous at x =1 and x = -1 we take for T
1-x
the interval 1 < x < w, this being the largest interval that contains

x (= 2) Dbut no point of discontinuity. Then

o
x
y =3+ 22 du
1-u
2
X
=3+ [- log 1-u| + log 1+u ] }
2
=3+ [-logjl—xf +1og1+x[] - [-10;41-2] +loél+2l]n
Now for x in I, i.e. for 1 < x < @@, we have ]l—x l = x-1, |l+x I = 1+x,
and so
¥y = 3 - log(x-1) + log(l+x) - log 3
or
y = 3+ log %Ti:%y for 1 <x< .

The same result is obtained if the initial condition X, = 2 Vg = 3
is used to evaluate C in the solution of Example 5.2.

In general, Theorem 5.1 offers us no help in extending our solution
past a discontinuity. This does not mean that we can never do this, but
we must use other devices. (See Problem el

The form of the solution given in (5.3) is often more convenient than
(5.2)., If, for example, we are given y(xo) =y, end wish to find y(xl)

we can express the answer directly as



and the definite integral appearing here may be easier to evaluate than

the indefinite integral of (5.2).

Example 5.3. Find y(3) if y(1) = 2 and %: G g,
Here
3
v(3) = 2 + Vi + o3 au.
1

Since the indefinite integral V1 + u3 du is not expresgsible in terms
of elementary functions we must find other means of evaluating the definite
integral. Two well-known numerical methods are the Trapezoidal Rule and

Simpson's Rule, defined, in general, by the formulas

'b ;
£(x)ax 2 nlEr(x ) + £0x) + £(x) + .-
+ £(x ) + a0(x )]
and
b
£(x)dx Z%[f(xo) +bof(x) + 2 2(x,) + ..

+ 4 f(xn_l) + f(xn)],

(See Thomas, Sections 4-10 and 7-11.) Here h = (b-a)/n, x, =8, x =Db
x; = x_ + ih, In the second formula (Simpson's Rule) n must be even,
and the coefficients not shown are alternately L4 and 2. If we take
h = .2 the two formulas give the respective approximations 8.2210 and
8.2206. For comparison, Euler's Method gives 7.833.

If we want not only y(3) but a whole table of values y(x) we
can use one of these Rules to replace the Euler Method., Writing (5.3)

with x . and x_for x_ and x gives
‘ s-1 5 0
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y(x) = y(x ;) + £(u)du,

XS—l

and the Trapezcidal Rule gives the approximation
Vo= v, +al £(x_) + £lx)]
8 g=-1 2 s=-1 5

to be used instead of (2.4). In a similar manner, equation (5.3) can

be written as

Fog

v(xg) = vlx ) + £(u) du,

XES—E

and Simpson's Rule yields
Vo =Y + E[f(x ) + 4 f(x ) + f(x )].
2s 25-2 3 25-2 2s8-1 28

For a given value of h Simpson's Rule generally gives more accurate
values of y(x) bdbut at intervals of 2h instead of h. Either

process is readily programmed for an automatic computer.

Case I1. Variables separable. If equation (2.1) can be reduced to the

form

(5.4) g()E = £(x)

we are said to have "separated the variables.” An equation with vari-
ables separated can also be solved (in a sense to be made precise later)
by indefinite integration. For let F(x) and G(y) be indefinite in-

tegrals of f(x) and g(y); that is, F(x) and G(y) are functions such

that
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Fla) = £{x]), — G(y) = &(y).

Suppose that y(x) is any solution of (5.4). Then G(y) can be con-

sidered as a function of x, and, by the chain rule for differentiation,

Hence G(y) and F(x) have the same derivative with respect to x and

so differ by at most a constant, and we have

(5.5) a(y) = F(x) + C.

Thus any solution y{x) of (5.4) satisfies (5.5), and by working back-
wards it is easy to show that any solution y(x) of (5.5) satisfies
(5.4), Since (5.5) involves no derivatives it is said to be obtained
from (5.4) by "integrating.”

The mechanics of integrating an equation with variables separated
can be simplified by writing (5.4) in the differential form (in which the

variables are truly "separated")

(5.6) g(y)dy = £(x)ax

"integrating both sides,"”

fe;(y)dy - ff(X)dx,

and then

to give (SES).

S o

T =
Example 5.4, T %

Separating the variables gives
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which integrates to

|-
ot
0
1
S =
'54
+
a

(5.8)

This equaticn has two solutions,

¥ = UEC—-XQ,

each of which is defined in the interval I: - V20 <x < VX . Ob-
viously we must have (> O in order for (5.8) to have a solution.
The value of C and the appropriate solution are determined by the
initial conditions. If, for instance, we want the trajectory through

(-1, -1) we obtain from (5.8)

and the appropriate solution is

y:-VE’—xg..

As in Case I the definite integral can be used to avoid explicit

introduction of the constant of integration. Thus from (5.7) we get
Y X

v dy -x dx

or



giving the same result as before. If we want the value Y of y vwhen

1.
X = = We can use

2
1 1/2
y dy = -x dx ,
-1 -1
- i.2 1 1.1 2 i % i : 3
giving 3y, -53=-3 + 5 OF ¥y = T/M. Here it is not so obvious that

¥y = - \/775 rather than 1/77E , and in general we must be very csre-
ful in applying this procedure to see that in passing from X to %
and from P to ¥y there 1g no loss of continuity of any of the func-
tions involved. If we took yi = \f77ﬂ the passage of y from -1 to
¥y would require ¥y to go through O, which is a point of discontinuity
for the original function ~x/y. Hence we must take Yy = - \[77E 4

Example 5.5. %% = 2Xy.

Here we get

dy = 2x dx,

<l

which integrates to
log ]y-l = x2 + G
and gives the two solutions

y=€ &€ ,

y=-e € ,

: ; : ; C —
each holding for all values of x. Since e can have any positive

c .
value and -e any negative value we can lump the twc solutions to-

gether in the form



(5.9) y=Ae ,

where A has any value except O. Now we note that our original equa~- °
tion has the cbvicus solution y = 0. This was lost when we divided by
¥ 1n passing to the geparated forme We can thus conclude that the solu-

tions to our equation are given by (5.9) for any value of the constant A.

This example is readily generalized to show that the equation

& = 1)y

has the general solution

¥ = eF(X) P

where F(x) is any indefinite integral of f(x). If £(x) has discon-

tinuities the same precautions must be taken as in Case I.

2
: ‘ dy _ (x+1) (y +1 B
Example 5.6. B S ainl 4 y(1) = 2.

Separating the variables and integrating gives
1 P2 ‘
é-log | ¥ L | + arctan y = x + log fxl + C.

; 2 ; ; : .
Note that since y +1 1s never negative we can dispense with the ab-
solute value signs in the first term. Putting in the initial conditions

glves
1 § -
5 log 5 + arctan 2 = 1. + log Il ] + C=1+ C,

Since we used the determination I X | = x for x= 1 1in the above process,

we must, ag in Example 5.2, ontinue to use this determination, and so
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y(x) dis the solution of

% log(y2+l) + arctan y = x + log x +

Mo

which assumes the value 2 when x = 1., To get this solution in any ex-
plicit form is a major task. No analytic solution seems possible. A
numerical approach would be to assign a succession of values to x and
solve the resulting equations by Newton's method (Thomas, Section 9-3).
This 1s a tedious Jjob, and certainly more difficult than & direct numeri-
cal integration of the original differential equation.

Cage IIT. Second order equations. In many cases second-order equations

dy

can be reduced tc first-order by introducing a new variasble v = ops

and using either

ﬁ:ﬂ
dx2 dx
or
2
iy v _dvdy &
dx? T dx 4y dx ~  dy

Example 5.7. Let us take the genergl case of the linear motion of the

parachutist in Example 3.1, writing equation (3.8) in the form

2
' B e o i (L)
(5.10) m st me- e (=)

y being the distance dropped. We ask two guestions: (a) What does the
velocity do as t —> w; (b) What is the velocity after dropping a dis-

tance h?.

log 5 + arctan 2 - 1



(a) Here we want a relaticn between v and t, so we put (5.10) in

the form
Y _ EF
it 7 & T q !
and separating variables gives
dv N
—'———5:-—5 dt
g - — Vv

To put this in a more convenient form we multiply both sides by %; then,

setting ¢ = %? , wWe getw

‘rV' T
j dv i
= = at
o2 e m ?
40 0
or
v
1og | C%VI = %
ol - 1 e = — .
-V m
0
S | EV 5 v ‘ 5 . 2
Since jcuv‘l = o when v = 0, we must use this same determination

throughout. We therefore get, in succession,

I chv a .
cte oy =g b

log == = 225 ¢

Q

v
<!
=]

i
! 4

(]
1
-
<

|O
1
<
=

c+v



- ] 450 -

In this last expression the right hand side approaches 0 as t —> ®,

and hence so must the left hand side. That is

1lim v=1c=
t —>

gn
a

This is the constant terminal velocity of the falling body. It ghould

be observed that once we know the physical problem has such a limiting
velocity, it can be obtained directly from (5.10) by solving for the
velocity at which the acceleration is zero.

(v) 1In this case we want a relation between v and Yy, so we

write (5.10) as
dv 2
o e mv =— = - av .
(5eid) 3y = Te

With the same value of ¢ as before this becomes

The initisl conditions are y = 0, v = 0, and we want the value of v

when y = h, so

or



v
= log |v -c = - 2 h,
2 m
0
' 2
For v =20, ]vE - C | = ce - VE, so we getb
log(32 - vg) - log & o %ﬁ h,
2
. . v 2ah
log(1- _2) =Ty
c
£ -5
:L-—Eze 5
e
2ah

s c2( Lse ).

The right-hand side of (5.11) is always positive and hence the accelera-
tlon is greater than zerc so that v increases from its initial value
v(0) = 0. Thus, we would choose the positive valﬁe for wv.

Many other gpecial forms of differential eqguations, susceptible of
analytic solution by a variety of devices, can be found in boocks on dif-
ferential equations. (See, in particular, R.P. Agnew, loc. cit., Chap.
5, and W. Kaplan, loc. cit., Chapter 2.) These devices have become less
important with the wideépread use of computers and numerical methods of

solution but are still very useful in certain cases.
Problems

F'ind a general solution of each of the following equations.



(£)

(g)

(h)

5.2 Find the solution of each of the following equations satisfying the

gl gl glg

=l

&g &g

du
av

ki
dx

11

i
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a COoS NX.

1 Ans. y

‘_e_ . AIlS.

e log(l - x) .

Ans. ¥y

Ans, =z

il

fl

a .
n

arcsin x + C.

e deay pe® +C
a 2 3 :
a a :

given

initial conditions. In each case specify the interval in which the solu-

tion is wvalid.

(a)

(b)

(c)

(a)

&y
dx

dy
dx

gl gig

&le

STHC 3 v(0) = Q.
qu ) y(l) = 1.
x + b
i

2 = 2 y(l) = 1.
x = b
" iy
Vi . 2 |
eat _ e-at

= 0,

=, ¥(0)
e + e-at

Ans,

_ x _sin 2ax ( +0)
Y =5 " TIg J\-%, .
b
y=21+21log 3 )(-2,2).
at -at
1 e + e ‘
An = =1
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5.3 Integrate each of the following equations and find an explicit solution

y(x) when possible.

. 3
R
(a) a% = xg:y‘ : Ans. y=Ce” /3'
p) W _ &
(b) dx  x T

- ‘
, i _ l-m) 1-n 1/1-m
() Z-adr,mfl, nfl. s y= (BLELAD, 1,
%

5 .
(a) chz = CO8 X cos Y. Ans. y = 1-2:- -2 arctan Ce " X,
() g.xéi u g0 Ans. y = - log(C-e¥).
(£) %% =1+ Vv .

t = % log (eby + V2 -1) + C,

4y_ / -2by
(e) = L= , b>0. Ans. N

1, bt-bC bC-bt
y=3 log [E(e + e )7

5.4 Find the solution of the corresponding problem in 5.3 subject to the

given conditions.

(a') y(l) = 2, (b) y(2) =1, (C) .Y(O) =1,
(d) y(o) = o, (e) lim  y(x) = O, (£) v(0) = 0,
: , X —> =00
(g) wy(0) = 0.
der  nar
5.5 Find the general solution of ) + %a}- = 0 for the cases n =3 and
dr
n=2, (cf, Chapter 8). Ans. f = S;ﬁr C, for n=2,
T
a= 2
5.6 Find the general solution of ——% + ay =0, Ans. y = A sin(ax + B).
dx
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5.7 Let f(x) be the "square wave” function defined for all x by
0 if x =k, an integer,
f(x) = a if 2k < x < 2k+l,

-g if 2k-1 < x < 2k.

Show that there is a unique function y(x), contimuous for all x, satis-
fying y(0) = 0, and such that %% = f(x) for any value of x abt which

f(x) is continuous.

[ 4
>
y
L 4
>
5

L 4

e Ot r—0 —0

Square wave function y = f(x)

5.8 Write a CORC program to tabulate the function y(x) = £(x)dx

a,

for x = a(h)b, with b = a + nh, using the Trapezoidal Rule. Use

‘\/ri + Y1+ eX

your program with f£(x) , a=0, b=10, n= 20.

b
5.9 Write a CORC program to evaluate a definite integral f(x)dx by

a

Simpson's Rule. ILet the evaluation of f{x) for a given value of x be

10
made a subroutine. Use the program to evaluate
1+ V14 ax
0]

correct to five decimel places, starting with n = 10 and successively
doubling n until two results are obtained that agree to the desired ac-

curacy. Ans. 46.67407 with n = 80.

5.10 (a) In Example 5.7(a) we obtained the relation



5.l

ac

¥ ...E B
v m

comnecting v and t. BSolve this for v to get

podr
Tat T © okt okt

and integrate, with initial conditions t = 0, v = 0, to get

- e(ac/m)t - e-(ac/m)t
y = E.log 7 5 .

(0) Taking the relation

fmm part (b) of the same example, integrate (cf. Problem 5.3(g)) and solve

for y to get the same result as above.

One of the devices for solving differentigl egquations is the replace-
ment of the dependent variable y by a simple function of a new de-
pendent variable v and the independent variable x. The success
of the method depends on a clever choice of this function, but cer-

Tain standard choices, in particular y = xv, are often helpful.

Il

(a) By putting y = xv, so that g%;: x%% + v, integrate

s
dy v+ x _ 2 , B
dx "y - x ° Ans, y -2xy - x = C.

(b) Integrate %% w-i -% . Angvwer, in polar coordinates, r = Ae
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6. The First Order Linear Egquation.
An important special type of differential equation amenable to

so-celled closed form solution is the first order linear eguation

(6.1) o 2(xy),
where
(6.2) C2(x5y) = a(x) - p(x)y.

Eq. (6.1) can be written as

(6.3) %§~+ p(x)y = a(x)

where p(x) and g(x) are continuous functions over scme range of x.

Differential equation (6.3) is called linear because the left side is a

linear function of y and y'. In general the eqﬁation is not separable.
The method of attack is to multiply the equation by a function of

%, R(x), such that the terms involving y and y' constitute the deri-

vative with respect to x of a function of x and y. The resulting

equation can then be treated in the same manner as an equation of the

i dz _ or.
form = = f(x).

If we multiply equation (6.3) by R(x) we get
(6.4) R %% + Rpy = 3qﬁ

We wish to choose R so that (6.4) can be written as

(6.5) < (Ry) = Ra.
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( iy dR
e | s —l b —
dx \Ry) R dx Y dx

tnis equals the left side of (6.4) if

Pt dR

(6.6) = = Rp.

(0.0, T = Rp

By the remark following Example 5.5 we see that the general solution of
. P x .

(6.6) is R = Ae ( ), where

(6.7) P(x) = [p(x)d.‘xu

Since R can be any solution of (6.6) we might as well take =1, so
that
(6.8) R = 00,

For this value of R, (6.4) reduces to (6.5), which can then be in-

tegrated to give

Ry = / Rq dx + C

y = R"J“J Rq dx + CR™,
Written out explicitly in terms of the function P(x) defined by (6.7)
(6.9) ¥ = E_P(X)1j eP(X)Q(x)dx + Ce-P(X)n

Note. Since muitiplication by R(x) enables us to integrate the

squation, R(x) 1is called an integrating factor. Integrating factors,

similar to R, but often invclving both x and y, are sometimes help-



ful in solving equaticns other than linear equations. Extended discus-
sions of this topic can be found in texts on differential equatiomns.

Example 6.1.

(1 + xg) g% + xy = x(1 + *2)2
Putting the eqguation in standard form
(6.10) Ly x(1+3°)

1+x
gives
X 2
o(x) = —% , a(x) = x(1+x").
1+x
e
Then P(x) = J KQ dx = % log (l+x2) = log (l+x2)l/2. Rather than trying
1+x

to remember the form of (6.9) and substituting this velue of P(x) into
it, it is better to retrace the steps from which (6.9) was obtained. Thus
we first get

R(x) = eP(X) = (1+x2)l/2,

and multiplying (6.10) by this integrating factor gives
(6.11)

°

(1+X2)l/2 %% + x(l+x2)"l/2 i i x(l+x2)3/2

The left hand side of this equation should now be

E%E (Ry) = = [(1+x°)"

A

and differentiation of this should be carried out to serve as a check

on the work to this point., Integration of (6.11) gives



i - -
(157)+% //.X( 1+2)3/2 4 - o
P
- A+x i e} Cn
= (14x°)
Hence the solution is
-1/2

]
vy = % (lﬁxe)g + C(l+x2)
Example 6.2. Find the solution of

gﬁ + py = E sin wt

dt
that satisfies the initial condition y(0) = 0; p, E and o Dbeing con-
rt

stants. The integrating factor 1s e¥ , hence

ptdy . pt _ d Pty _ pt | ,
e St peT Y = g (et “y) = Ee” sin wt,

-~

epty - E J ept sin wt 4t + C.

Evaluating the integral (using tables) and dividing by ept gives

P, -§§—§ (p sin wt - w cos wt).
p W ‘

y = Ce

o satisf e given initial condition we must have
T bdgdy th 5 dit h

. By
O0=C+ ——2_' ("0))’
D W
or
Euw
B ~Er~§ ®



% J0H . %

The desired solution is therefore

y = —-EL-(me'pt + p sin wt - w cos wt).
e e
p +w

Linear differential equations have many special properties that
make them extremely useful in a wide variety of applications. To in=-
vestigate some of these properties let us return to the general solu-

tion (6.9), writing it in the form

(6.12) y(x) = @& _(x) + y,(x),

where

(6.13) 7 = T, 260 = [ata,
(6.14) yb(x) = e—P(X)d[-eP(X)q(x)dx.

Of the three parts, C, y,, and y,, that make up the solution (6.12) we
note the following:

(i) y.(x) is a solution of the equation

(6.15) %% + p(x)y = O.

Equation (6.15) is said to be the homogenecus part of (6.3), and ya(x)

is called a complementary s¢lution of (6.3).

(d) yb(x) is a particular .solution of (6.3).

(iii) The integration constant C depends on the initial condition

y(x,)-
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In view of (i) and (ii) we might wonder if ya(x) and yb(x) oh-
rained from (6.13) and (6.14) are special forms of the solution or whe-
toner any solutions of (6.15) and (6.3) would do as well. That the lat-
ter is indeed the case is expressed in the following theorem.

Theorem 6.1. Let ya(x) be a solution, not identically zero, of
y' + py = 0, and yb(x) a solution of ¥' + py = g. Then any solution
yc(x) of y' + py =g 1s expressible in the form Vo = Cya + Y2 @

being a constant.

Proof. We are given that

y.,' + oy, =4

¢ c
and

]

¥+ by,

1l

Qo

Subtracting the second equation from the first gives, since the difference
of the derivatives of two functions is equal to the derivative of their
difference,

' - e & 2

(v, -yt +2ly, - w) %
Tnis says that Vo = o is a solutlon of the equation y*® + py = 0,

aind is therefore of the form

-P(x)
-y, = A e "7,
Yo = ¥y |
Aias, ¥ is a solution of the same eguation, so that
-P(x
XZA—("))
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and Aa % 0 since ya(x) % 0. From these two equations we get

or, putting C = Ab/Aa,
yc - Cya * yb

as was desired.
To give physical interpretation to these properties we can regard

the equation as a process, or an abstract "black box", that has the func-

” p(x)

Figure 6.1
tion gq(x) as input, and as output the solution y(x). The structure of
the »leck box determines the funchtion (=), In most of these pro-
cesses the independent variable x is time, but the input and the out-
put can be almost anything - rotation of a shaft, electric current, flow
of fluid, air pressure, man hours of work, price of a commeodity, etec. Of

course, most of the useful black boxes such as microphones, televigion

selsg, OT models of the national economy, involve much more than a simple
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first order differential equation. OQur present work is only the first
step in the study of black boxes.

In these terms Theorem 6.1 tells us that any output or response
to an input q(x) is expressible in terms of the following quantities:

(i) A response ya(x) to zero input. This depends only on p(x),
i.e. on the structure of the black box. |

(ii) A particular response yb(x) to the input q(x). This de-
pends on p(x) and q{x) but not on any initial condition.

(iii) A constant C which is obtained from an initial condition

y(x ).

Most of our examples and problems will be confined to the case when
p(x) is a constant. In terms of our general physical picture with x
representing time it means that the structure of the black box does
not change with time.

If p(x) = p, a constant, the complementary solution is ce ® 5
so our chief concern is in getting a particular solution. In the
following examples we solve this problem for three importaﬁt types of
input, and additional types are considered in problems. Finally, for
any input not included in these cases we can always go back to equation
(6.14) for a particular solution, and use numerical techniques, 1if neces-
sary, to evaluate the integral.

Example 6.3. q(xl is @ constant E. Find a particular solution to

& = 0
(6.16) L+ py = E, wvhere p% 0.

Inspection of the left-hand side shows that it is a constant if y is

a constant. Hence, take ¥y, to be
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Yp = A
where the unknown constant A is determined by substitution in the dif-
ferential equation,

pA=E or A= E/p.
Hence, a particular solution is

¥y, = E/p

and the total solution to (6.16) is sum of ¥, and the complementary so-

lution. Hence

v = ce™®* + EB/p.

Example 6.4, g(x) 1is of exponential form. Find a particular solution to

(6.17) %% + py = Ee' 5,

The exponential function has the property that its derivative has the same

form; thus, if we take Yy of exponential form
Yy = Ae
a solution can be obtained by merely adjusting the constant A. Substitu-

ting Yy, in the differential equation we get

(r+p)ae™ = B

which is satisfied for =211 x if

A = E/(r+p).



Hence & particular solution is

E very

y'bznr__':ﬁe,'

provided r # -p,
In the case r = -p, we can see at once that Ae™®* cannot be a

particular solution of

(6.18) St py = e P,

for Ce ¥ g the complementary solution and so
d -px -DpX
= (4e™P%) + p(ae™) = o,

regardless of the value of A. We leave it to the reader to show that

_ xa"PX
¥y = Exe

is a particular solution of (6.18), so the general sdtution is

y = Ce P¥ & Exe PX,

Example 6.5. q(x) 1is sinusoidal. Find a particular solution of

(6.19) %% + py = E sin wx.

It we now take Yy, to be = sine function of the game frequency w as
dy

a(x), we see that the HEE term will give a cosine fumction and (6.19)

cannct be satisfied identlcally. To get around this difficulty we try

2 solution with both sine and cosine terms,

(6.20) ¥y, = A sin wx + B cos ax
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and attempt to find the two constants A and B by substitution of

(6.20) into (6.19). We get
[pB + whA] cos wx + [pA - wB] sin wx = E sin wx.
With two constants available this relation can be gatisfied for all x

by equating coefficients of sin wx and cos wx on each side of the

equation; thus,

pA - wB

I
=

(6.21)
WA + pB

i
5]

Solving these equations simultanecusly gives

B —0E
(6.22) B2 , B=——>5 >
pHw pHw

so that a particular solution is

E .
(6.23) =3 B (p sin wx - w cos wx).

p +L

Note that (6.19) is the same as the equation in Example 6.2, and
that the same particular solution was obtained in the two cases.
The same trisl solution (6.20) would be used if the input in (6.19)

invelved cos wx instead of sin wx. In fact, even if terms of both

types were present in the input, that 1s, if

(6.24) a(x) = E sin wx + F cos wx,

we would not have to treat the two terms separately but could carry both

in the same computation. The only change would be to replace tle second
equation of (6.21) by wA + pB = F, leading to appropriate changes in (6.22)

and (6.23).
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The common technique in these three examples has been to assume a
particular solution of a certain form and to adjust constants to give us
the precise solution. This procedure has been dignified by the name, the

method of undetermined coefficients.

If q(x) dinvolves more than one functional form, as in (6.24) for
example, it is frequently advantageous to seek particular solutions cor-
responding to each functional form,and then combine these solutions to
form the total particular solution. This gpproach is successful because
it is based on an important property of linear differential equations,
known as the Principle of Superposition.

Theorem 6.2. If Y95 Yps ere 5V, 8T€ Tresponses to the inputs 45 oo
cee 54 respectively, then ¥y + Yo F g, F Y, is a response to the
input dq + 9 + ass ok Q-

Proof. We are given that

i =

yl + pyl - q.l)
1 =

Yo' PV, = Gy
1 —

In + PYn = G

To secure the desired result we have only to add these equations and use

the well-known additive property of the derivative to get

(yl+y2+ 5w +yn)' + p(yl+y2+ s +yn) = ql+q2»+ . +q‘n'

The Superposition Principle given by Theorem 6.2 enables us to add the out-
puts yi corresponding to inputs qi and thus construct the total ocutput

due tc a sum of inputs. This principle is often referred to by the phrase

"the sum of solutions is 2 solution Tor the sum of the invuts™.
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Example 6.6. Find a particular solution of

g% +2y=6+¢e "+ gin x - 2 co8 X.

We consider the input as the sum of three parts, 6, e_x, and sin x -

2 cos x, and apply the method of undetermined coefficients tc each of
these separately.

For the input 6 we assume a particular solution y = A of the
equation % + 2y = 6. Substituting gives 24 =6, or A= 3, and so
this partial particular solution is Yy = o

For the input e > we assume y = Ae . Then % + 2y =e X gives

-X -X -X s ; ’ : -X
-Ae © + 2Ae (= e 3 or A =1. This partial solution is then Yy = e .
For the input sin x - 2 cos x we choose
¥y =4A sin x + B cos x,
and get
A cos x - B sin x+ 28 sin x + 2B cos x = sin x - 2 cos X.

FEquating the coefficients of sin x and of cos x gives

2A - B

i

Ly A+ 2B = -2,

which have the solution A = 0, B = ~1. This solution is therefore y3 =
- CcO8 X.
By the Principle of Superposition the particular solution of our ori-

ginal problem 1s y =y, + y, + so that
b~ LT T3

The general solution is just this plus Ce-zx..'
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Problems

6.1 Find the general solution of each of the following equations.

dy , 2  _ & ¢
(a) ki B Ans. y = 2x + XE.
(b) g% + ¥y = g,
2
(e) %1“:@::(- Ans, y=l+Ce-x/2.
(a) %% + ¥y tan x = sin 2x.
x x X
e 3
6.2 Find the general solution of each of the following equations.
x
dy B % _ e C
(a) L hF=2 ¢, | Ans. y=2+ 5+ = '
(v o -+ = &% + e-2x.
ax Ty
dy . 1 . x
(e) 3= - ¥ = sin 2x + 2 cos 2x. Ans. y = 5 (3 sin 2x - 4 cos 2x) + Ce’.
(a) %% + 2y = sin x + sin 2x + sin 3x.

6.3 An equation of the type
n
% + p(x)y = a(x)y,

is called g Bernoulli egquation.
(a) Show that a substitution of the type v = yl"n will reduce the Ber-

noulli equation to the linear equation



6.k
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%% + (1-n)p(x)v = (1-n)g(x).
(b) Solve

2
=y t+txy ,

()

fle g2

(ii) =y+xVy .

We wish to consider the most general form of gq(x) for which the method
of undetermined coefficients will work. The criterion is as follows: if
a(x) and all its derivatives gq'(x), ¢*(x), ... involve terms of only
a finite number of types, then there is a particular sclution invelving
térms of these types; with one exception, namely if g(x) involves a

term of the type "xne-PX, n > 0, then the particular soluticn may involve

a term of type a2

For example, let q(x) = x sin wx. Then
q'(x) = sin wx + wx cos wx

involves terms of the type sin wx and x cos wx., Derivatives of these

involve cos wx and X sin wx, cos wx being the only new type. The

next derivative involves nothing new and hence neither do any further
derivatives. We therefore take a solution of the *type

¥ =8 8in wx + b cos Wx + cx sin WX + dx cos WX.
Substituting in y' + py = % sin wx and collecting terms gives

(pa - wb + ¢) sin wx + (wa + pb + d) cos wx

+ (pc - wd) x sin wx + (wc + pd) x cos wx = x sin wx.
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This equation will be true for all =x if

pa - wb + c =0,
wa + pb + d = 0O,
pc - ad = 1,
we + pd = 0,

and so solution of these four simultaneous equations for a, b, ¢, d will

give the particular solution.

Find a particular solution of each of the following equations.
(a) y' + 3y = 8™ sin 2x. Ans. vy =2 (sin 2x - cos 2x).

(b) y' - 2y = xe¥.

(e) y' - 2y = e, Ans. y = %Xgegx'
(d) y' o+ oy = x2 - 2x - 3.

(e) y' + 2y = 2x sin x - 3x cos X.

Ans. ¥ = % X sin x - % X Ccos X + g% sin x + %% cos X.

6.5 Find the solution to the differentisl equation
oy -y = e* V1 + X3 with y(1) = 0.

The presence of the V1 + x3 factor in q(x) makes it impossible to ap-
ply the method of undetermined coefficients or its general form given in
Problem 6.4 because successive derivatives lead to new functional forms.

Apply the integrating factor method of solution to show that
%

ye-x = V1l + x3 dx.

1
The right-hand side is the integral of Example 5.3 which cannot be inte-

grated in closed form, but a numerical solution could be obtained using

the Traperoildal or Simpscn's Rule.
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7. Applications

The formulation of an appropriate mathematical model ig often not
an obvious or trivial thing and the scientist or engineer is frequently
confronted with twe alternatives. He can develop a mathematical descrip-
ticn of a phencmenon which includes as few assumptions as possible. The
resulting model may be accurate, but s¢ complicated analytically that on-
ly an approximate solution is obtainable. Alternatively, he can construct
(xnowningly or unknowingly) a cruder model which leads to equations which
can be solved exactly. The scientist or engineer must develop the three-
fold ability to derive a suitable mathematical model, solve the analyti-
cal problem, and draw conclusicns or useful information from the result.
Example T.l. Polsoning the Sea

The disposal of waste material is becoming a serious problem, for
the nature and quantities of material may create hazards for man. For
several years concentrated radioactive waste material has been disposed
of by simply putting it in drums and dropping them overboard in about
50 fathoms (1 fathom equals 6 feet) depth of ocean. As a relative of the
dolphin family you may be concerned about the possible poisoning effects
if the drums break open upon striking bottom. Those responsible for this
operation claim that there is "absolutely no danger." At the request of
irate oceangraphers, towing experiments have been performed to determine
the force required to tow drums at different orientations through water.
These results show that the orientation has little effect and the drag
force is directly proportional to the first power of the velocity, with
a coefficient of proporticnality ¢ = 8x10”2 lb./(ft./sec.) Further, im-

pact experiments show that drums do not break 1f they strike rock with a
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velocity less than 40O ft./sec. Determine whether the oceancgraphers and
dolphins have cause for concern.

Figure 7.1, a free body B e
diagram, shows the force of
gravity less the buoyant force o
pulling the drum down, and the
drag force resisting the mo-

tion. Newton's Law gives

(7.1) (W - B) -cv

i
0=

_ Wadv g R TR TR TR

Figure 7.1l

and the variables v and t can be separated so that integration yields

% v
- %% dt = a[ (W-B) - cv]
[(W-B) - cv]
0] v
0
Integration produces
W-B) - cv cg
og | =By - ev_ "W b

and with v, < (W-B)/c this can be solved explicitly for v:
; - og
(7‘2) Vo= (W"'B - [(W_B - VO -‘ e X .

c c )
For large t the exponential term vanishes and

(7. 5) V_>(W_-B)_£ v,

c i 5
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Vin ig called a terminal velocity. At the terminal velocity, the downward
force (W-B) is opposed by the equal and opposite drag force CVipe The
veloclty increases from its initial value T to the limiting terminal
velocity vp. Equation (7.2) is inconvenient for our purposes because we
wish to find the velocity in terms of depth. We could lock at (7.2) as
itself a differential equation after recognizing that v = dx/dt. Ancther
integration would give x = x(t) and in principle one could find t = t(x)
and substitution in (7.2) would give v = v(x). However, this approach

is laborious and by using the change of varisble of Case III Section 5

; dv
we write It of (7.1} as

dv dv dx dv

(7.4) acceleration = il -l A

Thus, the original equation (7.1l) becomes

dv

(7.5) (W-B) - cv = ¥

| =

Before solving this equaticn it is instructive to obtain an upper bound
on the velocity by assuming the drag force to be zero, ¢ = 0. The drum

is now pulled downward by gravity, less the buoyant force. Equation (7.5)

reduces to
X v

(7.6) (W-B)dx = -g v dv

where the initial velccity has been assumed to be zero. When integrated

this equation gives
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Mo
o=
<

(7'7) (W—B)x ==

Assuming the 55 gallon drums (7.35 ft.0) are filled with a material
having specific gravity 1.15 and are dropped in 50 fathoms, equation
(7.7) gives 50 ft./sec. for the velocity with which they strike bottom.
This exceeds the safe value of 4O ft./sec. With 50 ft./sec. as an upper
bound on the velocity it is seen that the drag term in (7.5), cv, is
less that 8x10°2(50) = 4 1b., while the driving force term (W-B) =
(1.15-1)(62.4)(7.35) = 69 1b. The drag will have little retarding
effect. To determine the exact striking velocity integrate (7.5) by

separation of variables. We get

: ' ! " _(uB)
5 B vav _ _ 'J; W-B)dv
W 9 “[ (W-B) - cv [ ( c)dv * c[(W-B) - cv]’
0 v S W v
0 0 o]
which with W = 0 integrates to
_ (W-B) W-B cg
(7.8) V= A= 108 Ry — = - W X

We wish to find v for a given value of x, but solution (7.8) does
not give an explicit expression v = v(x). Instead, we have a transcen-

dental equation to solve., We can simplify the arithmetic by setting

ne Sy oo S8 .
W-B # W(W-B

Then (7.8) becomes

(7.9) u + log (1-u) + & = 0O,
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With numerical values previously assumed and with x = 300 ft. (bottom)

we have
u:%%fv, a:.l?lxlo-z i

Equation (7.9) can be solved by trial and error, Newton's Method (see
Thomas, Section 9-3), or any other standard method. A good initial guess
for u 1is .058, obtained by teking for v the upper bound 50 ft./sec.
To three gignificant figures (obtained in one step of Newton's Method)
u = .0573, giving v = 49.3 ft./sec.

Thus the drum strikes the bottom with a velocity not far below the
50 ft./sec. found with no drag, and its lmpact velocity appreciably ex-
ceeds the experimental safe 1imit. We are about to sign the irate ocean-
ographers' petition, but hesitate in view of the "absolutely no danger”
claim. Can you digcover an engineering change which might be used to in-
sure that the drums strike bottom with velocities less than 40 ft./sec.?
(Hint: inspect equation (7.3)).
Exemple 7.2. A Water Pollutiocn Problem

In the treatment of polluted water a situation which frequently
arises can be characterized as follows. An activated sludge aeration

tank contains a concentration

¢ of a pollutant. The raw T, | : ~

SevWage influent from a city _iil wi%g;:f“;i? o

sewage collection system o 1‘

which contains a higher con- C::::iiszi:::::::?

centration of the pollutant is :e“c“: I

added to the tank. After being | — - F— .
air ———

held in the tank in order to
Figure 7.2
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permit the bacteria to digest the sewage solids, the mixture is dis-
charged into a river. Figure T.2 shows the aeration tank into which is
steadily fed ry gal./min. of influent having a pollutant concentration
c 1b./gal. The effluent flowing out of the tank at a steady rate Ty
gal./min. is the mixture of bacteriel cells and undigested pollutants.
The propellor-like stirring device symbolizes an idealization of instan-
tanecus mixing so that the mixture in the tank can be assumed to have
perfect uniformity. Initially the tank contains Vo gal. of waste-
water having Z4 lbs. of pollutant. With constant-rates of flow in and
out, the volume of water in the tank at any time is Vg # (rl-rE)t.
The problem is to determine how long one can pump from the tank into the
river before the concentration in this discharge exceeds a safe level,
say O.30cl.

In any period of time the increase of pollutant in the tank must
equal the amount of the pollutant which has been added less the amount
removed. Let z(t) be the 1lbs. of pollutant in the tank at any time

t. Then in time At min. we apply the conservation of mass

(7.10) z(t + &) - z(t) = e r2{§b i(%zl—rgﬁJ =5
where

z(t)
L) Vo + (1r)%

is the concentration at time %; between t and t+At, chosen so that
all the mass leaving in time At is accounted for. Divide equation

(7.10) by At and take the limit as At —»0Q:
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) z(t+At) - z(t) z(t) J
- 1lim = rien = B =
At —3 0 [ At L 2 Vy + (rl—rg £
which gives
dz Z
(7.12) — =r.c - (r.) .
dt 11 2’ Vo + (rl—rg}t

We could also have written equation (7.12) directly by thinking of the
conservation of pollutant in terms of rates. Everyone should be able to
arrive at equation (7.12) both ways. If the differential equation is
rearranged to

dz r2

(7.13) = +
dt =V, + (rl—rg)t

Z = rqCq s

we recognize it to be a first-order linear equation. The integrating

To

factor is [VO + (rl-rg)t]rl'TE and the student should show that inte-

graticn gives
£5 =5
! Vo =T r. -r
(7.14) z[Vb + (rl—rg)t} 178= 0 By [VO + (rl—r2)t] i e - I

If at time t =0, z = Zg 80 thet the initial concentration is Cy = ZO/VO,

then equation (7.14) can be solved for the instantaneous concentration

¢ = Z/(VO + (rl-rg)t) to give the relatively simple form

(r.-r =
3 & 2 Pa=I
. = - AR e S B
(7.15) c=c 4 (co Cl) 1+ A g

I ry > T then the physically necessary conclusion is reached that if

t —> o0 then ¢ —> ¢ (provided the tank is sufficiently large!).
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Further, if s > rl and <o < ¢y then the concentration rises from

@ toward c What 1s the physical significance of the gquantity in

0 i
the square bracket in (7.15) becoming negative? To find the time elapsed
until the discharge concentration ¢ 1is 0.3001, we must solve equation
(7.15). Assume ¢, 1s 0.05¢q, r, = 500 gal./min., £ = 50 gal./min.,
and  V, = 250,000 gal. After dividing by c, in (7.15) and substituting
the numerical valuesg we get

250 To-2

. r
0.30 =1+ (0,05 - 1) |1+ 3t \
| 250 x 105 |

which when solved for t gives 160 min. or 2.7 hours.

Thus the solution to (7.15) indicates that the process could be
operated for a 2.7-hr. pericd without violating the requirement that
the pollutant concentration of the effluent be less than O.30cl° If
however the influent to this sewage treatment process were to continue
(as is usually the case) then an additional aeration tank would be re-
quired to accept flow Ty since continued use of the first tank would
necessarily vioclate the safe level for the pollutant., The Initial tank
would then be continuously aerated until the concentration in the tank
~was reduced from 0.300:L to o
Example T.3. An Insulation Problem

Heat flow by conduction is a process in which thermal energy is trans-
mitted as a result of the excitation of matter about a state of equili-
brium. The flow of heat in solids tskes place exclusively by this pro-
cess, while in liquids and gases the processes of conduction, ccnvection

and radiation can occur simultaneously. The basic law of heat conduction,
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which can be determined on the basis of either experiment or a theoretical
molecular model, has the form

oT
(7.16) dq_n = - kdA =1

where dqn is the quantity of heat

flowing per unit time (BTU/min.)

through an element of area dA
in a direction n along the nor-
mal to area dA. BSee Figure T7.3. Figure 7.3
The guantity of heat flowing is directly proportional to the tempera-
ture gradient J%E along normal n. Constant k (BTU/min. ft. °F)
igs called the thermal conductivity and is a measure of how well a given
material conducts heat. The negative sign in (7.16) indicates that
heat flows in the direction of a temperature drop, - 9T/2n. The
gradient in (7.16) is written as a partial derivative because the
temperature could be a function of the three space coordinates as well
as time. Equation (7.16) is the fundsmental law governing the process
of conduction.

Of primary interest in technological applications is the flow
of heat between two materials at different temperatures,rwhen the
substances are separated by a wall. Consider a plane wall of thickness
h and thermal conductivity- k, the surfaces of which are maintained at
constant temperatures T, and Tg by the substances on either side.

1
: i . 2T 4T
Assume steady state, one dimensional heat flow so that gkl The
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rate of heat flow @ thrcugh area A of the wall is given by equation

f,Q dq = <k 2L ffA dA TT”///’ ,/’//,j?
T T 7/ i_
: J 0 .

or (
\

(7.16) as

o B
= - KA —

dx ° A

If this expression is integrated

7
ble i o~
7 ! ,//f::/
Q ;' dx = - kA F dT 3 / //

; -’; T . P -

2 0 . e
1 i i )
we get Q
(7.17) Q= - kA(T-Ty) el T !
- | p ol ;
LD
and the temperature within the ‘ /,/////
wall drops linearly with thick- I //////////

ness. For the full thickness

x=h and (7.17) is
(7.18)  @=-%(r.1) .

The heat flow is driven by the
temperature difference T -T,. Figure 7.4
In many applications the wall is not plane so that the area

through which heat flows is not constant. Consider the storage of

gas in the liquid state in a pressurized steel sphere. A cooling )
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system which can remove heat at the rate of 50,000 BTU/hr. is inserted
in the liquid in order to keep it at -300°F when the maximum external
temperature is 100°F. In order to apply the law of heat conduction,
equation (7.16), we must identify either an infinitesimal area dA or
a finite area normal to the temperature gradient %%g. Becausge of the

spherical symmetry, heat will

2
on

in equation (7.16) becomes
100°F

flow radielly inward and

%g- for n 1is along a radius
which is perpendicular to a
spherical area Yier, Thus,
integrating (7.16) over a

spherical surface gives

hTTrg cooling

Q
dqn = o %% aa  System |
0 0 AN
so that

Pigure 7.5
(Tl Q= - 4 ke %}T‘ .

We can derive a differential equation which does not involve Q
by considering the flow of heat through a spherical shell of thickness
Ar. Assuming %% positive, then from (7.19) the inward rate of

heat flow across the surface at radius (r+&r) is

(7.20) = - bk(rrar)(E

r+ir
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The inward rate of heat flow across the surface at radius r 1is

("F21) Q= - h’u‘krg(%—) 3
i

If steady state conditions prevail, then the rate of heat flow into the
spherical shell, equation (7.20), must equal the rate of heat flow out

of the shell, equation (7.21). Thus

- brk(erar) S (S = - b kre(%
r+ir r
and this can be written as
2, ,dT aT dT 2,dT
i) - (32 1 + erare(z; + a3 -0
r+lr r r+Ar r+ir '
If we now divide by Ar and take the limit as &r —» 0 we get
1l [ 2,4 |
im dL dT !
br =0 (&) (& ) e + ae(E =0
r+ir T dr Ar dr AP
| T r+ e |
EdET dT
In the limit the first term is r —5 , the second 2r 3=, and the third
dr

term vanishes. The resulting differential egquation for the temperature

in a sphere is

8
(T.22) L e ae Sl g
e ar

As described in Case III Section 5 this second-order equation can be reduced

to first order by the substitution %% = u. Egquation (7.22) hecomes

Rl
i
a8 )
=
It
o
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which can be integrated either by separating variables or by the inte-

grating factor methnod for linear egquations. Integration gives

) aT c
(7.23) U= o= ;5

which can be integrated again by separation of varigbles to yield

4

(7.24) T=-24+D

in which C &and D are constants of integration. If at the outside

radius r., of the sphere the temperature is Tl and at the inner radius

1
r, the temperature is T2 then these two conditions when substituted in
(7.24) give
(T)-T,) i

s e 3 D='—-'("'—r.
12 rl-r2 rl—re

Equation (7.24) becomes

| S 1] 1
(TDE5> Y = !-(Tlrl - TErE - rlrg(T.'l.-T2> —ITJ W .
y Z dT 8
Further, from (7.23) 47 = 5 so that (7.19) becomes
. ‘
(7.26) b Ty
Tl Q= - 4%vkr.r 5
12 irl—rg)

\

Equation (7.25) gives the temperature distribution as a function of r
wnile (7.26) gives the rate of heat flow in terms of the conditions at

eact: boundary.

Equation (7.26) is convenient becsuse it relates quantities which



naturally occur in design. Assume that for reasons of storage capacity
Ty must el £t. and that from considerations of strength the shell thick-
ness Iy - I, = 1 inch. Steel has a thermal conductivity k = 25 BTU/hr.ft.°F
100 - (-300) = LOO°F equation (7.26) gives

Il

so that with Tl - Té

L 6

- B (25) (4 + 2)(4) (500) /(%) = -2k.6x10

= = BTU/hr.

5]
I

Thus, this combination of parameters would give a rate of heat flow in-
ward to the liquid gas far in excess of the capacity of the cooling
unit, 50,000 BIU/hr. The liguid would soon vaporize; the pressure would
rise drastically and burst the spherical shell. The difficulty arises
from the combination of parameters whereby a temperature drop of MOO°F,
1s taken over a small distance, 1 inch, by a material with a relatively
high conductivity, k = 25. This approach is defective because it is a
mistaken concept to use the thickness of steel alone as a temperature
reducing medium. From (7.19) we see that the rate of heat flow depends
directly on the thermal conductivity and the temperature gradient. Thus,
for a given rate of flow, if the temperature gradient is relatively high
then the conductivity must be relatively low,

The engineering problem would be solved by teking the main tempera-
ture drop through an insulating material attached to the outside of the
sphere. The shell thickness would still be determined on the bagis of
strength (1"). The temperature drop in the steel is determined from
(7.26) with @ = - 50,000, k = 25, ry = b o= ks %5 so that (T,-T,)

becomes
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o ~ Té = 5/6,15 = 0.813

and with Té = - 300°F we gat an cuter shell temperature of Tl =
- 269.2°F, Thus, the steel can essentially be neglected as far as
impeding the flow cf heat is concerned. For a fiberglass wool insulating
material k = 0.024 BTU/{(hr.ft.°F) so that (7.26) gives for the {iber-
glags wool spherical covering

- 50,000 = - 47 (0.024) (4,083 + t)(4.083)(100 - (-299.2))

¥

where t 1s the shell thickness, Ty =T, t t. This equation gives
t = 0.040 ft. or asbout 1/2 inch. The major temperature drop is taken
in the 1/2" fiberglass insulation whose thermal conductivity is so
smail that the rate of heat flow is 50,000 BTU/hr., the capacity of the
cooling unit.
Example 7.4, A Low Pass Filter
A simple circult which passes low frequency signals but inhibits the
passage of high frequency

signals (filters them out)

R
5 VVVWVY

b I
consists of resistor R L : et

biZ b
connected in series with a E.(t) o fi R
capacitor of capacitance C. j ]>

i |

" N |
Connected in paralilel with Bemmmememally O
S ~—

the cgpacitor is a load re-

sistor RL; see Figure T7.6.
y "i_?' "
An input voltage El(t) is Figure 7.6
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applied to the circuit, and with switch S closged the question is to

determine the voltage across the load resistor RL'
With current I in the capacitor branch and IL in the load resis-

tor branch we can write the voltage equation around the outside circuit

as

(7.27) R(I + 1) +E=E(t)

)
where E 1is the voltage drop across both RL and C so that

(7.28) E=RI:%q.

Current T = 34 . g S8 so that(7.27) becomes upon elimination of I,

dat ~ at
(7.29) RC % +(1+ %)E - B (%)

First consider the case when a constant voltage El(t) = El is

applied to the circuit and switch S closed. Equation (7.29) becomes

dE R
RCE%—+(J_+§-I-')EkEl

From Section 6, the solution can be expressed as the sum of the comple-

mentary solution
1 R
- ‘R—C(l e %'—)t
(7.30) Ae

and a particular solution, which by inspection is

(7.31) E/(1+ ) .
L

Hence, the sclution is
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R
(7-32) E = El/(l + -ﬁ;) + Ae

If, when the switch 1s closed at time t = O, there is no charge on the
capacitor then E(0) = 0 and (7.32) can be solved for A. Equation

(7.32) gives the load voltage as

Rt
L

{ - §%(l +
L l-e .

Hhy

(7.33) E= —=p
(1 + R—)
L
The voltage rises from zero to the constant value (7.31) in which E
is proporticnal to El' This kind of phenomenon occurs so frequently in
physical systems that special names have been given to the complementary
and particular solutions. The complementary solution (7.30), which de-
cays expcnentially with time, is called a transient and the particular
solution (7.31) which is left after the transient period is called the

steady state. Thus, we describe the total solution (7.33) as being the

sum of a transient and a steady state solution. This typé of behavior
also occurred in Example 7.l where the steady state is the constant
terminal velocity and the accelerating motion is the transient.

Now consider the case when the input voltage is sinusoidal with
amplitude E, and frequency f so that El(t) = E; sin 24rft. Equa-
tion (7.29) becomes

dE . R .
(7.34) RC =¢ + (1+§£)E= E, sin 27Wft .

The complementary solution is again (7.30) and we now seek a particular
solution of (7.34)} From Example 6.5 we conclude that the particular so-

Llution has the form
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E=A sin 2Twft = B cog 29rft .

When substituted in (7.34) and the coefficients of sine and cosine eguated,

A and B are determined and the particular solution is

E,/RC (1 + R/R.) |
(7.35) E= é {————Tﬁf—¥E—J sin 27 ft -
(1 + R/PL> . :
—sc—, * (20rf)

[2T+f] cos 2Trft.} .
This expression can be simplified by using the trigonometric identity

(7.36) D sin (27rft - @) = [D cos P] sin 27 ft - [D sin @] cos 27 ft.

Equate the coefficients of sin 2 ft and cos 2T ft in the square

brackets of (7.35) and (7.36) to obtain expressions for the two constants

D and §:
1+ R/RL
(7.37) D cos @ = e e D sin § = 24rf.

The two equations in (7.37) when solved for D and ¢ give

1+ R/R, 2
(7.38) D°(cosof + sing) = D° = (—2)  + (2w 1)?,
ton ¢ = 2L
{1 n R7RL}
. RC

The result is that the sin 2% ft and cos 27ft terms in (7.35) can
be combined into one term of the form D sin (2% ft - §) where D and

§ are given by (7.38). Particular solution (7.35) becomes
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(7.39) E = s sin (27 £t - @) .
V(1 + R/RL)2 + (27 fRC)?

The total solution is the sum of complementary solution (7.30) and
particular solution (T7.39). Again the complementary solution is a tran-
sient which decays exponentially to zero leaving the steady state solution
(7.39). Observe that the steady state output (7.39) has the same sinusoi-
dal form as the input, El sin 2 7 ft, only the amplitude depends on the
frequency, f, and the output voltege lags the input by phase angle ¢.

The dependence of the amplitude on f gives the circuit its filter

E

1
properties. If f—>0 the amplitude approaches , which
1+ R;RL

is the value of E for equation (7.31l), the case with constant input
voltage. If f is increased, the amplitude of (7.39) decreases and the
output voltage can be made very small for high frequency input signals.
Such a circuit is said to be a low pass filter - low frequency input

signals are transmitted to the output.
Problems

A basic difficulty arises in temperature measurement because of the
tempersture lag in the sensing element. Assume g thermocouple probe,
initially at temperature To’ ig placed in a combustion chamber where
the temperature oscillates sinusocidally with amplitude Tn and fre-
quency £ about a value TE. The prcbe changes temperature subject to

Newton's law of cooling.
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Ans, (a). T=1T_ + T cos® sin(2m £t - ) + (T0 -1+ 7 sing cos®)e T,
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(a) Determine the temperature-time relation for the probe. Identify the

transient response.

(b) Find the solution for large t, called the steady state response, and

discuss the lag and amplitude for different parameter sizes.
L

E

a2

T.2 A capacitor having capacitance C is arranged in series with resistor R

T.3

T

and voltage V.

(a) If at time t = O there is no charge |

on the capacitor and a constant vol- o

tage V = E 1is applied, find the

NN\

time variation of the charge on the

capacitor and the current in the cir-
cuit. Figure 7.7
(b) If at time t = O there is no charge on the capacitor and a periodic
voltage V = E sinwt is applied, find the current in the circuit
and its amplitude and phase relationship with the applied voltage.
Devise an electric circuit which would be the electrical analog of the

system in problem T.l. Discuss its transient and steady state responmse.

Calculate the rate of heat flow Q and temperature distribution T
through a unit length of circular cylindrical pipe with inner radius
T and outer radius ro and with wall temperatures 'I'i and TO if
the pipe consists of a metal pipe of thickness hl surrounded by an

insulating jacket of thicknesgs h2.
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In the design of a bathyscaph gondela the cooling effect of the ocean
must be taken into account. The gondola is essentially a sphere of
inney radius r, and outer radius ro. t is desired to maintain the
ingide temperature at Ti for the physical well-being of the occupapts.
If the deep ocean temperature is TO determine the variation of tem-

perature and the heat flow through the wall of the shell,

A tank holding 1000 galleons of salt brine has its bottom covered with a
layer of undissclved salt. This dissolves at a rate proportional to

the difference between the constant saturation concentration § 1b./gal.
and the actual concentration of the brine. Fresh water enters the tank
at 100 gel./min. and brine leaves the tank at the same rate. Set up the
differential equation for the amount, x(t) in 1lbs., of dissolved salt
in the tank, If x(0) = x  find the amount of salt x at any time t.
What is the physical interpretation of the complementary differential
2quation and its solution? Determine the steady state concentration of

salt in the tank.

In Lanchester's model for combat between riflemen or ships or aircraft

(individual targets) the equations

dnl )
aE - " B
dn
2
w - Ry

are used where n, and n, denote the number of troops of Army #1 and

2
Army #2 engaged in the battle., Show the rationale behind the equations
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and explain the significance of the constants kl’ kg.

Similarly in area fire (firing into troop concentrations) Lanchester's

equations are

s
aE - - Ky
o

o
af = = Eans .

Explain how these are arrived at.

These equations were derived in 1914 and were intended to account
for the presence of the machine gun as well as the automatic rifle. Set up
your own equations which would take into account high energy nuclear bombing.
Reference: Lanchester, Fredrich William,“Mathematics in Warfare in James
R. Newman The World of Mathematics, Simon and Schuster, New York, 1956,

p. 2138—2157; from Fredrich William Lanchester, Aircraft in Warfare, Con-

stable and Co. Ltd., 1916.

In "line of sight" guidance of y
a misgile M, the velocity V

of the missile is at any moment
directly towards the target T.

Let (A,B) be the coordinates

of T, (x,y) the coordinates X
of M, © the angle the velocity
vector makes with the x-axis, and
V th i tuds : > Lty .

e magnitude of the velocity Figure 7.8
Then
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O V cos 8 =V i 2
Ve + (e2)
4y =V sin & =

v L
o '\/(x—A)2 + (y-B)®

Assume that T moves with velocity aD0 ft./sec. on a circle with radius
20 miles znd center at the origin, and that the missile has velccity
hODOi%o/sec. If the missile is at the origin when the target is on the
%-axis when and where will the missile hit the target? [Use Euler's
method on the computer, with h = 1 sec. You may want to decrease h
when the missile gets close to the targetJ Ans. x = 87,800 ft.,

y = 58,700 ft., t £ 31.6 sec.

7.9 A diabetic can take too much insulin and create a dangerous condition
known as hypoglycemia - an insufficient supply of glucose. To correct
this deficiency as rapidly as possible glucose is fed intravenously un-
til the propsr balance 1s restored. Glucose is added at a steady rate
r mg./min. Assume the human system absorbs glucose from the blocd at
a rate proportional to the amount present in the blood, with a rate of
elimination constant k. Determine the differential equation for the
concentration of glucose in the blood if V 1s the volume of blood
circulated. Find the solution to the differential equation and inter-

pret it physically.

7.10 In electromagnetic devices a magnetic fiux ¢ is established in a magnetic

cirenit by passing current 1 through a coil which is coupled with the
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magnetic circult. A constant source

of voltage E i1s in series with ( ___Iron - b
switch S and the coil, which has

resistance R. When the switch is adl
closed, the current rise in the coil b o i ~
circuit is opposed by the induced E Eéf ,/ ]
voltage éig%l , where N is the | g

number of coil turns. Kirchhoff's
law for the voltage drop arcund

the coil circuit gives Figure 7.9

a(m

E = Ri + 3t -

This equation cean be solved only after the relation between coil cur-

rent i and flux P is known.

(a) Assume that i is proportional to . Determine the current-time
relation and sketch the resulting curve.

(b) If the flux-current relation is

=8 (1

first find the governing differential equation in terms of 1 and

then find the equation in terms of ¢. Set up a recursion formula to

obtain a numerical solution to eilther equation.

kg, v, RE_ KRY/N

Answer to (a). 1= "t TRE "
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Hest energy is radiated according to the Stephan-Boltzmena law: a body at
sbaorute temperature U (°Kelvin) radiates energy of a given frequency

at a rate preoportional to Uu° If a body is in an environment having
constant gbsolute temperature Uo’ then the body receilves radiant energy
from the envircnment.

{a) Show that the differential equation describing the rate of temperature

change due to radiation is

w _

bk
dt )

-k (gt -
O

and write the recursion formula for an Euler step-by-step solution.
: A . -10 o "3 . G . ¢ =4 e

(b) If k = 0.18x10 (°K) °/min. for a body with initial temperature
Ui = 500°K 1in an environment having UO = 600°K, determine the
temperature of the body after 1 hr. Do this calculation on the com-
puter with a CORC program.

(¢) Show way the U = U(t) values obtained in part (b) are close to an
exponential curve starting at temperature Ui and rising to ap-

ach U .
proa "

It 15 desired to decelerate a rocket sled moving on a horizontal track
by having a scoop attached to the slad move through a trough of water.
This arrangement produces a drag force on the sled proportional (with
constant R) to the instantaneous velocity of the sled., The mass of the
slea is constant, m, and it has an initial velocity ¥ when the scoop

is inserted in the water.



Determine the velocity of the sled in terms of the time (from when

the scoop is inserted).

Derive a formula for the time it takes the velocity to drop to %
its initial wvalue LA
Determine the velocity of the sled in terms of the distance travelled

from the position where the scoop is first inserted,

7.13 A chemical batch blending process has an input to vat I of a solution

1b. of acid per gal. entering at a rate of 3 gal./min.

1

The contents of vat T

containing C
are removed at a rate of 3 gal./min, with 2
gal./min. entering at Il and 1 gaJ./min. bypassing vatIl. Additional

acid with a concentration 2Cy 1b./gal. enters vat Ilat a rate of 2

gal./min. and the contents of vat IT are removed at a rate of 4 gal./min.

(a) Set up the differential 3gal/mis 2 gal/min
________ e , \
equations which govern the — Pt
amount of acid in each vat. b | # gel/min

N NI
(b) Set up an expression for % gal | ; e
| [ TS V,=200 gel |
; e T
the 1b. of acid per minute A Se—korranas ‘|’ j !
i i i
0 - i) | II :
leaving the system at P. i it .
L gal/miu .\ L i I
i
(c) Determine the steady state - W
| ' ga/mi
solution to the equations of P 4 gal/min
part (a). Figure 7.10

7.14 Chemicals A and B must be mixed with caution, as their reaction is

highly exothermic.

When brought together at an elevated temperature,

@ 1b. of A combines instantaneously with 1 1b. of B to form (l+c)



- 1,106 -
1bs, of a third substance C, Tank 1, containing volume V., is heated,
so that the reaction occurs in this tank. Tank 2, containg volume Vé,
iz kept cold, so that no reaction can cccur in it. At any time t Ilet
hl

Al(t) and AE(t) be the number of pounds of chemical A 1In tanks 1 and

2 respectively, and let Bg(t) be the number of pounds of chemical B

in tank 2. The mixing process is accomplished by pumping r i?ﬁ“ of the

mixture from tank 2 into tank 1, while «r i?i" of the contents of tank

1 are pumped into tank 2.

| [__ = e ""}

‘ f
i | _J v S l :
: -
i . ' Sry r | I TN r«|_A/\/\/-\r\N
rJ ’! T TN~ !
| i .
=l — (e
\___._/’\.__/’ C
| | vy s 1 v, |
( WNAGT TS0 T 0G060(T .
4 Hot l Cold
Figure T.11

(a) Derive the equations for the time rates of change of A (%), AE(t)
and Bg(t)°
(b) If Cl(t) and Cg(t) are the number of pounds of chemical C in tanks

1 and 2 at time t, derive the equation for the time rate of change

of Cl(t)°

T.15 A flexible cable is fastened at ends A and B and hangs under the

influence of gravity. Take the x-axis horizontal, and let the y-axis



= lclOT -

pass through point C, the lowest point on the curve. T 1is the ftensiowu

in the cable at any point P and H is the constant horizontal tension

at C. See Figure 7.12. If W is the total weight downwerd of any

section of cable, then g

equilibrium of this sec-

tion requires f
T
Ve

T cos @

I
b
©

T sin @ = W.

H<
If these equations are di- <

vided we obtain

Figure 7.12

sine dy W
cos & dx  H

The derivative of this equation is

Ey_ 1
dx? H dx

Tf & uniform cable hangs under its own weight, then the weight of section
CP 1s
W= ws

where w 1is the weight per unit length of the cable and s the arc

length CP. Using the fact that

i &

prove that the equation of the cable is
_:X _EX
’ H
y=g-(e +e” ) +oc.

T.16 Ansver the question at the top of p. 1.87.
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