CHAPTER 2

Linear Algebra and Matrix Theory

1. Solving a System of Linear Equations with Numerical Coefficients

by the Method of Elimination.

In this section we shall solve some systems of linear equations

by the method of elimination (also called the Gauss procedure). The
i

student has undoubtedly already learned this method in high school.
Here, however, we will systematize the procedure. The purpose of
this systematization is twofold. (1) When the problems are to be
programmed for the digital computer, the procedure must be laid out
systematically and{E) (the more important purpose) by systematizing
we can construct a general theory of linear equations; indeed, the
development of the theory in the latter part of this chapter depends
essentially on the elimination procedures described in this section.
Therefore, the student should go through this section carefully and
follow through the various "tableaus,” even though the systematic
solution may not be the guickest in an individual case.

As to the number of sclutions of a given system of linear
equations, there are just three possibilities:

(1) There is precisely one solution (called the unique solution).

(2) There is no solution (the equations are inconsistent).

(3) There is more than one solution. (In this case, as we shall
see, there are infinitely many solutions. The solutions are expressed
in terms of "free parameters" that can be assigned arbitrarily.)

We shall now work through examples illustrating each of these

- 2,1 =



- 2,0 -

situations.

Example 1.1. Solve the system

(1.1) 3%, + 6x2 + 3x3 = B,
(1.2) Axl + 2xy ~ 5x3 = -20,
(1.3) -2x) X, + 2x3 = 12.

Our first step is to multiply each side of equation (l.l) by
1/3. The purpose of this is to get a coefficient of 1 for x5

this serves to standarize the subsequent steps. Thus the system

becomes

(1.1a) X, +2x, + X3 = Ts
(1.2a) Hxl + 2%, - 5x3 = -20,
(1.32) 2%+ %, + 2x3 = 12,

Now we add (-4) times each side of equation (1.la) to the cor-
responding side of equation (1.2a) and (2) times each side of equa-
tion (1.la) to the corresponding side of equation (1.38). The ef-

fect of this is to eliminate x from the last two equations:

1
(1.1p) X+ 2x2 + x3 = T
(1.2b) i 6x2 - 9x3 = -48,
(1.3b) ' %y, 4x3 = Eh.

Now we regard the last two equations as two equations in two
unknowns and apply the analogous rrocedure; namely, we multiply each

side of equation (1.2b) by(fl/é)to obtain the system

(1.1c) - X, *+ 2%, + X3 = T
3. _

(1.2¢) X, + 5%3 = 8,

(1.3¢) SXe + st = 26.
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Next we add (-5) times each side of equation (1.2¢) to the
corresponding side of equation (1.3c), thus eliminating X5 from

the last equation:

(1.14) X b 2xy + X5 = I

(1.2d) X, + —g-x3 = 8,
Lo o

(1.3d) - 5%3 = LTl

We multiply each side of equation (1.3d) by(TE/T)to put the system

in the form

(1.1e) : x + 2x, + X3 = T
3. =
(1.2e) Xy + 53 = 8,
(1.3e) %, = Uy
3
The system is now in what is called "echelon form." Since (1.3e)

is solved for x3, we could use this value in (1.2e) to determine

X5 and, with X5 and x3 determined, solve (1l.le) for X - We
shall fllow a different procedure. The rule we have been following
up to this point may be described as follows. We start with the
entry in the "Northwest Corner" and wipe out the variables in the
vertical column below it. Then we proceed to the "Northwest Corner”
of the smaller system, and so on. Now we shall use the analogous
procedure working from entry in the "Southeast Corner" and wiping
out variables in the column vertically above it. Specifically we
add (-g) of each side of equation (1.3e) to the corresponding side
of equation (1.2e) and we add (-1) times each side of equation (1.3e)

to the corresponding side of (1l.le) to eliminate the X3 from the

first two equations:



(1.1£) X, + 2x, = By
(121} %y = &,
(1.3f) x5 = 4s

Now we add (-2) times each side of equation (l.Ef) to equation

(1.1f) to eliminate x, from the first equation:

o
(1.1g) x = -1,
(1.2g) %, = 2,
(1.3g) %y = L,

tions (1.1), (1.2), (1.3), it is given by equations (1.1lg), (1.2g),
(l.Bg). One can easily verify that these values indeed provide a
solution by substituting them into the original system (1.1), (1.2),
(1.3), or by observing that each step we took could be reversed, so
that we could pass from (1l.lg), (1.2g), (1.3g) to (1.1), (1.2), (1.3)
in the reverse series of steps. Thus we see that in this example
there ig a unique solution.

The above computations can be put in more concise form by ob-
serving that the symbols for the variables themselves, X Xy
X3 played no part in the computation. They serve only to mark a
column position and need not be carried along if we keep the indi-
vidual columns separated. Thus the equations (1.1), (1.2), (1.3)
-- (l.lg), (1.2g), (1.3g) and the instructions for obtaining them
given in the text above, can be put into the compact form of

Table 1l.la. (Tables 1.1b and l.lc will be discussed later.)
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Egn. No. Constant
in Text xi x2 XB Term
ol 3 5 3 21 ] 12 i 0 0
2 L 2 -5 -20 25 0 1 0
.3) g i, 2 12 -12 0 0 1
Multiply row 1 by (1/3)
(1 wla) 1 2 1 7 L 1/3 0 0
(1.22a) b 2 -5 -20 25 0 1 0
| (1.3a) -2 ! 2 12 ~12 0 0 i
Add (-4) times row 1 to row 2
Add (2) times row 1 torow 3
(1+1h) 1 2 1 7 L 1/3 0 0
(1:25) o -6 -9 =48 9 -4/3 1 0
(130} 0 5 L 26 -4 2/3 0 1
Multiply row 2 by (-1/6)
{10e) 1 2 i i b /3 O 0
(1.2¢) o) 1 3/2 8 -3/2 2/9 -1/6 0
(1.3c) 0 5 L 26 =k 2/3 0 1
Add (-5) times row 2 to row 3
{1,087 1 2 i T L 1/3 0O 0
(1.24) o 1 3/ 8 -3/2 2/6 -1/6 0
(1.34) o o -7/2| -1k e -bf9  5/6 1
“ Multiply row 3 by (-2/7)
.le) 1 2 i 7 L /3 0 0
1.2¢) o 1 3/e 8 -3/2 2/9 -1/6 0
.3e) | o o 1 L -1 8/63 -5/21 -2/7
Add (-3/2) times row 3 to row 2
Add (-1) times row 3 to row 1
1f) L 2 0 3 o 13/63 5/31 2/7
of) 0 1 0 2 0 2/63 L/21 3/7
3f) 0 0 1 L = 8/63 -5/21 -2/7
£dd (-2) times row 2 to row 1
lg) 10 0 -1 5 107 A7 =l
2g) o 1 0 2 0 2/63 Lj21 3/7
3g) o o 1 b =1 8/63 -5/21 -2/7
[
Table Table Table
l.1la ! 1.1b L l.1lc
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We shall now show a useful aspect of the Table 1l.la. Suppose

we wish to solve the system:

(1.4) 3%, + 6x2‘+ 3x3 = 12,
(1.:5) uxl + 2%, - 5%5 = 25,
(1.6) 2%, + X, + 2x3 = =12,

Note that the system of equations (1.4), (1.5), (1.6) differs
from that of equations (1.1), (1.2), (1.3) only in the right hand
sides. To solve (1.4), (1.5), (1.6) we do not have to go through
the whole business again, since the reduction of the left hand
sides to the final form will consist of exactly the same sequence
of operations. Therefore, in Table 1.1lb we enter in the first thfee
lines the new right hand sides and perform the same sequence of
operations on these numbers. Thus we obtain the solution to the
system {(1.4), (1.5), (1.6)

X = 5y X, = 0, x3 = -1,
as 1s seen in the last three entries of Table 1.1b.

In Teble 1.1c we solve three more such problems, namely those

for which the right hand sides of eguations (1.1), (1.2), (1.3)

are replaced by
1 0 {0
Of,{1]and |0 s
0] 0 1
From the last three lines of Table 1l.lc we see that the solu-

tion to the system

(1.7) 3xl + 6x2 + 3x3 # 1y
(1.8) hxl +2x, - 5x3 = I,
(1.9) 2x + x4 2x3 = 0,



= 2,7 =

is x, = 1/7, =x, = 2/63, X3 = 8/63. The solution to the system

1 2

(1.10) 3% + 6x2 + 3x3 =

(1:11) hxl + 2%, - 5xg = L

(1.12) 2%, + Fy # 2x3 = s

is X = -1/7, Xy = L/o1, Xy = -5/21, Finally, the solution to
the system

(1.13) 3xl + 6x2 + 3X3 = 0

(1+1h) uxl + 2%, - 5x3 = 0

(L.15] 2% + x, + 2x3 i

is x = T X, = 3/7, Xg = -2/7.

We shall see in Sectionll how the solution for any given
right hand sides can be obtéined easily from the solutions of
these lagt three systems which appear as the last three rows of
Table 1l.lc.

Example l.la. To illustrate a slight difficulty that may arise with

the above procedure and to give the procedure for circumventing it,
we consider the following problem.

Solve the system

(1.18) X +2x, + Xy = s
(1.17) 2x) + uxz toxg = -1,
(1.18) | 3%, - x, + ux3 = 2.

Since the coefficient of x; in the equation (1.16) is al-
ready unity, we proceed to the next step, namely adding (-2) times
each side of equation (1.16) to the corresponding side of equation

(1.17); and (-3) times each side of equation (1.16) to the cor-
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responding side of equation (1.18). Thus we obtain the system:

(1.16a) Xt 2X2 + X3 = 1,
(1-173) OX2 - x3 = =3,
(1.18a) -Tx, + Xy = =

In the normal procedure we would next multiply each side of
equation (l.l?a) by the reciprocal of the coefficient of x2 in
that equation. Since this coefficient is zero in this case, we
cannot do this. We note instead that the coefficient of X5 in a
later equation (i.e. eguation (1.18a)) is not zero and so we simply
interchange equations (1.17a) and (1.18a) and proceed. [If the

ccefficient of x, were zero in all subsequent equations then we

2

would leave the X, column alone and proceed to the x3 column; see

Example 1.3a below.] The complete solution shown in Table 1.2 is

g = _22/7) Ay = }-4-/7, X3 = D

Example 1.2, Solve the system:

(1.19) -x 2%, 4 3}(3 = 1,
(1.20) 2xl + BXé - 3x3 = B,
(1.21) 11x) + 1hx2 - 21)(3 = -1.

The same procedure is employed. The work is shown in Table 1.3a.
The lasgt line of this table shows that if there is a solution it

must satisfy the equation

Oxl + Oxz + OX3 = -6.

Cleary this equation has no solution, so we conclude that no splu-
tion to the system of equations (1.19), (1.20), (1.21) exists. That

is, the equations are inconsistent. Inconsistency always shows up
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3 1 1
L 1 =3
=1 L 2

1
2
3
Add (-2)
Ada (-3)

times row 1 to row 2
times row 1 to row 3

(o NN

=1

1

1
~3
-1

Interchange rows 2 and 3

s
0
0

2
-1
C

e
-1

1
-J
=2

Multiply row 2 by (-1/7)

2 i 1
0 1 -1/7| /7
0 0 -1 -3
Multiply row 3 by (-1)
5 2 1 1
0 i /70 /T
0 0 1 3

Add (1/7) times row 3 to row 2
Add (-1) times row 3 to row 1

0
0

1
0

0]
il:

-2
h/7
3

Add (-2) times row 2 to row 1

1
0
0

0
i
0

0
0]
1l

-22/7
b/7
3

Table 1.2
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in essentially this way; whenever a system of eguations is incon-
sistent, we always arrive at an equation in which the coefficients
are all 2er0, but the constant term is not. Conversely, as scon as
we obtain an equation in which all the coefficients are zerc but
the constant term is not, we can without further work draw the con-
clusion that the system 1s inconsistent.

Example 1.3. Solve the system:

(1.22) X, + 2%, 4 3X3 = 1,
(1.23) 2x, + 5%, - 3X3 =
{1.:2%) 11x; + lkxE - 21X3 = B

Since the left hand sides of (1.22), (1.23), (1.24) are the same
as the left hand sides of (1.19), (1.20), (1.21) we do not need to
go through the whole reduction again but merely change the right
hand sides to agree with (1.22), (1.23), (1.24). This is shown in

Table 1.3b, At the end of the Table 1.3b our equations are in the

form:

(1.223) X o= 2%, - 3X3 = —i;
1

(1.23a) X,y * 3*3° g

(1.24a) Ox, = O.

3
Our next step in the standard procedure would be to divide by

the coefficient of x, in the last equation. We cannot do this, since

3

it 1s zero. liowever equation (1.24a) will be satisfied no matter

Therefore let x, be assigned any

5 3

arbitrary value, say t. We cannot now wipe out the column sbove

what value is assigned to x

¥, using the "Southeast Corner" rule. We can, however, back up to

3



“ %5 *5
-1 2 3 1 1
o 5 -3 2 2
1L 14 -21 -1 5
Multiply row 1 by (-1)
1 e -3 i -1
2 5 -3 e o
i 14 -21 =1 5

Add ( -2) times row 1 to row 2
Add (-11) times row 1 to row 3

1 -2 =3 -1 -1
0 9 3 b b
0 36 15 10 16
Multiply row 2 by (1/9)
1 -2 -3 al, =1
0 1 1/3 | Wol 4/
0 36 12 10 16

Add (-36) times row 2 to row 3

1 -5 =3 =il 5

0 1 1/3 | 49| L/9

0 o] 0 -€ 0
I

Table

Table 1.3a

1.3b
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x, and do it there. Specifically we add (2) times each side of

equation (1.23a) to equation (1.22a), putting the system in the stan-

dard form
I oL
(1.22p) X 33 = 2 )
1
(1'23-13) Xe + '3-X3 = -9- 3
(1.24b) OX3 = 0

I
(1.25) X =57t 3%
L1
(1.26) X2 = 'g & g’t,
(1.27) X3 = L

Example 1.3a. The solution of Example 1.3 contained one arbitrary

parameter t. To illustrate a case in which two arbitrary para-
meters are involved, consider the following problem.

Solve the system:

(1.28) x + 2x, - X ¥ Mxh = 1y
(1.29) 3x, + 6x2 txg 12x) = 3,
(1.30) Ox) + 18x2 toxg * 36x4 = 9.

The computations are shown in Table 1..4.
From the last three rows of Table 1.4 we see that (1.28), (1.29),
(1.30) have been reduced to the form:
(1+82) X+ 2x, + uxl+ =1,
L. 32 X = O
(1.3) !

Consequently we can take X5, and X, to be arbitrary, say

equal to s and t respectively. Thus the solution is



(1.33)
(1.34)
(1+35)
(1.36)

where

Xl ‘X2 X 3 X “

1 o -1 L 1
3 6 1 12 3
9 18 A 36 9

Add (-3) times row 1 to row 2
Add (-9) times row 1 to row 3

1 2
0 0
0 0]

-1
L
10

L 1
0 0
0 6]

Multiply row 2 by (1/4)

1
o)
0

oo

-1
1
10

L 1
0 0
0 0

£dd (-1/10) times row 2 to row 3

1 2
0 0
0 0

1 2 0 by 1
0 0 i) 0 0
0 0 0 0 0
Table 1.4
%, =0 « 88~ b,
Xg = 8,
XB = 0,
}‘:A:t)

5 and t are arbitrary numbers,
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Summary: The method of elimination demonstrated above is applicable
regardless of whether the number of equations is greater than, less
than, or equal to the number of unknown variables. Three basic
operations are employed:

(i) Multiplying each side of an equation by a non-zero constant.

(ii) Adding a multiple of each side of one equation to the cor-

regponding side of another equation.
(iii) Interchanging two eguations.

Let us call these the Elementary Operations on Equations. By means

of these operations we have seen that it is possible to reduce any

system of linear equations to a form, called the echelon form, having

the following properties:

(a) Reading from left to right along any particular equation
the first non-zero coefficient which we encounter, 1if
any, will be a 1.

(b) In any given equation in which not all the coefficients
are zero the number of initial zeros (that is zeros be-
fore the first 1 is encountered) is at least one more
than in the previous equation.

(¢) The equations (if any) in which all the coefficients are
zero follow the other egquations.

A further simplification is possible to what we shall call the

reduced echelon form, having the additional property:

(d) Any variable whose coefficient is the first non-zerc dne
in some one of the equations (that coefficient therefore
being 1, by property (a)) has coefficient zero in all

other eguations.
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Figure 1.1 indicates a typical situation, where the symbols
Ai and Bi denote guantities which might have any values in the

echelon form. In the reduced echelon form the Bi would all be

ZET'O.
Xl X5 x3 XL+ x5 X6 Right hand side
1 Bl Al AE B2 A3 = Aﬂ

.

A0
- Ay
g

O
O
O
l®]
-
° & ¥
1l

(@}
o
O
)
O
@}

Il

Figure 1.1

In the reduced echelon form the situation in regard to solvabi-
lity is clear. There will be no sclution unless the guantities

All and A12 are both zero. If All = A12 = 0 then X, may

be taken arbitrarily, x5 = AlO - A9X6; XB and x), may be taken
arbitrarily, and X, = A8 - ATX6 - A6XM - A5x3 and X = AA -
A3X6 - AQXM - A1X3’ i.e,in the rows with leading 1's we can solve
for X, X X5 in terms of x3, X, % which are arbitrary.
To put this another way

X = Ah - A3u - AEV - Alw;

XE = A8 - AYu - A6v - A5W,

X, = W,

3
XL|.=VJ
x5 = AlO - Agu,

X6=u,
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wheré u, Vv, and w are arbitrary.

Notice that if All = A12 = 0, so that a solution exists, then
the number of arbitrary parameters P in the solution (3 in this
case) is equal to V +the number of variables (6 in this case) minus
N the number of initial 1's (3 in this case). P =V - N. This
regult ig true in general, as will be shown in Section ll.

A linear equation whose constant term is zero is said to be
homogeneous. For the important special case of a system of homo-
geneous equations we have the following useful theorems.

Theorem 1.1. A sgystem of homogeneous linear eguations is never in-
congistent, having always the solution X=X, = .. = 0.

The solution X =X = .. = 0 is called the trivial solution.
Theorem 1.2. If m < n a system of m homogeneous linear equations
in n unknowns always has a non-trivial solution.

Proof. BSince there are more columns than rows, in the echelon form
there must be at least one column that does not contain any of the
1's which are the leading ncn-zero elements of the rows. The vari-
able corresgponding to that column can be chosen arbitrarily and
hence not equal to zero.

We can summarize the results of this sectlion as follows.
Theorem 1.3. A system of m linear equations in n variables might

have

‘—_-m_.mm—-"ﬂ"""wl

(a) One solution;

P

(b) No solution;
(c) An infinite number of solutions expressed in terms

of one or more arbitrary parameters.
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If the equations are homogeneous case (b) cannot arise;
if m<n case (a) cannot arise.

At the beginning of this section we remarked that in indivi-
dual cases the systematic Gauss method of elimination is not neces-
sarily the gquickest method of solution. Once.we get beyond the
practice problems associated with this section the student is free to
use any legitimate methods at his disposal to solve any systems of 1li-

near equations that he may encounter, unless, of course, the method

of soluticn is specified.

Problems
(The reader is asked, in the following four problems, to
solve a system of equations. However, he should not assume that

the request to solve implies the existence of a solution. This

warning applies, in fact, not only to these problems, and not only

to this course, but to all his mathematical work.)

Solve the system:
T + X3 = 1,
2X1 tox, - x3 = -2,
X - Exe + 3x3 = Q.

Solve it also when the right hand side i1s replaced

by 2 5« by 0 .
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l.2 Solve the system:

% - %, + x3 =18,
- %t 2x3 = A,

Xl + 5x2 - x. = 1.

Solve it also when the right hand side is replaced

1 0
by 0 s by 0 .
0 0 =

1.3 Solve the system:

[
o]
1l

-xl + 2x2 + 3x3 = =7,

Exl + 3x2 2x3 = 1,

5x1 + EOXE + 9x3 = -13.

1.4 Solve the following system:
2x1 - x? - x3 + Xh = 1,
X1+2X2-X3"Xll_= 3,
3x1 - ?x2 s x3 + 2xu = -1,

Solve it also when the right hand side is replaced

0] 0
by 1 ; by 0
2 0

1.5 ©Show that elementary operation (#ii) can be acheived by using opera-

tions (i) and (ii).
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Figure 1.2

Figure 1.2 represents a water supply network. Water at the rate

of PA

rates PB’ PC’ Pb at points B, C, D. The flows in the lines

are unknowns represented by Ay 5 A q3, q), with the assumed di-

gpm 1is pumped in at point A. Water is taken out at the given

rections as indicated by the arrows. A negative value for any of
these variables represents flow in the direction opposite to that
indicated by the arrows. The equations expressing the conservation

of mass at the four points A, B, C, D are, respectively,

9y Tyt = Ey
4 "% =y
Lt = T

qJ—I- = PD.

(a) Show that a solution cannot exist unless Py = P+ F, + Pp.
Interpret thisthysically in terms of conservation of mass. |

(b) If P, = Py + Py + P, show that the general solution is

given by 9 = PB + PC - t, qQ = PC - t, q3 = t, G, = PA - PC - PB
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for any value of t. Interpret this physically for © = O.
(c) Show that the arbitrary part of the solution, vhich may bhe
added in any strength,
9y ==L, 95 =-1, a3 =1, 9, =0,
represents a consérvative circulation through the loop ABC and is
a solution of the homogeneocus system.
(a) Carry through & similar analysis for the system shown in

Fipgure 1.3, vhich has an inlet at A and outlets at E and F.

C
\
E se
qr
Pr T P
Figure 1.3

1.7 Consider the differential equation

(1.37) A(x)y" + B(x)y' + C(x)y = F(x)

subject to the boundary conditions

y(a) = Qa, Y(b) B .

To find an approximate solution by numerical methods we divide the

interval (a,b) into N equel parts, each of length h = Eﬁé B B

indicated in Figure 1.k.
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Wy ,\
T~
¥l ¥l ¥ Y V-1 Y V41 yN—l P
Xg=a X X, X, X1 X5 ¥4l "R-1 XN;b

Figure 1.4

Let e denote the value of the approximate solution at the point
X By methods similar to those used in getting equation (2.h) of
Chapter 1, one can derive the approximations

1

! = — -
y (XS) - Eh (yS'{"l ys_ )}
(1.38) ' 3
t w2 - - "
y'(x,) = 2 Fpq ~ B9, # ¥, 405

each of these approximations having a truncation error of the order
of h2.

(a) Writing equation (1.37) for each value of x from x to
¥y 1> and replacing y'(xs) and y"(xs) by their approximate values
from (1.38), show that we obtain the system of linear equations
[A(xs)—gB(xs)] Vg1t [hgc(xs)_gA(xs)] Vs" [A(Xs)+§B(Xs)] Vet1 = th(Xs) 2

for s =1, 2, ..., N-1
where Yo = @, yN = B
For example if A(x) = B(x) = C(x) = F(x) =1, N=15, a =0,

b=1 we get



1.8

- 2.22 -

0.9y - 1.96yS + l.lys+l
or written out
-l.96yi + 1.1y, =

0.9 v, - l.96y2 + 1.1 Y3 =

l

0.9y, - 1.96y3 * 1.1 @y

0.9 ¥y - 1.96y) =

Qo4 for s=1, 2, 3, 4

Obh - 0.9,
8
.0h,
b = 108

Note that it is particularly easy to reduce these equations to

echelon form in the process of solving them.

(b) Solve this system for a =8 = 0.

(slide rule accuracy

is good enough.) Ans. vy = -.0969, Vp = -41363; Vg = i

yJ—I- = —-0788.

(c) Set up and solve the analogous system if A(x) =1, B(x) =

1 2

C(X)=X+§J Flx) =%, N=5, a=0,b=2, a=1 B =L

Ans. y, = 4,016, %, = 6.07L, ¥3

- 6.563, ¥, = 5.609.

(d) How does the discussion at the end of Section 4 of Chapter

1l, in particular the three possibilities mentioned there, relate to

this computational method?

The moments at three consecutive supperts of a uniformly loaded beam

are related by the "Three Moments Equation" &

A + 2(A + B)M, + BM, = %(A3 + B9,

where w 1s the load per unit length along the beam and A and B

are the distances between supports as indicated in Figure 1.5.

.K_

E.P. Popov, Mechanics of Materials, Prentice-Hall Inc., 1952, p. 329.
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Figure 1.5
Find the moments at the supports of the structure shown in Figure 1.6,

Ans. M, =977 1b.-ft., M, = 330 1b.-ft., M, = 190 1b.-ft., M =

3 g
1362 1bs=FE,
A l W =100 1b,/ft, ! ! |
=O —
M T | ’\MG—O
- 10! i< 8! qe-6'~w1 8! > 12—
Rl R, 33 R), R5 Re

Figure 1.6

1.9 Find the currents in the various resistors of Figure 1.7 by setting
up all of the Kirchoff node and loop egquations and reducing the

system of equations to echelon form. Take E = 10 volts, R. = R

1004, R3 =R = R5 = 200Q. Ans. i =i, = Ok amps, i, =

.03 amps, ih = .01 amps.
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Lozl

o DR

/////////////////////ZV/G/Z[V/z/

g

P4
1
k k
1 1 s &

Figure 1.8

The system shown in Figure 1.8 is hanging at rest. Let the
natural length of spring Xk, be L, (i = 1,2,.3,4), assumed mea-
sured between the same reference marks as the x's, 1.e. when
X = L2 spring k2 exerts no force, etc. Assume that the values
of the k's, L's and M's are given and write the force balance
equation for each mass to find three equations for the three un-
kmmns(x,}&,xy. Solve for the case %‘=101bﬁﬂm, Ky ==
20 1o, /ity k=5 1b./in., k), =10 1b./in., M = 51b., M, =

.

20 1b., My =51b., Iy =2in, D,=1in, Lg= 1in., L=

2 in. Ans. = 17/12 in., %, = 37/12 in., %y = 67/12 1in.

5

Equations are said to be in the "triple diagonal form" if they are

of the form
blxl + clxg = dl’
85X + b2x2 + 02X3 = dE’
asxg + b3x3 + C3Xh = d3,
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%h-1"n-2 * bn-lxn-l + “h-1®n T

Such systems of equations arise frequently (see Problems 1.7 and
1.8 for examples). If, as is usually the case, the b's are suffi-
ciently large compared with the a's -and the c¢'s there is a u-
niguesolution. TheGawss elimination method is particularly easy
for triple diagonal systems. Program it, assuming initial input
of N and A(I), B(I), ¢(I), D(I) for I = (1,1,N).' (since
A(1) and C(N) are not used the values assigned to them are im-
material.)

Use your program to solve Problems 1.7b and 1.8

The programming of a more general Gauss process will be de-

layed until additional notation and technigue have been introduced.

VECTOR SFACES

2, Physical Vectors

In this section we utilize scme of the features of the vectors
that the student has already met in mathematics, physics, and mechanics
in order to provide motivation for the abstract vector spaces which
will be introduced in Section 3.

The student will recall from his course in Mechanics that if a
system of forces is applied at a point (as in Figure 2.la), the net
effect of the system of forces is the same as that of the resultant
force, computed by the "head-to-tail" rule (as in Figure 2.1b). This

is also called the rule for addition of vectors. The resultant in
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Figure 2.1b is denoted by

— — - — —
{2.1] R=0 +E + FB #
F
lF2 1
7 \ P,
F
%/ﬂ
:Fl = Resultant
2.1a N
2.1b
F -y
2 R = Resultant
i = ‘_\
¥ ;7;
3
N
R = Resultant By
Pylie 2,14

Figure 2.1

Two properties of this rule are worth noting. First, paren-
theses may be inserted on the right hand side of (2.1) without
— Y

changing the resultant. For example, by (f& - fé) + (F3 + Fh)

N
we mean that we first apply the "head-to-tail" rule to F, and

L

=

— t 2
FE’ then to F3
-

iy P 2y,
and (F3 + Fu), as indicated in Figure 2.lc. Similarly P, # (Fe +

- .
and F, and then apply the rule again to (Fl + 2)
— =Y -5 =% Y .Y .Y N, - -
= ; :
(F3 + Fu)), ((Fl + F2) + FB) BHyy By * (F2 + F3) + F), and so on,
all give the same resultant. These facts are implied by the Associ@—

tive Law for Addition 9£ Vectors:




2 8,07 =

- e -—
For any three vectors Vl’ Vg, V3
.Y =N pan.. - =N -
(2uz} vyt (Vé + v3) = (Vi - Vé) + Vg

a - A
In view of (2.2) we write the sum simply as Vl + Vé + VB’

with the freedom to insert parentheses as we please. The proofl of
(2.2) is indicated in Figure 2.2. From the associative law for

three vectors the associative law for any number of vectors is easy

to verify.

Figure 2.2

Associative Law of Addition of Vectors

Secondly, the order in which terms on the right hand side of (2.1)

_— S . SR
appear doeg not affect the resultant. For example F9 + FM + Fl + I
yields the same resultant, as indicated in Figure 2.1d. Similarly

= S - - — .Y
Fg + Fl + F3 + Fh’ Fh + Fl 3

tant. These results are implied by the Commutative Law for Addition

.Y -
+ F2 + F etc, all give the same resul-

of Vectors:

—_
For any two vectors Vl’ Vé
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- iy >
(2.3) V, + V=V, + W

The proof of (2.3) is indicated in Figure 2.3. From the commutative
law for two vectors the extension to any number of vectors is easy
to verify, since any ordering of the terms can be achieved by succes-

sive transpositions of adjacent terms.

Figure 2.3

Commutative Law of Addition of Vectors

Another concept which the student has already met in Mechanics
is that of multiplication of a vector by a scalar; i.e. by a real
number. If =& 1s a positive number and f is a vector then aﬁ
denotes a vector whose direction is the same as that of ? and whose
megnitude is a times the magnitude of f: If a 1is a negative
number then dﬁ denotes a vector in the opposite direction tc that
of F whose magnitude is ] al times the magnitude of ﬁ. For
the case a = 0 it is convenient to define Oﬁ as the zero vector

6 which has length zero and no direction associated with it. The

following rules are then true.
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- —
(2.4) Addition of Zerq Vector: O + F = F.
- -_ N
(2.5) Distributive Laws: (a + D)F = aF + bF,
S — o -
(2.6) a(Fl + Fe) = aF, + aF,.
Py -
(2.7) Mixed Associative Law: a(bF) = (ab)F.
-,
(2.8) Multiplication by Zero: OF = O.
.
(2.9) Multiplication by Unit: lf'= F.

The student will find it easy to verify these rules (equation (2.6)
follows from similar trianglesq)

Many other physical guantities obey these same laws; for sxam-
pie, velocity of a particle, angular velocity of a rigid body, and
electric and magnetic fields. It is, in fact, the wide application
of the vector properties that makes them of importance in applied
mathematics.

It should be pointed out that there are other properties of

forees, as they occur in Mechanlces, which are not reflected in the

r———

abcve discussion. For example, the line glong which a force acts

is needed to compute the moment of the force; the point at ﬁhich a
force is applied to a body is needed to determine the sfresses and
defermations of that beody. The previous discussion considers only
those aspects of a forece which can be deseribed in terms of its
magnitude and direction. These constituie the vector aspects of

the force and form a background for the developments of this chapter.

3. Vector Spaces

In manipulating physical vectors it is often convenient to ex-

press them in terms of certaln suitably chosen "basis" vectors. If
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for example we are concerned with vectors lying in a plane, we can

=
(ef. Thomas, Section 12-3) express any vector v in the form

(3.1)

LY .Y
where 1 and J are unit vectors along the axes of a suitably

e

chosen Cartesian coordinate system (Figure 3.1). The vector v

can then be represented by yh

v 3
the ordered pair of scalars Y 5
(a,b). Conversely, any or- 3 bf %

b i . X

dered pair of scalars (a,b) g 7
represents a vector, given
by‘(S.l). Figure 3.1

It is easy to show (cf. Thomas, loc. cit.) that if (a,b) re-
o A
presents v then (ca,cb) represents cv, and if (a',b') represents
S . S
w then (at+a',b+b') represents v + w. We are therefore led to make

the following definitions:

(a,b) + (a',b') = (ata',b+b'),
(32)

c(a,b) = (ca,ch).

That is, instead of saying that (a,b) "represents" a vector we say
that (a,b) "is" a vector, and that equations (3.2) define the two
fundamental operations on these vectors just as certain geometric
processes define the fundamental operations on the force vectors.
For these vectors it i1s a routine matter to prove the rules
expressed in (2.2) to (2.9). First we define the zero vector, EL

to be the ordered pair (0,0). Then we easily verify the following:



o Badl -

{a,£) + (c+e,d+f)

{8:3) (a,p) + [(c,d) + (e, )]

(etcte, bHa+f)

i

(a+c,b+d) + (e, T)

[(z,0) + (e, )] + (e, 0);

(3"!4') (a;b> & (CJd) = (a—l-c‘,,h-}d) = (C+a:d+b) = (C,d) + (a;b)5
(3.5) (0,0) + (a,b) = (0+a,0tb) = (a,b);
(3.6) (a+b)(e,f) = ((a+b)e,(a+b)f) = (ae+be, al+bl)

a(e, £)+b(e,);

il

= (ae, af }+{be,bf)

a(cre,d+f) = (af{c+e),a(d+r))

(3.7) al (¢;d)+{e,1)] =
= {ac +a=, adraf) = {ac,ad)+(ae, af)
= ale,d)rale,T);
(3.8) a{ble,f)) = albe,bf) = (abe,abf) = (ab){e,I);
{3.9) 0(a,b) = (0a,0b) = (0,0);

(3.10) 1{a,b) = (i-2,1-b) = (a,b).

TNus-oriered pairs have all fhe basic algebraic propertiéé 35
physical wvectors in the plane.

In the same manner, if we consider physical vectcrs in space,
we arrive at the notion of a wecter consisting of an ordered tri-

ple of scalars (a,b,c). In piace of (3..i) we define

i (a)’bfc) £ i:a;)b!:c‘) & (-a.wa';b‘b',c'%c"\),
(3.11)
i - i A
pva,b,c) = {pa,pt,pe),

pu. § &
and the zero vector is 0 = (0,0.0). Tae analogs of (3.3} to (3.10)

can be proved in Jjust the same Tasnion.
Now the physical picture stops a2t this point but the algebraic

process does not. Instead of considering ordered palrs or crdered
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triples we can Jjust as well consider ordered quadruples, or

rove senerslly, ordered n-tuoles ( ,o ). We define,
) 1

.
G sC
1%727

as before

(a.l, 85 0 .,an)+(bl,b2, wy .,bn) - (al+bl, Btby, e, an+bn),

(3.12) c(a a) = (Cal,cag,.u.,can),

12 %0 008y
0= (0,0,...,0),
and once again the eight basic precperties are proveable as before.
As an illustration of the use of this more general tType of vec-
tor, consider first the case of a stockroom storing four items: hatchets,
ratchets, latchets, and matchets! If on a given day there are on
Hand 896 hatchets, 218 ratchets, 898 latchets and 351 matchets, we
can represent this information very concisely as the h-tuple
(896, 218, 898, 351) where we agree permanently that the first en-
try refers to hatchets, the second to ratchets, the third to latchets
and the fourth to matchets. If now a shipment arrives containing
200 hatchets and 100 latchets we cén represent the shipment by the
L-tuple (200, 0, 100, 0) and the new inventory by (896, 218, 898, 351)
+ (200, 0, 100, 0) = (1096, 218, 998, 351). If on the next day we
hand out 100 hatchets, 20 ratchets, 100 latchets and have 10 matchsts
returned to stock, the increment can be represented by the vector
(-100, -20, -100, 10) and the new gross inventory by (1096, 218, 998, 351)
+ (-100, -20, -100, 10) = (996, 198, 898, 361). If the general mana-
ger now says he wants the inventory to be raised by 10% then we must
put in orders represented by the vector %6(996, 198, 898, 361) =

(99.6, 19.8, 89.8, 36.1) i.e. we must order 100 hatchets, 20 ratchets,



90 latchets and 37 matchets,

As eanother illustration, consider the flow in the network
shown in Figure 1.2 of Problem 1.6. The L-tuple (ql,qQ,q3,qb)
represents a certain flow in the system as a result of given re-
guirements ( » Py PC,P ) at the stations A, B, C, and D. If we
take requirement vector (P'A,P’B,P’C,P‘D) we get another flow vector

(q'w,q*g,q’B,q’h). If we 'superpose' the reguirement vectors

! 4Pt 5 i : . .
(PATP a0 PptP'y, PP, PtP D) the resulting flow is given by
(q1+q’i, q2 "o q3+q‘3, qh+q‘h)° If the requirement vector
( 5
‘PA’ B PF P is scaled down to S(PA’ P ) the resulting flow

is scaled down to %{qi,qg?qs,qu)u The answer to Problem 1.6 sbowé
that {ql,qg,qs,qh) = (PBiPC, Py 05 Py-Py- PB} t(-1, =1, 1, 0).
Tre iast veztor represents a conservative circulation in the éystem,
This situation wiil be discussed further in Section 1l1.

We have considered several different kinds of vectors - forees,
veloncities, and n-tuples for various vaiues of n - and have seen that

they ail have certain algebraic properties, embodied in equatiorns (2.2}

to (2.9}, We now take the important step of mathematical abstracticn,
Aay Liection of objects having the properties expressed by eqgua-
*

ticns (2.2) - {2, will be called a vector space and the cbjects
\ p 2 (5]

themzelves wilil B2 cal.ed vectors, In detail:

) . . L -3 . -
Definition 2.1l. iet V be any collection cf objects lu, v, w,...
whicn is closed under operations of addition (i.e. if u and

- -
are in V then (u + v) is in V) and under multiplication by sca-

+
More properly a vector space over the real numbers, because the
scalars here are real numbers.




1
[N
L
=

. ¥ i

. - . . . = . - b .
lars {(i.¢, if wuw dis in V and & is a real number then (au) is
L - - = ’ N
in V.) BSuppcss alsc that there is an element 0O in V {the zero
vector) and that the following eight identities are true for amng

. S
elements wu, v, w in V and any real numbers a, b:

(1) Associative Law of Vector Addition S + (ﬁ%?ﬁ = (i#f} - ﬁ;
(2) Commutative Law of Vector Addition - erelr g —T:\;ﬁ,
(3) zerc Addition Law ol = I,
(4) Scalar Distributive Law a(wHv) = au + av,
(5) Vector Distributive Law (a+b)ﬁ = an + bﬁ,
(6) Mixed Associative Law a(bu) = (ab)h,
(7) Zero Multiplier Law ou = 3,
(8) Unit Multiplier Law lﬁ - T

L T, T Y

Then V 1s calied a vector space and its elements (u,v,w...)

are called vectors.
by
u-v

— —
The sum u + (-1)v is usually denoted by and the opera-

tion is called subtraction, since ﬁlﬁ is the solution of the egua-
i, 4 2N
tion wvtx = u. Thus far, we have used a special typographical device
to single out those symbols that stand for vectors, namely an arrow
above the symbol. (The more ususl device in type-set material is
atdld-face symbol.) While the use of some such device is somebimes
helpful in aveiding confusion between vectors and scalars it is by
no means necessary, any more than 1t is necessary to use a spscial
kind of f 1in expressing a function f(x). We shall feel free to

omit the arrow when there is no danger of confusion, and the rszadsr

is advised to get us=d to both notations. Note that if arrcws are
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omitted the symbol O may stand either for the scelar zero or the
vector 3,' the context should always mzke the meaning clear.
Example 3.1. The vector space Vn'

We have seen that n-tuples of scalars (al,ag,n.,,an) can be
considered as vectors, n being any integer greater than 1. The

vector space of n-tuples is designated by Vn' Thus, if we say that

r 1

—_,
v (or v) is a "member of Vn,' or an "element of Vn,' or that "v

is in Vn’" or "v belongs to Vr’“ we mean that v is an n-tuple.

1
The scalars that make up this n-tuple are called the components of
v. Thus v = (2,3,0,1,-7.5) is an element of Vg, and the fiftn
component of v 1s -7.5. Two elements of Vn are equal if and
only if their corresponding components are equal. An important con-
sequence of this is that a vector equation is equivalent to n sca-
. . ) - — .
lar equations. For example, to solve the equation a + 3x = b, where
=5 — -
a=(1,2,3) and b= (-2,5,6) we let x = (X-,X?,XB)o Then the

A —

equation becomes
(3°l3) (1;2;3) F 3(X1)X2}X3) = (-2,5,6),
or, combining the vectors on the left hand side,

(3.1k) (1#3x),2+3x,, 343%,) = (-2,5,6).

This vector equation means exactly the same as the three scalar

eguations
1+ 3%, = -2,
(3.15) 2+ 3%, = B
3+ 3x, = 6,

3



= B, 36 =

from which we get % = -1, X, =1, x; =1, or ¥ = (-1,1,1) as

1 2
the solutior. The passage from (3.13) to (3.15) is generally referved
to as "writing out the equation in terms of its components” and
is wsually done in one step, omitting the middle step 8, 14 o4
is a very common way of handling problems in Vn'

One might ask, ”Ié there a Vl?” There is - it is just the
set of scalars. The reader can readily verify that they satisfy
Definition 3.1 and so are entitled to be called "vectors.” Those
readers interested in abstract mathematics might like to know that

there is even a Vol

Example 3.2. Spaces of polynomials in one variable.
Consider polynomials in a variable t, that is, expressions of

the form

m
+ cos
ay alt + + amt 3

where the coefficients &ya, ... ,8 are resl numbers. If p{t)
and q(t) are two such polynomials (not necessarily with the same
values for m) so are p(t) + g(t) and cp(t) for amy scalar c. If
we define the zerc polynomial as the one whose coefficients are all
zero it is easy to check thgt these polynomials satisfy Definition
3.1 and so constitute a vector space.

Instead of considering all polynomials we often find it useful
to restrict our attention to those polynomials whose degrees do not
exceed some specified value n. These also form a vector opace,

3

which we designate by Pn; for example, P consists of all poly-

3

nomials of the form aOTalt+agt2+a t”, where some, or allyof the

3

coefficients ao,aj,ag,a3 may be zero. In line with this designation
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we use P* to designate the vector space with no restriction on the
degree. As to the proof that P is a vector space, it can he
done by referring back to Definition 3.1 but a much quicker proof
will be given in Section 5.

One can also consider vector spaces of polyncomials in two
or more vériables'but we shall have no use for them in what follows.
Example 3.3. Function spaces.

To see that vector spaces can be made out of functions let us
first review some of the facts concerning real-valued functions of
a real variable t. BSuch a function, f, is a rule whereby, given
a value of the independent variable +t, the value f(t) of the
function, scmetimes called the dependent variable, is determined.
However, the values to be assigned to t may be restricted; for
example, in considering the function f£(t) = Vvt we restrict t
to non-negative values. (We have seen in the previous chapter how
such restriétions can arise and later chapters will bring other ex-
amples.) In general let us assume that t 1s restricted to scme
interval 1 defined by inequalities such as a < t < b. Then if
f and g are any functions defined on I and if ¢ 1s any real
number we define the functions

h=1f+g and k cf

i

by the equations
h(t) = £(t) + g(t),  k(t) = cf(t),
for all values of t on I. (See Figure 3,2.) The zero function

is defined to be that function which is identically zero on I.

Once again it is easy to check Definition 3.1. to show that with
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these definitions of

addition and multipli-

cation by scalars the 7 i::;f
set of all functions in ///if
g e
I is a vector space. Lo
//j;\\\ b ,////
For appli= g
a \ o
cations, and even T \\\\\\\H‘ HhE ¥
P
for pure theory, the //i:: a :;:/
; -,/ 2f |
space of all functions ////

. =
in I dis too inclu- A I =
sive to be of much
value. Figure 3.2

We find it best to restrict our functions by requiring them to have
various useful properties, and among the most generally useful
properties are continuity and differentisbility. The space of all
continuous functions on I 1is designated by CO (or Co(a,b) if we wish
to indicate the interval of definition), the space of all functions
having a first derivative which is continuous by Cl,ou,, the space of
all functions having a continuous n-th derivative by Cn, and, final-
ly, the space of all functicns having an infinite number of deri-
vatives by g%, (Functions of this type will be found in the next
chapter to be very important.) That all these are vector spaces will
be shown in Section 5. In Figure 3.2, £ and g are elements of

CO, but g 1s not an element of Cl. (Why?) T is part of the

graph of the function f(t) = sin t and so belongs to g - and,

n
of course, also to C for any value of n.
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Problems

In V., if u= (1,0,-1,3,-2) and v = (0,0,-2,-4,1) compute

5’
whv, u-v, Sut2v., If also w = (1,1,-1,3,2) compute -w, 2utv-3w.

Solve for the vector u in V_:

5
2u+3(0,1,0,1,1) = -5(0,1,5,5,2).

Solve for the vectors u, v in Vh:
utbv = (0,1,0,1),

2utTv = (-1,2,-7,0),

An mxn (read "m by n") matrix is a rectangular array of num-
bers having m horizontal rows and n vertical columns. For ex-
ample

2 0 -k

6.3 2
is a 2 x 3 matrix. Can you define addition of m x n matrices
and multiplication by scalars so as to obtain a vector space?
What is the zero matrix? Tell how you would prove that you actual-
1y have a vector space (do not go into all the details of the

proof) .

A polynomial p(t) can be regarded as a function, since giving the
variable t a value determines a value of the polynomial. There
is no restriction on t, so p(t) is defined on any interval (in-
cluding the interval -0 < t < o, i.e. the entire line). Is p(t)
a member of CO, that is, is p(t) continuous? Is p(t) a mem-

1

ber of CY, of C°, of C®

?
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Do the polynomials whose degrees are exactly n form a vector
-
space? 1Lf so, what is the zero element O in this space? IF

not, why not?

How would you construct a vector space that might reasonably

be designated by VOO? {There are at least two ways of doing so.]

L. Further Prgperties of Physical Vectors

'The object of this section is to provide an intuitive back-
ground, in terms of the physical vectors discussed in Section 2, for
the more abstract development in Section 5. The concepts discussed
here will be generalized in Section 5 and develcoped in more precise
terms there.

The vectors that we are usually concerned with in,Mechanics are
physical vectors in three-dimensional space. Scmetimes, due to the
special nature of a particular problem, we need consider only vec-
tors lying in =z particular plane. The set of all vectors lying in
this plane themselves constitute a vector space of two dimensions.

Thisg is called a vector subspace of the three-dimensicnal space.

Similarly we might find it convenient to take components along a
given line. The gset of all vectors lying along this line constitutes
a one-dimensional vector space. It also is a subspace of the three-
dimensional physical space.

- -
In Figure 4.1 we show two vectors vy and Vo in three-dimen-
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— — —
sicnal space. A vector v3 = &V + a,v, where & and a, are

scalars, i1s called a linear superposition, or a linear combination

of ;i and @é. The totality of all linear combinations of ﬁl
and ;é sweeps out the plane P passing through the origin and
- Y Sp Y
containing vy and Ve It is called the vector subspace gbnerated
.5 -
by the set &Vi,Vét} . Since any vector in the plane P can be

A Z

B
xy-plane

Figure 4.1

— -
represented as a linear combination of vy and Vo, We say that

[ .. 9 —
the set { vl,vg} spans plane P. If w 1is any vector in P
s
then the set é‘vl,v?,wj ig said to be linearly dependent, because
L TTEER sy SRR :
——
we can express one of the vectors, w , as a linear combination of

the other two. A set of vectors in which none can be expressed as

N
.
linear combinations of the cthers, such as the set { vi,v2j of



w B hE

Figure 4.1, is said to be linearly independent.

B . .
In Figure 4.2 we show three non-coplanar vectors v ,v2,v3.

. -
Since, e.g. v3
—

— =
and containing vy and Vi it is clear that VS cannot be ex-

does not lie in the plane @ through the origin

- A
v, and v,. Similarly none

pressed as a linear combination of 1 5

A7

Figure 4.2

s ¥

—
of the vectors v,V v3 can be expressed as a linear combination

12727
- =N

of the others and consequently the set { ;l,Vé,V' is independent.

3

Furthermore, any vector in the three-dimensional space can be expressed

L . G |

T —
as a linear combination of V95 Vs and v3. Thus the set Vi,Vé,V3j
is linearly independent and spans all of the three-dimensional space.
It is called a basis for the three-dimensional space. Similarly,

in a two-dimensional plane, any two non-collinear vectors are inde-
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pendent and span the plane. They are said to be a basis for the two-
dimensional plane.,

The following facts will be evident to students with a good geo-
metric intuition; the others may take comfort from the Tact that they
follow readily from the algebraic results of the next section.

(1) In three-dimensional space (physical space),

(a) Any set of four or more vectors is linearly dependent;
(p) Any three independent vectors span the space and hence
form a basis;
(c) Any basis consists of a set of three non-coplanar vectors
and conversely.

(2) In two-dimensional space (the plane),

(a) Any set of three or more vectors 1s linearly dependent;

(b) Any two independent vectors span the space and hence
form a basis;

(c) Any basis consists of a set of two non-collinear vectors

and conversely.

5. Vector Subspaces. Linear Combination.

We now return to the general vector spaces of Section 3. In Sec-
tions 5, 6, and 7 we shall give precise definitions of many of the terms
used in a loose fashion in Section 4, and investigate various relations
between them.

Let V Dbe a wvector space. A set S of vectors of V 1is called a

vector subspace of V if § itself is a vector space under the laws of
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addition and multiplication by scalars as defined in V.
Example 5.1: Let V be V5 and let S be the set of all 5-tuples of
the form (xl,xg,x3,xu,0). It is easy to show that S 1s closed under
addition and under multiplication by scalars. Also, S contains the
zero vector (0,0,0,0,0). And finally, S satisfies the eight identi-
ties of Definition 3.1. Hence 8 is a vector space and so it is a
vector subspace of VS.
Since a vector subspace is, by definition, a vector space, any
definition or theorem referring to vector spaces in general can also

be applied to any vector subspace.

Two extreme cases of vector subspaces must be noted. 1In any vec-
tor space V the set consisting of the single vector 8\ is a vector
subspace of V; and also, V is a vector subspace of itself. A vec-
tor subspace of V which is neither SI nor V 1tgelf is called a
proper subspace.

The determination of whether or not a set S 1is a vector subspace
of V is made easier by the following theorem. Often, in fact, the best
way to prove that a set S (provided with rules of addition and scalar
multiplication) forms a vector space, is to exhibit S as a subset of
a known vector space V and use the test given by Theorem 5.1.

Theorem 5.1. A non-empty set S of vectors of V 1is a vector subspace

of V if 8 is closed under addition and under multiplication by sca-

lars.

—
Proof. TFirst we note that S8 must contain the zero vector 0. For

—
if v 1is any vector of 8, then since S5 is assumed closed under
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multiplication by scalars, O$'= 3 is a vector of 8. We have thus only
to prove that the eight identities hold in S. But since they hold for
all vectors in V they will assuredly hold for those particular vectors
which 1lie in 8. Hence S 1s a vector subspace.

Example 5.2. We can now supply the proof, for Examples 3.2 and 3.3, that
P’ and C% are vector spaces. Since every element (polynomial) of P"
is certainly an element of pe , by virtue of Thecrem 5.1 we need only
show that P is closed under addition and multiplication by scalars.
This is evident, for if p(t) and q(t) have degrees at most n, the
same is true for p(t) + q(t) and ap(t). Hence P' 1is a vector
subspace of PQD, and so, by definition, it is a vector space, Simi-
larly, if the functions £(t) and g(t) belong to C", that is, if

they have continuous n-th derivatives, then so do f£(t) + g(t)

and af(t). ¢ is therefore a vector subspace of the vector space of all
functions, and so it is a vector space. In the same manner we can see

that €%  is a vector space.,

Exemple 5.3. Let 8158p cee 8 be any fixed set of scalars. Then the
set of all vectors X = (xl,xg, i ,Xn) of V_  satisfying the condition

£

n
Z: a.x; = 0 1is a vector subspace of Vr' For it is easy to check that
i=1

A 3 3 3 A . A A )
if x satisfies the condition so does ax, and if x and y do, so
.Y . Y
does x + ¥.
Example 5.4. If u and v are two vectors in V, the set of &ll vectors
w of the form w = au -+ bv, where a and b are arbitrary scalars, is

a vector subspace of V. Here again it is esasy to check the closure of
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the set of vectors &w} under addition and multiplication by scalars.
It is evident that the example can be generalized to vectors of the form

m
W= E: aivi’ if {V‘, g ;vm} is any fixed set of vectors.
i=1

This last example leads us to an important definition. Consider a

set of vectors IVi,Vé, R ’vr§ in V. By a linear combination of

these vectors we mean a vector of the form

m

(5.1) égi a;v, = av) +avy ... tav,

where the ai’s are scalars., A linear combination is said to be non-
trivial if at least one of the ai's is different from zero.
Let V be a vector space and let ivi’vé’ e ,Vm3 be a set of

wectors in V. The set of all linear combinations
m
Y ey,
j=l

of the set {Vi,Vé, oo ,v;% , obtained by taking all possible choices
of the coefficients 8, is called the vector subspace Spanned by (or
generated by) the set %vi,vg, .0 ,vn}. In perticular, v is itself
spanned by ?Vl,ve, e, Vm} if every vector in Vv is & linear com-
bination of %ivl,vg, cee Vﬁlg .

The following examples show that questions involving linear combina-
tions of vectors often reduce to the kind of problems in Section 1.
Example 5.5. Is (1,2,5) & linear combinetion of (-1,2,11), (2,5,1k),
(3,-3,=-21)? Is (1,2,-1)?

To answer the first question we try to find al,ag,as such that

ha
it

N

(5.2) 2,(-1,2,11) + ay(2,5,1k) + 2,(3,-3,-21) = (1,2,5).
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Writing this out in terms of components givés the system of linear equations:

-8 + 2a2 + 3a3 iy

|
no
-

(5.3) 28, + 5a, - 385 =
1la, + Il_lka.2 - 2la

1l
\n
L

5
In Example 1.3 this system was seen to have sdlutions; for example,

8 = -1/9, &, = 4/9, a; = 0. Hence (1,2,5) is a linear combination of
the three given vectors. On the other hand, Example 1.2 shows that
(1,2,-1) is not a linear combination of these three, since if we replace
(1,2,5) in (5.2) by (1,2,-1) the equations corresponding to (5.3) have

no solution.

Note that a given vector may be expressible in more than one way
as & linear combination of vectors. In the above example, for instance,
equations (5.3) do not have a unique solution, and we could equally well
have teken the solution a) =3, &, = 0, ag = 4/3. We shall see later
that the case when this cannot happen is of special importance.
Example 5.6. Does the set of vectors i(1,2,—3),(l,l,h),(3,l,26)%
sparn V3?

We must determine whether, given any vector (cl,ce,c3) in V3

there exist numbers al,a,Q,a3 gsuch that
a1(1,2,—3) + ag(l,l,h) + a3(3,l,26) = (cl,cg,c3).

Writing this equation in terms of components gives us

e

al + aQ + 353 12
(5.4) 2al + 32 -+ a3 = CE’
-381 + hag -+ 26a3 = cg
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These reduce to the echelon form

L AL 3 cq

(5.5) 0 1 5 2ej=-c,
0 0 0 -llcl+732+03;
consequently there is no solution unless -llcl+7c2+c3=0, For instance,
(1,6,0) ’is not in the subspace spanned by the given set. Hence the set
{ (1,2,-3), (1,1,4), (3,1,26)1 does ot spen V.
(We really did not need to carry along the cclumn of constants in
going from (5.4) to (5.5). It is evident that some combination of C15Cos

c, will appear in the last row of (5.5). Regardless of what this is,

3

the appearance of the row of zercs in the echelon form of the coefficients
is enough to tell us that the given set of vectors does not span the

whole space.)

The following theorem about linear combinations is often useful.
Thecrem 5.2. If w 1s a linear combination of %Vi, T L % , and
P n
if each Ve is a linear combination of {tﬁj . ,qm} then w 1is
a linear combination of % Up) ove ,um} .

Proof. ITf
W= alvi T aQVé + oess t anvn
and.
¥y 9 bilul + 'bigu.2 e bimpm

for 1i=1, ... ,n, then
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W o= al(bllul + bleua + ...+ blmgm)
+oay(byyuy + Bpgty + e+ Dy )

+ e e

+ ah(bnlul D Uy Foees F bnmpm)

= (a.b,, + a.b,. + «uu + ahbnl)ul

1711 2721
+ (a.l"b12 + a2b22 + oa.. + anbn2)u2
+ i W

+ (alblm +oagb, +oees + a‘nbnm)um'

Since this is of the form c¢ Uy + ..t cu, w is a combination of
1 mm’ .
Uy eee s U
Corollary 5.1. IT %v 3w ,vnvg span W and if each vy is a linear

1
combination of vectors %ul, ,umag in W, then Eul, ,ué span

W.
Proof. If w is any vector in W, then w is a combination of Evl, vow 3V } P
S n

and hence, by the Theorem, & ccmbination of iul, ,um-é . That is,

{ul, ,um} span W.

Problems

In each of the following cases, does the set of vectors form a vector sub-
space of the indicated Vn?

(a) The set of all vectors of Vl& of the form (a,b,a,b)?

(b) The set of all vectors of V., of the form (a,b,1)?

(c) The set of all vectcrs of V), of the form (a,-2,b,2a-b)?
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(d) The set of all vectors of V, of the form (a,ag)?

2

(e) The set of all vectors of V., whose components are positive?
3

Ans. (a) Yes, (c) Yes, (e) No.
5.2 In each of the following cases does the set of all polynomials p(t) in p"

satisfying the given condition form a vector subspace of P

() »(t)

(b) p(to) > 0, for some fixed t_.

(¢) p(t) is divisible by +° + & + 1.

0, for some fixed tO.

(d) p(%) is an even polynomial; i.e. p(-t) = p(%t).
(e) The equation p(t) = O has no real roots.

(f) The equation p(t) = O has at least one real root.
Ans. (a) Yes, (c) Yes, (e) No.
5.3 Is (3,4,1) a linear combination of (1,1,1), (1,-1,5), (1,2,-3? Is

(1,0,0)? Is (0,0,0)? Ans. (a) Yes.

5.4 A machinist's supply house has three mixtures of washers, as indicated

by the following schedule of percentages by weight:

1/&-" 5/16“ 3/8n 1/2"
Mixture I 10 20 30 Lo
Mixture II 25 25 25 25
Mixture III 50 30 20 0

(a) A castomer orders 100 1bs. of a 32,26,24,18 mixture. Can this
be r:ade up out of the mixtures on hand? State this as a prob-
lem in linear combinations and solve the problem.

(b) Do the same for a 20,25,25, 30 mixture.
Ans. (2) Yes, (b) No.

5.5 Do the vectcrs 2(1,0,1), (2,1,-1), (5,2,l)§ span V3? Ans. Yes.
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5.6 Do the vectors i(o,l,e,-l), (-1,2,1,0), (8,1,1,8), (7,8,7,-1)} span V)2

5.7 Show that the two sets of vectors {(0,1,1,0), (1,0,0,1)@ and i(2,3,3,9),

(1,2,2,1)} span the same subspace of V).

6. Linear Dependence.

A finite set of vectors is sald to be linearly dependent if we can

express one of them as a linear combinaticn of the others. If the set

is not linearly dependent it is said to be linearly independent.

[Note. When there is no danger of ambiguity it is customary to
omit the adverb "linearly" in speaking of combinations, dependence or
independence of vectorsi
Example 6.1. From Example 5.5 it follows that the set % (L,8,5),
(-1,2,11), (2,5,14), (3,-3,-21)} is dependent. On the other hand we
cannot conclude from this example that %(1,2,-1), (-1,2,11), (2,5,14),
(3,—3,-21)} is independent, even though (1,2,-1) is not a combination
of the other three, for one of the last three may be a combination of
the others. (Example 6.2 will show that this is indeed the case.)

The following theorem gives another way of deciding whether or not
a set of vectors is dependent. In many situations this alternative cri-
terion is more useful than the definition.

Theorem 6.1, A finite set of vectors is linearly dependent if and only
if there is a non-trivial linear combination of them which is equal to
Zero.

Proof. If %_vl’vé’ ceo ,VQE is dependent then at least one of the vec-

tors, say vj, is a linear combination of the rest;
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Writing this in the form

V. = z; a.v. = C,
J ST i
17J

we have a non-trivial linear combination (since the coefficient of v
is certainly not zero) equal to zero.

Convergely i1f we have a linear combination egual to zero,

with at least one non-zero coefficient, say aj#O, we can solve for vj

in terms of the others,

v, = ("'a./a.)v. 3
and so the set is dependent.
Notice that we could assume here that J ieg the largest suffix such

that aJ%O. Then Vj is a linear combination of its predecessors ViV,

S ’Vj~l' We thus have

Corollary 6.1, The vectors Vi;Vps ees ,Vv, are linearly independent if

and only if no vj igs a linear combination of its predecessors MEALY

wre gV

Example 6.2. Are the vectors {‘(-1,2,11), (855000} (3,~3,-21)} dependent?
By the criterion of Theorem 6.1 they are dependent if there exist

scalars Xi,Xé,X3, net all zero, such that

xl(-l,E,ll) + x?(2,5,1u) + x,(3,-3,-21) = O.

3
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This gives the linear system,

=X+ EXE + 3X3 = 0,
(6.1) 2% + 5%, = 3%y = 0,

1
o

Zl.lx:L + ll#x2 = 21x3

From the material in Example 1.3 it is easily seen that these homo-
geneous equations have a non-trivial solution. Hence the given vectors
are dependent.

It is evident from this example that dependence of vectors in Vﬁ
is closely related to the solution of homogeneous linear equations. In
particular a very useful fact follows at once from Theorem 1.2.

Theorem 6.2. In Vn’ any set containing more than n vectors is dependent.
Proof. Suppose the set has m vectors, with m > n. On writing out

the equations corresponding to (6.1) we get a system of n homogeneous
equations in m variables. By Theorem 1.2 (with the roles of m and

n interchanged) there is a non-trivial solution, and so the vectors are
dependent.

Example 6.3. Referring back to Example 6.1 we see now that the second

set of four vectors is in fact dependent.

The above Theorem refers only to the special vector space Vn g
n-tuples. The next theorem does not suffer from this restriction but
applies to any vector space V. Its proof, while more complicated than
that of Theorem 6.2, uses the same basic idea.

.—\—‘u —
Theorem 6.,3. If m >n and if each of the m vectors WyaWgs eee W
is a combination of Vl,v ces 5V } then the set iwl,w vee HW 1

1s devendent.
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Proof. We are given that scalars aij exist such that

L) A -
9 = By W BypVa T oses F B Y

2]
1l

-— - =y —

Wp = By ¥y F GV P e 85 Vo
(6.2)

o S - =Y -

Wm = amlvl + am2v2 + sas T amnvn’

and we wish to show that there are scalsrs c_,c s 0 not all
l) 2) 2 mJ

zero, such that

. Y .9 - -
(6.3) CyWy *+ Co¥y +oees +C W= O,

If we substitute from (6.2) into (6.3) we get

- — X
Cl(allvl + a‘]_EVE t oeee F alnvn)

- -~ . )
+ c2 aglvl + a22v2 o T o aEnvn

Wiy +

.y -

Y -
+ Cm(amlvl toa oV, f e F amnvn) = Q.

Rearranging terms by adding first along columns of (6.4) instead of

across rows enables us to write this in the form
.Y
(cla:u_ toeg8yy F o F Cmaml)vl

+ (01812 t oy Foeas CmamE)VE

LI } o L]

.|

S
+ (Claln -+ c2a2n + sk cmamn)vn = Oz

(6.5) will be true if we can find c¢'s that are a non-trivial solution of
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1847 e Cplyy + ses + ¢ 8 = 0,

Cq8yp + Codnp toees T C B o,

(6.6)

(ﬁﬁn+(b%n+""+cﬁ%n Q.

But Theorem 1.2 applies to this gystem and tells us that there is a non-
trivial solution for the c's. Hence we can satisfy (6.3) and so the set
. . -
WysWpy ese ,wm} ig dependent.
The details of this proof provide a good illustration of the tech-

niques involved in using the sumation notation to abbreviate the writing

of linear equations. ZEquation (6.2) can be condensed to

n
(6.2a) W, = '2; 85V s =1 wwe i
a (6.3) to
mo
(6.3a) ié% c,v; = 0;

combining these two gives

— -—
i Vo = D

m
(6,ka) y oy ;7

i=1 73

i
Lls

The passage from this to (6.5a) actually involves two extra steps.

n
-
First we carry out the multiplication implied in C]_E: a; v to get

n
E: c 8y v 55 50 that (6.4a) becomes
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Then we interchange the order of the two sumations, to get
n m
- -
E: Z: c.a,.v, = 0;
] 1 1g 4

this corresponds to the passage from summing first by rows to suming

: m
=
first by columns. Then the inner summation Z: Ciaijvj can be fac-
i=1

m
-y
tored to give (Z:c.a..)vj, and we get
i=

11 4d
n n
.Y
(6.5a) Z: () c.a..)v. = O.
=L i1
Equation (6.5&) is clearly satisfied for any scalars cl’CE""Cm satisfying
m
(6.6a) jz& c;8 5 = 0, 4= 108 wew gils

Such manipulation of summation signs is very useful in deriving pro-
perties of vectors and matrices.
We clcse this section with some usgful facts about linear depen-
dence and independence of vectors.
Theorem 6.4,
(a) If a set of vectors is dependent then any larger set con-
taining these vectors is dependent.

(b) If the set %v., ,vn§ is independent and {Vl, ,Vn;vm_li

is dependent then v is a combination of {vi, cee ,vng .

n+l
(c) 1If {vl, aee ,th is independent and spans a space W then
any element w of W 1s expressible in only one way as &

linear combination of {Vi’ S¥TE ,Vng .
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Proof.

(a) Let S = {v y aeo ,vﬁﬂ be a dependent set of vectors and
8" = {vl, e VLV s e fﬂé a larger set. By Theorem 6.1,
applied to the set S, there exist scalars, CEREEE 280 not all zero,

such that.

%yl+...+&%%1=0.
But this equation is the same as

BVy t el # B + Ovn+l Faima T OVﬁ = 0,
which says that the set S' 1s dependent.

(n) IFf ivl, ‘% ,vn,vh+l} is dependent we have

(6.7) vyt .t a v o ta v = By

with not all By eee 80 equal to zero. Now if 8,41 Vere zero,

(6.7) would become

a vy + aa + av = o,

which is impossible since {vl, i ,vhg are independent. Hence we

must have & 4 0, and so (6.7) can be solved for Vid?

Yol T T & ok

(c) Suppose we have both

W

81Vl+ ves + ﬂnVn

W o= blvi + ... F bnvn.



- 2.58 -

Subtracting these two equation gives
(al-bl)vi +oae. + (ah-bn)vﬁ = 0,

Since the v's are independent their coefficients must all be zero, so

al:bl, s ,ahfbn.
That is, the two expressions for w in terms of the v's are really

the same.
Problems

6.1 Determine whether the following sets of vectors are independent.
(o)  $0,00, =1} (88, -0 [ls-Belat]s (0070000 .
(m)  {(1,0,3), (2,1,-2), (1,3,4), (0,1,5)} .
() {1,012, -1) (2,3,1;0,2); (%9,1,-1,8)} .

(@) {1,0,0,0), (4,1,0,0), (7,2.5,1,0), (5, V3,4,1)} .
6.2 Show that any set of vectors éontaining the zero vector is dependent.

6.3 (a) Show that in Vg the vectors
(Bl st 0, B0
(0:0,3;1,8, 4),
(0,0,0,-1,2,3),
(6,6,0,0:0,1)
are independent.
(b) Generalize the above situation to show that in Vn, m non-zeroc

vectors in this type of "echelon form" are independent.
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(a) If f‘u,v,w} are independent show that iu&v,u+w,v+w}' are independent.

(b) H‘Emvmi are independent are %mmumﬂmﬁ independent?

(c) If Eu,v,w} are dependent, what, if anything, can be said about
%u+v,u+w,v+wz il

Give a different proof of Theorem 6.4(b) by making use of Corollary 6.1.

Prove that if the set %v 5w ,vgg 1s dependent and if each of

W ree W is a combination cf EV', o ,vﬁ% ; then {Wl’ §% 5 ’ng

l)

is dependent.

7. Bases. Dimension of a Vector Space.

A finite set of vectors {Vi,Vé, ‘s ,vng that is linearly in-
dependent and spans a vector space V is called a basis of V.*
Example 7.1. {(1,0,0,0), (0,,0,0), (9,0,2,0), (o,o,o,l)} is an
obvious basis of Vu, and might be thought of as the most natural
basis to choose. But many other bases are possible; for example

g(l)l)l)l)J (O,l,l,O), (l,O,l,O), (O:lyl:l)} 3 (prove this).

The most important theorem about bases is the following.

Theorem 7.1, Any two bases of the same vector space must contain the

same number of vectors.
Proof. Let Bl be a basig of V with n vectors and B2 a

basis with m vectors. Since Bl spans V, every vector of 32 is a

combination of vectors of Bl' If m were greater than n then, by

Theorem 6.3, 32 would be dependent. This contradicts the fact that B2

#
Strictly speaking, this is a finite basis. One sometimes considers in-

finite bases; for example, {l,x,x?,...} is a basis for the vector space

P  of all polynomials.
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is a basis. Hence m is not greater than n. By interchanging the
roles of Bl and B2 we can show similarly that n is not greater

than m. Hence m = n.

Thus if a vector space V has a basis at all, each of its bases
has the same number of vectors. This number, which is thus uniquely
associated with V, 1s called the dimension of V. A vector space which

has a (finite) basis, and therefore a dimension, is said to be finite-

dimensional; a space that has no (finite) basis is infinite-dimensional.
For the statement of certain theorems it is convenient to regard a
—

vector space consisting of the single vector O +to be a finite-dimen-
sional space of dimension O.
Example 7.2.

(a) The dimension of v, is m, (cf. Example 7.1 for n = 4).

(b) Physical experiment convinces us that any force acting at
the origin is expressible as a linear combination of three unit forces
S A o
i, j,k acting along the x-,y- and z-axes, and also that none of 1i,j,k

SR, Ny

is a combination of the other two. Hence %i,j,ﬁj is a basis for forces

in space and the dimension of the vector space of firces at a point is 3.

Any basis for forces in space must therefore consist of precisely three

vectors.

(¢) In P® the set S = %l,x,xe, - ,xn} is independent no

matter how large n is. (Why?) If PP had dimension m then by

Theorem 6.3 we would have to have n < m. Hence P is infinite-
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dimensional. On the other hand the set S obviously spans Pn, and so
S is a basis for Pn3 P! is therefore of dimension n+l.

This example suggests the question, "How do we determine the dimen-
sion, 1f any, of a given vector space?" There is no general answer to
this question, for vector spaces can arise in a bewildering variety of
ways and with all sorts of mathematical entities as their elements. How-
ever, the following theorem gives an answer in one important case, that
in which the vector space is specified as the span of a finite set of
vectors.

Theorem T7.2. A spanning set of a vector space W contains a bagis of W.

Proof. Let EV' Voy eee ,vm} span W. Taking the v's one at a time

17
in the order indicated by their subscripts, discard each one that is a
combination of previous undiscarded oneg. In the set of vectors that are
left (call this set 8) no vector is a combination of its predecessors
(otherwise it would have been discarded) and so, by Corollary 6.1, S is
independent. Furthermore, each of the original v's is a combination of
the vectors in 8, and so, by Corollary 5.1, S spans W. Thus S, being
an independent spanning set, is a basis of W.

Corollary 7.l. A space spamned by n vectors has dimension at mest 1.

Example 7.3. Find the dimension of the subspace W of V5 spanned by
the set %(1,2,3,4,5), (2,4,6,1,-4), (-3,-6,-9,-2,5), (6,1,1,3,0);
(l,3,h,3,l)§) and select a basis from this spanning set.

The elimination technigque of Section 1 can be nicely adapted to the

method of Theorem 7.2. We write down the matrix whose rows are the given

vectors,
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1

2 L 6 1 L = A

(7.1 -3 <6 =§ 2 § = w,
0 1 il 1 0 = vy,

L B 4 85 1 = %

and proceed to reduce it to a "semi-echelon" form. In this reduction we
allow ourselves to multiply any row (vector) by a non-zero scalar, or

toc add any scalar multiple of one row to another row, but we do not allow
rows to be interchanged. We shall carry out the reduction row by row.

The first two rows of (7.l) reduce to

1 2 3 L4 5 = vy
i
(T-2) c o0 0 1 2 = v, '.
2
Here v,' is a combination of Ev v.i ; explicitly, v.' = - = (v, -2v, )
2 1772y = T ¥e 1’

The set %Vi,Vé'} is independent (see Problem 6.3). Since vy and
v,' are combinations of %vi,v?% it follows (see Problem 6.6) that
are i
avi}VEX independent.
Now we change the third row by adding appropriate multiples of the
rows (7.2) so as to get zeros in the first and fourth positions. We

find that the third row reduces to

0 O O o 0 = v,'.
3

Since v,' 1s a combination of Evl,vg,v3} this shows that %_Vl,vb,v3}

3
is a dependent set. We have Jjust seen that ivi’vé% is independent, and
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so an application of Theorem 6,4(b) tells us that Vg is a combination
of %Vi,vég . We therefore discard Vg

The fourth row of (7.l) now reduces to
0 1 1 0 -2 = v,

where th is a combination of ivﬁ?vér’vﬁ% , and hence (Theorem 5.2)
of Evi,vg,vhg . An argument similar to that in the second paragraph
above then prcves that %'v ,ve,vﬁ% are independent.

Finally, the fifth row of (7.1) reduces to

o 0 0 0 0 = wv_".
2

As above we see from this that v_. 1s a combination cof Evi’VE’VM} s

>

and so we discard VS.
We sre thus left with the basis & = Evl,ve,vlj for W, and so
the dimension of W 1is 3.
Scme useful relations between bases, dimension, independence, etc.
are stated in the following theorem.
Theorem T.3. Let V be a vector space of dimension n.
(a) A set of fewer than n vectors cannot span V.
(b) A set of more than n vectors in V is dependent.
(¢c) A set of n independent vectors in V spans V, and the set
is a basis of V.
(d) A set of n vectors spanning V is independent, and the set
is a basis of V.

(e) Any vector subspace of V has dimension at most n; any proper

subspace has dimension less than n.
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Proof. (a) This follows at once from Corollary T7.1.
(b) Since any vector in V 1is a combination of the vectors in any

basis {ul, un} , this follows at once from Theorem 6.3.

(c) Let %v 3 ses ,vnjg be independent and let v be any vector in
V. By (b), Evl, ,vn,v% are dependent, and it follows from Theorem
6.4(b) that v is a combination of %vl, ,vr} . Since v was any

vector in V this means that %v ,vnjs span V. Being independent,

l)

ivl, ,VI} is therefore a basis.

(d) ILet gv, ,VI} span V. If iv, ces ,vng are not inde-
pendent then one of them, which we may call Vo is a combination of the
rest. Thus each v,, i=l,...,n, is a combination of {_vl, ,vn_l@ 5
and so, by Corollary 5.1, gv g senmcs ,vn__lg span V. This contradicts (a),
and so Evl, ,vn‘g must be independent. Since gvl, ﬂrn?S also
spans V, it is a basis.

(e) Let W %be a vector subspace of V. Let v, be any vector in

W, If vy does not span W there must be a 2 in W which is not a

combination of vy. Then by Theorem 6.4(b), %‘vl, V;S are independent.

It %vl,vgj] does not span W there must be a v, in W which is not

3

a combination of SZVl,v,; , and by the same argument SLV]_JV

2,’\?‘3% are



independent. Continuing this process we get an independent set

%’, L ’XEE in W. But by (b) we must have m < n, and so the process
must stop. The only way it can stop is for Evi, e ,V;% tc span W.
Then vy, - ,vm-g is a basis of W, and W is of dimension m < n.
If m = n, EV', - ,vmg is a basis of V, by (c); and in this case

W=V and so W 1ig not a proper subspace of V,

TA. The Steinitz Replacement Theorem.

Theorem 7.1 is critical for the definition of dimension of a vector
subspace. Our proof of this key theorem goes back through Theorem 6.3
to Theorem 1.2, about solutions of homogeneous linear equations. Quite
apart from the fact that we never gave a complete mathematical proof of
Theorem 1.2, it is interesting and sometimes useful to be able to develop
the whole theory of vector spaces without recourse to the soluticn of
linear equations ; so that, in fact, the whole theory of iinear eguations
is a congequence of the thecry of vector spaces rather than a foundation.

Ag a basis for this alternate development we use the so-called
Steinitz Replacement Theorem, or Exchange Theorem. This theorem uses
nothing beyond Theorem 6.1 and so could replace Theorems 6.2 and 6.3.

Theorem T7A.l. Let %vl, . ,V;B span V and let {u § G ,u#é be

independent vectors in V. Then n >m, and we can discard m of the
v's, suitably chosen,and replace them by the u's so that the resulting
set still spans V.

Proof. Since avi, T ,vgg gspan V end Uy is in V, W is a combi-

nation of the +v's,
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U= oagvy o, a v, .
Now Uy # 0, since otherwise Zul, e ,U%& would be dependent, and so
at least one of the a's 1is not zero. By renumbering the wv's if neces-

sary we can assume 0. Then
!

(ul BV = eas = anvn).

Hence {Vi,Vé, - ,vhg are combinations af gul,Vé, wiime ’Vn} and so,
by Corollary 5.1, iul’vé’ v ,vhk span V. We have thus made the
first replacement.

Proceeding similarly,

u, = blul + bgv? # awe bnvn’

or
U, - blul = b2v2 * wss F bnvh'

As before, we cannot have u, - blul = 0 since this would mean that

% Uy, oo ,uhg are dependent. Hence one of bg’ v ,bIl is different

from zero, and by another renumbering if necessary we can assume that

b, # 0. Then

s
¥y B; (—blu1 + U, - b3v3 - e - bnyh)
and by the same argument as before Zu ,uz,v3, e fﬂ; span V.

We continue in this way, replacing a v by a u. Suppose that we
had n < m. Then we would exhaust the v's Dbefore the u's, Eul, —_ ,ugg

would span V, and LY would be a ccmbination of iul, . ,uﬁg , con-
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trary to the assumption that 'Eul, i ,uﬁé are independent. Hence
we must have n > m, The exchange process will then terminate when
we have exhausted all the u's, and we will have achieved the result

stated in the theorem.

OQur two previous theorems, 6.3 and 7.1, are corollaries of the

Exchange Theorem.

Corollery TA.l. (Theorem 7.l) Any two bases of the same vector space

must contain the same number of vectors.

Proof. If the sets Evi, cee ,vﬁi and iul, & ,USE of Theorem

TA.1l are bases then n > m. But the roles of the u's and the +v's
can be interchanged in this case, and so we also have m > n. Hence
m= 1.

Corollary TA.2. (Theorem 6.3) If m >n and if each of the m vectors

i'gl, T ’Uh} is a combination of %v gy cen w ,vﬁ% then the set
Eul, g & ,umg is dependent.

Proof. Call V the vector space spanned by ivi, - ,vng . By Theorem

TA.1, if {ul, Ca ,uhg were independent we would have n > m. Since
we are given that n <m, it follows that the set %ul, cos ,U%; is
dependent.

Problems

Find the dimension of the vector subspace of V gpanned by each of the

following sets and select a basis from the given spanning set.
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7.3

7.4

T2

7.6
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(a)  ¥1,2,3,4), (4,3,2,1), (1,1,1,1), (0,1,1,0)¢ 5 V= v,.

(5] W40 644 (51,008 18,860,018 (818, 1, -2
(1,2,3,1,5) 5 V = Ve.

(c) zsingt, coset, cos 2t, 5} P Fe 07,

Prove: Any independent set Ev R ,Vﬁ% in a space V of dimension

n (> m) can be enlarged to form a basis of V. [Let %ul, i ,uﬁ% be

a basis of V, and apply the method of Theorem 7.2 to the set

§ vy eee sV u, e yub ]

Use the above result to enlarge each of the following sets to be a

basis of the appropriate V.

(a)  $(1,1,1,1), (1,3,1,-1)5; v=v,.

(v)  3(1,2,003; v= V.

() €+ % 3+ &% £ ;v = B

Let U be the subspace of Vh spanned by i(l,O,l,O), (0,1,1,0),

(1, ~1,0,0); (0,0,1,1)3 . Find a basis for U containing the vector

(1,1,2,0).

Prove Theorem 7.2 by working backwards on the v's, starting with T
end discarding any v, if it is a combination of §_vl; - ,vi_l} .
Wnat is the dimension of the vector space of m x n matrices? (cf.

Problem 3.4.)

In each of the following cases find a basis and the dimensicn of the

subspace formed by vectors satisfying the given condition.
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(a) Problem 5.1 (a).
(b) Problem 5.1 (c).
(c) Problem 5.2 (a), n= 2.
(d) Problem 5.2 (c), n = kL.

(e) Problem 5.2 (d), n= T.

N
X

Il

(f) Vectors (Xl’x?’XS) such that x; + x, + Xy = 0.

o)
I

(g) Vectors XQ’X3’XA) such that x + x, + X3 %) = 0 and

x5
Xl - XE +—x3 - XA = 0,
Show that all functions of the form A sin (t+0), where A and © are

arbitrary constants, form a 2-dimensional subspace of c®.

8. Isomorphism. Change of Basis.

The reader may have noticed that we have been placing considerable
emphasis on the special vector spaces of n-tuples, Vh, egpecially in
examples and problems. In the present section we shall justify this
emphasis by showing that Vn is a prototype of any n-dimensicnal vector
space, and that the technigques for handling problems in Vn can be ap-
plied to any finite-dimensional vector spaces. We first introduce a
concept which, in more general fcrms, 1s basic to many branches of mathe-

matics.

Definition 8.1. ILet U and V be two vector spaces between whose ele-

ments there is a one-to-one correspondence, u <—> v, This corres-
pondence is said to be an isomorphism between U and V if it is pre-

served under the two basic vector operations, addition and multiplication
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by scalars; that is, if it is true that whenever u <——> v and
u' <——> v’ then necessarily utu' <—> v+v' and cu <—> cv.
The vector spaces U end V are said to be isomornhic.

The procf of the fcllowing theorem is left to the reader,

Theorem 8.1. If U end V are isomorphic and V and W are isomor-
phic then U and W are isomorphic.

Since linear combination, dependence, subspaces, bases, dimension,
etc., are defined in terms of addition and multiplication by scslars it
follows that isomorphic vector spaces behave alike as regards these pro-
perties. In particular they have the same dimension. The converse fol-
lows frcm the next theorem.

Theorem 8.2. Any n-dimensional vector space is isomorphic to Vnn
. Proof. Let V De an n-dimensional vector space and let E ii, e ,?;%
be a basgis of V. Any vector ? in V can be expressed as a linear

) o ah

combination of the basgis, I @ Ung gt ¥

— [N -

V=a vV, + aad + 8V .
Lo nn .

(8.1)

Lo S —
Moreover, since Vi ees ,Vh'§ are independent it follows from Theorem

6.4(c) that the n-tuple (a., ... ,ah) is uniquely determined by 7.

1)

Conversely, if an n-tuple (al, 8 ,an) is given, equation (8.1) deter-

——
mines a unigue vector v of V. Hence the relstion

v < (al, ,an)

determined by (8.1) is a one-to-one corregpondence between V and Vr,
1

To show that this correspondence is an isomorphism comsider another vec-
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-
tor v! in V and its corresponding vector (al‘, _— ,an') in

determined by
— - .Y
L = ! 1
(8.2) vi=a vy e toa T,
From (8.1) and (8.2) we get
TV = (ata )V o+ ...+ (ata )Y
B ST s n n’'n’
and, 1f ¢ 1is any scalar,
A A &
cv = (cal)vi + ses (cah)vn.
These equations say that
A
v <> (51) *.0:8 )an) + (al'ﬁ " mis Ja'n')."
.
v <—> c(al, cos ,ah),

and so the correspondence is an iscmorphism.

Corollary 8.1. Any two n-dimensional vector spaces are isomorphic.

Proof. Use Theorem 3.1.

2 0
Example 8.1. We have seen that il,t,t 3 se ,tn} is a natural basis

for Pn. The normal way of writing a polynomial

2 n
p(t) = 8y * &t et ...t oat
suggests at once the cbvious isomorphism
P(t) B (aO’al’ ree Ja'n)

n
bet d ”
etween P an Vﬂ+l



B8 -

Exsmple 8.2. ILet V consist of physical vectors lying in the plane,
and let ‘§ and 3‘ be perpendicular unit vectors in this plane. Then
any vector ¥ of V 1is expressible in the form

¢k= dz + bgi

- -1 G, Q.
Since 1 and J are independent the set 3 i, is a basis and the

correspondence
S §
v <—> (a,b)

is an iscomorphism between V and Vé.

This process is Just what we did at the beginning of Section 3,
and the reader should review that earlier discussion in the light of
our present, more precise, point of view.

From the physical example we carry over to the general case the

term "component,” calling the coefficients Byy eee s8 of equation

— -~ —
(8.1) the components of v with respect to the basis %_vl, F ,vni ;
The isomorphism of V and Vh can thus be degcribed as the correspon-

dence between a vector and the ordered set cf its components.

It is highly important to note that the components of a vector depend

on the chosen basis. If we pick a new basis we get a new isomorphism,

and the components of a wvector can be expected to change. A natural
question to ask is then "How does a change of basis affect the compo-
nents?"
o : : S5
To angwer this questicn consider two bases of V, 1 Vl’ veo 5V

and i-\?‘ % It 1? is a vector of V we have
L Ve S gid y » ny
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n
(8.3) = z 0.
jeug, F
and also
.. & .
(8.4) u = Z a:‘.Lv;:.
i=1

What we want to know is how the a; are related to the afi_' To

e
discover this we must obviously know how the Vi are related to the

—
v ., and one way of specifying this is to express each ‘v‘i in terms of
-
the basis {‘\5}1‘ PRI vn'} » ‘thus
=N 3 -
(8.5) T = Z Qs s VL o 4 ' IR, , 1
1 oy 91

We can then substitute from (8.5) into (8.3) to get

- 3 a L -
_ L]
uw = Z a; Z chv
i=1 J=1
141 n ;
—
2 Z Z & iaiv'.
i=1 =1 Y9+ * 4
(8.6
) P R
= Z c.iaiv‘.
j=1 i=1 I *
n n &
- Z ( c.ial)v'.
3=1 i=1 Y i

We can equally well write (8.4) as
Il

- E)
(87) g = jg aJ.VJ..

(8.6) and (8.7) give two expansions of T as linear combinations of the

,Tr“} . As we have seen above, such an expansion is unique,

basi T
asls V. P
% 1’ n

and so we must have
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(8.8) at. = A, = B g 2 Ly wew gha

This, then, is our desired relation between the components with respect
to the two bases.
Example 8.3. Rotation of axes in a plane. (cf. Thomas, p. 492)
S 2
Let Vi and Vi be perpendicular
unit vectors forming a basis for the

space V of vectors from a point NV

0 and lying in a plane. Let 2
N .y
Y10V

Y

be a similar basis for V

making an angle © with the basis

e
g Vifvég . (See Figure 8.1.) Consi- e

~dering the components of the unit

- N
vectors ‘fl and Vo with respect
[N

vi,vé , we have for Figure 8.1

to the basis E

(8.5),

2 .S S "
= +
v, vi cos © vy sin O,

<
Il

- =V Ss1in Q T VE cOos @ .

. —3 — . N e . N -,—\r . i . N . — "'he ve llle -

If us=a)v, +ayv, =ajv +a,v,, then revlacing v, and v, the

above gives _ N .

2= - L3 i . + '
(alcos © - a,sin 9)v1 + (alsln o + a,cos 8)v)

o
l

= agﬂ'\-;' "i-at ?'
1 222
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w
]

] = 8c0s e - azsin e,

m—
I

alsin 6 + a2cos e .

A more extensive discussion of the relation (8.8) is deferred

until we have the appropriate machinery of matrix algebra at our dis-

posal.

Problems

() Snow that B, = § (++1)%, (+2)%, (++3)°1 is a basis of F.

a2k

(b) Express each vector of the basis B, = E_l,t,t2§ of P in

(c)

terms of the basis Bl'

ms. 1=3 (5+1)° - (t+2)% + 3 (t+3)%,

t = - g-(t+1)2 + 2(t+2)2 = % (t+3)2,

2 = 3(+41)2 - 3(042)2 + (143)°.

Express each of the following members of P2 in terms of the
basis Bl'

. 2
(i) 1+ 2t + 3t5,
(11)  (t+4)5,

(iii) 8y + alt + aQtE.
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In deriving equations (8.9) we needed to use only the definitions of
the sine and cosine functions. In particular we did not need the
addition formulas for the sine and cosine. Show that these addition

formulas can be derived from equations (8.9) by introducing the angle

¢ between '?i and .

LINEAR TRANSFORMATTIONS AND MATRICES

9. Examples of Linear Transformations.

Example 9.1. Gizmo-Dynamics, Inc. produces four typss of gizmos:
Mark I, Mark II, Mark III, Mark IV. All the gizmos consist of nuts,
screws and bolts; in particular Mark I consists of 37 nuts, 41 screws,
and 53 bolts. We represent the constituents of Mark I by the vector
(37, 41, 53). Similarly the constituents of Mark II, III, IV are
represented respectively by the vectors (129, 312, 252), (6329, 7175,
8251) and,(2,3,2)c (Some design improvements were incorporated in
later models.) The corporation plans to produce Xl Mark I's, X,

Mark II's, x, Mark III's and ), Mark IV's. Under this production

2
plan how many nuts, bolts and screws should be cordered? Let y, Te-

present the number of nuts to be cordered, Vs the number of screws,

and y3 the number of bolts. Then from the given data we find

3oy + AEGw, + BJEGm, 4 By =iy
(9.1) Hx) + 31ex, & TLT5%g + 3%, = ¥y,
53x, + 252%, + 8251, + 2X, = ¥s.
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Note that here, in contrast to Section 1, we are regarding the Xi s

as given and using {9.1) to determine the yi's. Thus we may say that
(9.1) defines the E3 vector y as a function of the X& vector X.
We shall pursue this point further, but before doing so, we shall find

it convenient to use a more tractable notation. Teo this end we make

some definitions.

Definition 9.1. An m x n matrix is a rectangular array of numbers
th

having m 7rows and n columns. The number appearing in the i
row and jth column of a matrix A 1is denoted by aij' The matrix

i : i
whose entry in the ith row and b column is aij is denoted by

(o o)

1 |
The coefficients appearing on the left side of (9.1) may be re-

presented in the form of a 3 x 4 matrix, which we shall call A;

37 129 6329 2
A={lh 312 TL75 3 .
53 252 8251 g

Let aij be the number in the ith row and jth column of A;

Eeloy Bus = TLTS = 37. Then (9.1) can be written in the form
23 k]
L
(9.2) Y. a. X, =¥, i & d, B s
3= e IR i

More generally, any m x n mabtrix A defines a function from

vV, to ¥V (i.e. a rule whereby given an n-component vector

% = (xl, i ’Xh) an m-component vector y = (yl, — ,ym) is deter-

mined) by the equation
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r
4 ST . -
(9.3) L 8. .X. = ¥. , 1= 55 2y 0 el
J=l

To emphasize the functional role of the matrix A, and to simplify

the notation still further, we can write eguation (9.3) in the form

(9.4) Alx) = ¥
Note that A(x) is defined only when the number of components in
the vector x is equal to the number of columns of A, and that the

number of components of A(x) is equal to the number of rows of A.

The function A(x) is multiplicative. By this we mean that if

a 1s any scalar then
(9.5) A(ax) = alA(x).

This is easily verified from (9.3). The physical interpretation
is simple. If we double the "production plan" we double the number of
nuts, screws and bolts required. If we triple the production plan we
triple the number of nuts, screws and bolts required, and so on.

Secondly the function is additive. This means that
(9.6) Alx - x') = A(x) + A(x').

This is also easily verified from (9.3). For the physical interpre-
tation let x Dbe the producticn plan based on satisfying the nationail
market and x' a production plan to supply a newly cpesned foreign mar-
ket. Then the total. number of nuts, screws and bolts required is the
sum of that required for the national market plus that regulred for the

foreign market, i.e. A(x) + A(x').
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The multiplicative and additive properties expressed in (9.5)

and (9.6) are usually combined to give the statement that the func-
tion A(x) is linear:
(9.7) Alax + bx') = af(x) + bA(x').
We shall return to Gizmo-Dynamics, Inc. in Section 10.
Example 9.2, Consider the flow of water in the network shown in

Figure 9.1, This time we regard the flows (ql’qQ’q3’qh’q5’q6) as

given. These flows determine

Figure 9.1

the flow rates (pl,pz,p3,p4,p5) at the stations 81’52’83’Sh’85 by

the equations:

R - = Ay

= *agt gy = P,

(9.8) -9 - 4y 4 = -Py
" % T T Ry



et g and p bhe the vectors
q = (9,,95,9559),95:95)
D= (PI:PE:"PB: "PA)'P5) ’

and let A be the 5 x 6 matrix

: L @ O 0 @

-1 @ 1 1 = 0

A= 0 -1 -1 O 1 0
G o -1 0 X

Then (9.8) can be written in the form

A(q) = p.

Here the multiplicative property A(ag) = aA(q) means, for
example, that if all flows in the lines are doubled, the effects at
the stations are doubled. If all flows are tripled, the effects at
the stations are tripled. If all flows are reversed in directions, the
effects at the stations are reversed, etc.

The additive property A(q + g') = A(q) + A(q') = p + p', where
p=A(q) and p' = A(qg'), means that if two flows are superposed, then
the effects at the stations are given by the sum of the effects of the
two individual flows. This i1s what we have called the superpcsition
property.

Example 9.3. If x and y are vectors in the plang i.e, in Vé, (9.3)

has the form



(9.9)

b
i
{.
o
>
i

21%y op¥o = Yoo

We can think of (xl,xg) and (yl,yg) either as vectors or as the

coordinates of points, the tips of vectors. Then (9.9) defines a

transformation of the 5

plane that takes any (P

vector, or point, (Xl’XQ) ‘ _ (xl’xg)

into the vector, or (Yi:YQ)

point, (ylﬁyE)' Many 0
.

special cases of (9.9)

have simple geometric ‘ Figure 9.2

meanings.

(1)

{2}

(5)

Projection on the x-axis: A = é g} §
. . . -1 0
Reflection in the y-axis: A = o 1
. . 0 :O "'l‘
Rotation through 90°: A = [ o ] L

cos @ -sin ©

Rotation through le 8: A = ( )
<8 8 SRgLE sin © cos ©

(See Problem 9.2.)

Shear: A = {é ?) . (Bee Problem 9.4.)

Example 9;&' If p(t) is a polynomial of degree n, its derivative

d 5 .
E% or Dp(t) is a polynomial of degree n-1. It is well known that

the derivative operator is linear, that is,
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D(ap(t) + bg(t)) = abp(t) + bDg(t).

Hence D 1s a linear cperator from the vector space Pn to the vector

space Pn'l. If we do not care to worry about the effect of D on the

degree of a polynomial we can regard D as an operator from PP o P™

These examples illustrate various types and aspects of functional
relations between the elements of two vector spaces (which may coincide,

as in Example 9.3). Such relations are generally called transformaticns,

or cperators, or mappings. By far the most important of these transfor-
mations are the linear ones, those having property (9.7) or its eguiva-
lent in whatever notation is used.

We shall be concerned mostly with linear transformations arising

from matrices. A more general discussion will be given in Section 15.
Problems

Compute A(x), if possible, given A and x:

(a) 301'\
o

A= |2 0 , xa dy =i, G).
\l 0 5
(b) 3 025
A=(-1 1 2 7 , x= (1, 2, 4, =1).
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9.3

() 30
7 1
A=
b 5
7T 3
(a) 30
A=|1 0
i 3
(e) 2 0
A= [1-
L5

Show that a rotation
through an angle ©
is the matrix trans-

formation

xlcos o - ngln e

Il

Xx.8in 6 + x.cos ©
1 2

[Hint. In Figure 9.3,

¥y

o
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=48 ~6)s

x= (1, 0, -1).

r
: } , (xg5%)
6: :
{ a .,
Figure 9.3

X, =Trcosq, ¥y, =T cos (© + a), ete.]
! » 91

What 1s the geometric significance of the ftransformations defined

by the following matrices?

= (3 %)
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9.5

8.6

9.7
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Describe in geometric or physical terms the effect of the shear

transformation determined by the matrix

(1 O.l)
i = (o 1

What must be the form of a linear function y = f(x) where x and y

are real varables, i.e. a function such that f(axt+bx') = af(x) + bf(x')?

(a) Show that the derivative operator D defines a linear transforma-

tion of CF dnto ¢°. of ¢®

into ¢,
(b) Given any element p(t) of 9, we can Gefine an operator
L by _
L(x(t)) = Dx(t) + p(t) x(t).
Show that L is a linear operator of Cl into CO. Relate

this to the material in Chapter 1, Sectiun 6,
(c) Define and discuss linear differential operators of second and

higher order.

Prove that if L 1is a linear dperator then

k

k
L( E: aixi) = ) aiL(xi).
i=1l i=L
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10. Multiplication of Matrices.

We now return to the problems of Gizmo—Dynamics, Inc., (Example
9.1). Suppose that the four types of gizmos (Mark I, Mark II, Mark
III and Mark IV) are actually used in five types of missiles. Spe;
cifically, suppose missile X-1 uses 20 Mark I gizmos, 10 Mark II's,
5 Mark III's and O Mark IV's., We can then represent missgile X-1's
gizmo requirements by the vector (20, 10, 5, 0). Similarly missiles
X-2, X-3, X-4b and X-5 have the gizmo requirements (30, 30, 30, 30),
(30, 4o, 50, 60), (20, 4o, 60, 80,) and (1, 0, 0O, 4000).

The president of Gizmo-Dynamics, Inc. has just procured a contract
of the X-1 missiles, z., of the X-2

1 2

missiles, =z of the X-3 missgiles, =z of the X-4 missiles and =z of
’ L

3 >

the X-5 missiles. How many nuts, screws and bolts should the pur-

to provide all the gizmos for =z

chasing department order (as a function of the vector z)?

We recall that in Section 9 we had the relation
(10.1) y = A(x),

where y is the vector giving the reguired number of nuts, bolts
and screws, X 1s the gizmo-production-plan vector and A is the ma-
trix given by equation (9.1). This could also be written in the

form
N

(10.2) Py = D, " e Sy i = 15,49
=1

as in (9.2).
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From the data of the present problem we can compute the required

gizmo production plan:

Xl = EOZl + 3022 + 3OZ3 + QOzh + 25,

oy = lOZl + 3OZ2 + 4023 + hOzu + 025,
(10.3)

X3 = 5zq + 30z, + SOz3 + 602# S 025,

.
1

OZl + 3022 + 60z + 8OZA +  Loooz

3 5°

This can be written in the form

1]

(10 .4) x = B(z),

where B is the 4 x 5 matrix

20 30 30 20 i
10 30 Lo Lo 0

(10.5) B = ,
5 30 50 60 0

0O 30 6o 8o Looo

and z 1is the wvector (Zl’ZE’ZS’Zﬁ’ZS)'

Alternately, (10.3) can be written in the form

2
(10.6) X, = Z b, ’ g = 1;2:3:1")
3T G kK
where b. are the elements of B, which is given in LI0S).

Jjk

We can combine (10.1) and (10.4) to express y as a function

of gz,

(10.7) vy = A(B(z)).
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To write this out explicitly we combine (10.2) and (10.6) to put (10.7)

in the form

2

L
yo's ¥ Be O bumd o, i=1,2,3,
i i 13 .9 Jk 'k

or, changing the order of summation,

5 4
¥s = Z: (zj 8poch o JB 1=1,2,3.
3. o i ij jk’ "k

Hence we can write

>
(10.8) ¥y = Ej By s 1. = L &

k=1

where
_ L
(10.9) Cpy = _Z% 2 Pk 2 121,88 k= 12,545,

J:

We thus see that the successive application of two matrix trans-

formations, B followed by A, 1s a matrix transformation C defined

by equation (10.9). This important fact is the basis of the algebra

of matrices, for it has been found that if we define C +to be the
product of A and B, C = AB, the multiplication of matrices has

many of the properties of ordinary multiplication of scalars. We there-
fore make the following definition.

Definition 10.1. Let A = (aij) be an m x n matrix and let B =

trix. _ : )
(bjk) be an n x r matrix. The product AB=C is an m x r matrix

(Cik)’ where



- 2.88 -

n
(10.10) By Zl 8 P 5 i, = LB awa ol B =158 eie 4%
J:

Note that the product AB 1is defined only when the number of columns
in A 1s equal to the number of rows in B.

A scheme for remembering hOW'té compute the product 1s indicated
in Figure 10.1. The scheme is usually stated: "To get AB  multiply

the rows of A by the columns of B.,”

* % X # ¥ % ¥ *x % *A\ * X ¥ ¥ ¥* ¥

B e T X % ¥ % % % | = | * ¥ () * % ¥

* ¥ % * ¥ *¥ F X * % LR A
* ¥ ¥ * x ¥

Example 10.1. Let

Then

(1-5+2-8 1.6 + 2-9 1.7+2-0) (21 ol 7)
AB = = ‘

3.5+ 48 36+ L9 3.7+ k.0 L sk 21

BA is not defined, since the number of columns of B i1s not equal
to the number of rows of A.

Although the matrix product is not commutative (i.e. AB might be
defined while BA might not, or, even if both are defined, they might
not be equal, as in Problem lO.2k it is nevertheless associative, i.e.

A(BC) = (AB)C. This may be seen as follows.
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We motivated matrix multiplication by pointing out that we may
regerd the s x n matrix C as effecting 2 transformation from Vn

to V_; and that if the r x s matrix B effects a transformation from

V. to Vr then the product matrix BC effects the composite transforma-
tion from Vn to Vr' If alse, the m x r matrix A effects a trans-
formetion from V_ to V_  then both (AB)C and A(BC) effect the

1

composite transformation V —to V, to V. to V_, so that, (aB)C =
A(BC).
This is a "conceptual" proof. The reader who prefers a

computational proof may proceed as follows. Let A, B, C be mx r,

r x s and s xn macrices respectively with elements aij’bjk’ckp'
Let A(BC) =D = (dip), and (AB)C = (eip). Then
T s s T
dip = = aig(éz 1% ;é; ggi Ay M Cen = By

Hence A(BC) = (AB)C.
Let us now return to equations (10.1) and (10.2). If we introduce

the 4 x 1 matrices

=l 71
< Ng

X = . 2 Y = 2# 3
3 vy |

(10.2) merely states that

(10.11) Y = AX,
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Thus the functional relation (10.1) can be written in the product form
(10.11). Similarly (10.7) becomes Y = A(BZ), and the fact that this can
be written as Y = CZ, with C = AB, is merely a specilal case of the as-
sociative law.

Such considerations are so useful that in working with matrices we
shall cconsider an n-component vector to be simply an n x 1 matrix. If
we wish to emphasgize this point of view we may refer to a "column vector.”
Similarly, a 1 x n matrix is called & "row vector." Because of the
above considerations the column vector is the more useful.

Since n x 1 matrices (column vectors) form a vector space we
might expect that m x n matrices do so also, provided we give suitable
definitions for addition of matrices and multiplication by scalars.
Definition 10.2. Let A = (aij) and B = (bi.) be m x n matrices,

J
and let s be any scalar. We define C= A+ B and D= sA as the

mx n matrices (c..) eand (d..) where c..=a,.+b.. and d..= sa...
1J LJ 1d 1 1] 1J 1J

We ghall also have need of the following concept.

Definition 10.3. The transpose of an m x n matrix A, dJesignated by At,

is the n xm matrix obtalined by interchanging rows and columns of A,
The element in the i-th row and the j-th column of At is the same as
the element in the j-th row and i-th column of A; thus, azj = aji'

Definition 10.4. The m x n matrix whose elements arc all egual to zero

is called the zero matrix, and is designhated by O.
Example 10.2.

(&% 12 = ai® 1 &
LS

P

5 6
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(b) The transpose of a column vector is a row vector; e.g. 2 =

(1 2 3). .
The basic rules of matrix algebra are given in the following theorem.
Theorem 10.1. If a and b are gcalars and A, B, C are matrices of
appropriate sizes to give meaning to the indicated operations, then
(2) The set of m x n matrices forms a vector space;
(v) (AB)C = A(BC);

(¢) c(ad + bB) = a(ch) + b(CB),

It

(aA + bB)C = 2(AC) + b(BC);

1

(d) A0 = OA = 0;
(e) (aA +B)® = an® + vBY;
(£) (aB)? = B,

Proof. (a), (e), (d), and (e) are left as exercises for the reader. (For

(a), cf. Problem 3.4). (b) has already been proved. To prove (f) let C = AB.

In terms of components this can be written

N
cji'_idajkbki'
X
Then
t 5 T Lt t
©i5 7 a1 “5_: 8%k =/ PixPry’
K K

Whidh says that ° =BT,

Example 10.3. To illustrate part (f) of Theorem 10.1 let

0 1 3
A=12 1 and B = (—1) then
1 0
0 1 3 -1
(AB) Lo 2 1 . = 5
1 0 1 3
(88)® = (-1,5,3)
0 2 1
B = (3,-1) ( ] = feb,5,8] = (amh®
1. 1 0
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It is worth noting specifically some algehraic properties of scalars
that are not in general true for matrices.

(1) EBven when AB and BA both exist and are of the same size,
we cannot assume that they are equal. See Problem 10.2.

(ii) We can have AB = 0 with neither A nor B equal to zero.
See Problem 10.3. As a consedquence we cannot conclude from
C£0 and AC = BC that A =3B.

The following theorem gives us at least a nartial vay of overcoming

the difficulty mentioned in (ii) above.

Theorem 10.2. If A is an m x n matrix such that Av = 0 for every

nx 1 colum vector v, then A = 0.

Proof. Let ej designate the n x 1 wvector in which the j-th component

is 1 and a&ll the other components are 0. Then one finds that the i-th
component of Aej is the element aij of A. If Av =0 for every nx 1

vector v then in particular Aej =0 for every Jj, and so aij =0 For

every 1 eand every J. That is, A = 0.
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Problems

10.1 Compute the indicated matrix products,

182

1 3 2 0 0 ©

(a)] 0 -1 2 1 L 2 .
-1 2 0 2 0o 0
2 2

b=
e}
[O)N
(WS]

(b)| 2 o0 1 0
11 -2 2
1 0 1 0O 1 -1 0
2 -1 3 6 3 2 1
(c)
O 1 5 2 -1 1 1
o 2 4
(@) (0,1, 3,1) 72 1 L\
3 0 2
-1 1 1
1=l -1

et A be an mxn matrix and B an r x s matrix. Note that the

product AB 1s defined if and only if n = r, while the product BA

is defined if and only if & = m. Show that if AB = BA then m =

n=r=s. Show that even if AB and BA  are both defined they might
not be equal, by writing down two 2 x 2 matrices A and B and noting

that (unless you are very unlucky) AB # BA.
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(R

@ O

e L 14 I 2> {0
10.3 Let A = (2 2) B = \-l 5 . Show that AB = (\O

Also compute BA,

2 A {1 © ) - (3 I i
10.% If A= (2 -1) s B={p o) » = (2 o 1) g
compute whichever of the following products are possible: AB, BA, BC,

CB, A2 = AA, CE, A(BC), (AB)C. DNote that the last two are equal.

10.5 Given
i o) 0O 1 1 o 1 1
)\ / /
v = kl) , W= \1 , A= \1 0o 1 ; B=1~1 @ 1 p
i 0/ 1 1 0O/ £ =1 ©

. . 2 2
compute whichever of the following are possible: A + B, AB, B, Bv, v,

vtv, vvt, Av + Bw, Av + tht, VtAV.

2
10.6 If A and B are n xn matrices is (A+B)(A-B) = A B necessarily

true?

10.7 An n xn matrix A 1is said to be gymmetric if At = A.
(a) If A and B are symmetric n x n matrices is AB necesgsarily
symmetric?

(b) If A is symmetric is A%? A7 A%

10.8 We saw in Problem 10.3 that if A and B are n x n matrices and
AB = 0 it does not necessarily follow that BA = 0. Prove that it does

necessarily follow that {BA)2 = O

10.9 If U idsan r xm matrix, and D and F are r x 1 column vectors,

express the relation



m T
£, = Z: z: W 3 =l oue 51
{=1 j=1 ¢t Jbi
9

in matrix form. Ans. T = UU D.

10,10 Using the result of Problem 9.2 show that a rotation through angle

© followed by a rotation through angle ¢ is what it ought to bhe.

10.11 A rotation followed by a shear is rather complicated, but if we rotate,
shear, and then rotate back again we would get something recognizsble.

Try to predict the answer and then test your prediction by carrying

out the algebra.

10.12 Are rotations in 3-space commutative? Test this by setting up the ma-
trices for 90° rotation about the x-axis. and asbout the y-axis, and mul-

tiplying them in the two different orders.

10.13 Show that (ABC)® = ¢®B®A®, and indicate how a similar relation holds for
any number of factors. [Hint. (ABc)t = ((AB)C)t = Ct(AB)t = ete.]
10.14 Write subroutines for the following processes:
(a) Given A and v, compute Av.
(b) Given A and B, compute AB.
(c) Given A, compute At.
12,15 Prove the following corollaries of Theorem 10.2:
(a) 1If {vl,vg, e, Vn} is a hasis for n-component column vectors,
and if Avi =0, L= 1, «#¢ , n, then 4L =0,
(b) If A end B are m xn metrices such that Av = Bv for a1l

n-component column vectors v, then &L = B,
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11. Solution of Linear Equationg

- In this section we return to the study of systems of linear egua-
tions. With the theory we have develcped we can now get a better under-
standing of the methods and results of Secticn 1.

The general system of m linear equations in n variables can

be written in the matrix form
£11,4) Ax = b,

where A 1s an m x n matrix and x and b are respectively n x 1
ard m x 1 column vectors. Associated with the system (11.1) there is

the homogeneous system
(11.2) Ax = O.

The basgic theorem regarding the solutions of these equations is
the following.

Theorem 11.1.

(a) The set of solutions of the homogeneous equation (11.2)
forms a vector subspace W of Vn°

(b) 1If X, is a particular solution of (11.1) and w is any
element of W then Xp + w is a solution of (11.1); conversely, any
solution x of (11.1) is expressible in the form x = Xp + w Tfor some
w in W.
Proof. (a) The matrix A defines a transformation A(x) = y from V.
~to V_, and we can equally well write (11.2) in the form A(x) = 0. We

have seen in Section 9 that this transformation is linear, that is,
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Alx, + x = cA(xl)u

1 2) = A(Xl) + A(Xé), Alex.’

1)

It follows that if Xy and X, are both solutions of (1l.2) so are

X T X, and CXy Hence, by Theorem 5.1, the set of all solutions is
a vector subspace of Vh. Let us denote it by W.

(b) If A(xp) = Db and A(w) = O then,by the linearity, A(xp + W) =
b+ 0 =b; that is, x_+ w is a solution of (11.1). Conversely, let =x
be any solution of (11.1), so that A(x) = b. Then A(x - xp) =b -b = 0;
and so x - X, being a solution of (11.2), is an element w of W.

p

That is, x = Xp + W,

It should be noticed that in this proof we have made no use of spe-
cial properties of matrices. The proof is still valid if A(x) =y
is any linear transformation from a vector space V to a vector space
U, We have, in fact, already met this situation in Section 6 of Chapter

e LT p(t) is a given continuous function then the passage from any

O

function x(t) din the space ot to the function a(t) in C° de-
fined by

S x(6) + p(t)x(t) = a(t)

dt -

is a linear transformation (cf. Froblem 9.6). Theorem 11.1 applied to
this transformation contains nearly all the results of Theorem 6.1 of

Chapter 1.

The general case of Theorem 11.1 still leaves us with two important

questions to consider, one for each of the two parts of the theorem:
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(A). How do we determine the dimension and construct a basis of the
subspace W of solutions of the homogeneous equations?

(R)., How do we construct a particular solution, if there is any,
of the non-homogeneous equation?

The answers to these questions depend on the nature of the vector
spaces and the linear transformation. Chapter 1, Section 6 and Chapter
2, Section 1 were each concerned with these answers, but the methods
used were very different in the two cases. The same problem will arise
again in Chenter 6, where still other methods will be needed. Indeed,

a considerable amount of important mathematics in a variety of filelds
has developed from attempts to answer these questions for various types
of linear operators.

We shall use the elimination method of Section 1 to supply answers
to questions (A) and (B) for the matrix equations (11.1) and (11.2). 1In
that section we reduced a gystem of equations to the echelon and reduced
echelon forms by a sequence of elementary coperations on the equations.
We now define the analogous operations on matrices., For this purpose
we regard each row of a matrix as a row vector.

Definition 11.1. There are three elementary row operations on a matrix:

(i) Multiplication of one row vector by a non-zero scalar;
(ii) Addition of a scalar multiple of one row vector to a different
row vector;
(i1i) Interchange of two row vectors.

Example 11.1. Conslder the matrix




-2 -h -3 2 4 2

To illustrate (ii) we add -1 times the first row to the second row, 2
times the first row to the fourth row, and -1 times the first row to the

fifth row, to get

o

i 2 2 -1 2 2
/ 0 L 0 0 2
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Continuing in this manner we arrive at the echelon form

and the reduced echelon form

Definiticn 11.2. The row space of an m x n matrix A 1s the subspace

of Vn spanned by its row vectors; the column space of A 1is the sub-
space of Vm spanned by its column vectors. The null space of A 1is
the subspace of Vn consisting of the solutions of Ax = O, (the space
desgignated by W 1in Theorem ll.l).

There are important relations between these subspaces. To see what
these are we chall first examine the row, column, and null spaceg of a

matrix in reduced echelon form.
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Example 11.1, continued.

The row space is cobviously spanned by the set of four non-zero rows
{ vl’VE’v3’th . These rows are independent: Vo) for example, cannot be
a combination of the others since Vs has 1 as its third component
whereas all the others have 0; and a similar argument holds for vy v3,

¢
)

"
kviﬁvé’v3’vl> is therefore a basis of the row space,

and VA. The get
and the dimension of this space is 4,

It is evident that the first, third, fourth,and sixth columns form
a basis of the column space. Hence the dimension of the column space is

also k.

We can get the general solution to Fx = 0 by solving the first
four equaticns independently for X5 X3, Xy, Xg in terms of the re-

maining variables X5 XS, thus

X, = —2x2 - x5,
XB = 0,
.XLL = XE,
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Note that the x's for which we solve Correspond to the columns that
form the basis of the column space. We can now give the remaining

variables arbitrary values, say Xy = 8y and 35: %,emdwﬂﬁetm

\

2
Thus the dimension of the null space is 2.

solution in the wvector form

]A_)

(11.3) X =8

@ @ a@
o H O O

It is easy to see that any metrix in reduced echelon form can be
treated in a similar manner, and so we can make the following general

statement.

Theorem 11.2. For a matrix in echelon form the row space and the column

space have the same dimension, equal to the number of non-zero rows. The
dimension of the null space is equal to the total number of columns minus
the dimension of the column space.

We now want to extend these results, as far as pcssible, to general
matrices. This 1s done by the following theorem.

Theorem 11.3. Row operaticns on a matrix do not change (a) its row space,

(b) its null space, or (c) the dimension of its column space.

Proof. (a) If v

12 Vs e 3V are the row vectors of A, then the row
m

gpace of A 1g spanned by the set

5= Evi,ve,v3, was 5V
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Operating on the row vectors by the three elementary operations gives

the sets
. { L
(i) 5 = { CVy Vips Vs wee 5V ] c £ 0,
(..) i & \>
e 52 = }\vl cvg,vg,vg, i fﬂnj p
‘. 1
(iii) 83 = &\VE’VI’VS’ oue fﬂnf

(To avoid complicated notation we have taken the operations as applying
to the first one or two rows, but the argument is perfectly general.)
It is quite cbvious that every vector in Sl is a combination of vectors

in 5, and. conversely. Hence Sl and S span the same space. The

same conclusion is even more obvious for %3 and S . Finally, every
vector in 82 is evidently a combination of vectors in S, and by wri-
ting vy = (vi + cv2) - CV, we see that the converse is true in this

case also.

(b) x is a vector of the null space of A if Ax = O, that is,

if
n
s
) a: ,x, = 0,
L=9) S
n
S a..%x.=0
e 23] ’
| 424 Jd J
(11.4)
E: aﬁ.x_ = 0.
= | J J

If we apply operation (ii) to A the corresponding equations for the new

matrix A' are
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(2L.5)

In writing the first of equations (11.5) as
n n

x, +ey a,.x.=0
jg-l 5T s e T

it is evident that any solution x of the system (11.4) is a solution of
(11.5) and conversely; that is, the null spaces of A and A' are the
same. In a similar manner the same conclusion can be drawn for elemen-
tary operations (i) and (iii).
(c) The colum vectors of A are
alj
agj
J >
a_ .
mJ

The column space of A 1is spanned by {ul, e, uh} , and we obtain a
hasis for this space by discarding those u..‘j which are linear combinations

of their predecegsors, as in the proof of Theorem T.2. Thus W is dis-

carded if

(11.6) o, = Z bjuj.
J<k
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If A' is obtained from A by elementery overation (ii) the column

vectors of A' are

&mj /

JCk
and conversely. Thus the discarding process for the sets {153 cae un} and
{uﬁl, i, u‘n} are exactly the same, and so the dimensions of the column
spaces of A and A' are the same, Operations (i) and (iii) can be treated

similarly. .
By combining these two theorems, and the fact that any matrix cen

be changed to reduced echelon form by a series of elementary row opera—
tions, we get the following properties of a general matrix.

Corollary 11.L. The row space and the column space of g matrix have the

same dimension.

Definition 11.3. The common dimension 6f the row space and the column

space of a matrix is called the rank of the matrix.

Corollary 11.2. A matrix and its transpose have the same rank.

Corcollary 11.3. The rank of a matrix is the number of non-zerc rows

in its echelon (or reduced echelon) form, and these rows are & basis
of the row space of the matrix.

Corollary 11.4. The null space of an m x n matrix of rank r has dimen-

sion n - r, and a basis is easily obtainable from the reduced echelon form.
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Example 11.1, concluded. The rank of A is 4. As a basis of the row

space of A we can take either {(1,2,2,-1,2,2), (0,0,1,0,0,2),
(0,0,0,1,-1,2), (o,o,o,o,o,1)§ from E or {(1,2,0,0,1,0), (65:0,2,0,4, 85
(0,0,0,1,-1,0), (0,0,0,0,0,1)} from F. The general solution, (11.3),

of Fx = 0 is also the general solution of Ax = O.

Example 11.2. Find the dimension and a basis of the subspace of V

5
spanned by %_(1)2:3:4:5)} (2,@,6,1,—h), ('3:'6:‘9:'2;5): (O)lJl)l;O);

(1,3,4,3,1) ¢ .
We need merely to set up the maftrix having these five vectors as rows
and reduce it to echelon form (reduced echelon form is not required), One

solution (it is not unique) is

1 2 3 L4 5
O 1 1 1 o
o 0 0 1 2 s
0O 0 0 0 0

\ O o0 0 ¢ o0

giving the dimension 3 and the basis 3(1,2,3,4,5), (0,0, 0:1,0
(0,0,0,l,E)g .

This example should be compared with Example T7.3. The methods are
nearly identical, but the earlier case required more care, as it asked
for a basis to be chosen from the given set of vectors, whereas here we
allow any basis.

Corollary 1l.4 answers question (A) for a genersl metrix. An

answer to question (B) is now easy to give.
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Corcllary 11.5. The equation Ax = b has a solution if and only if the

vector b 1is in the column space of A,
Proof. In the notation of part (c) of the procf of Theorem 11.3 the

equation Ax = b can be written in the form
(11.7) x.u, = b.

That is, if x is a solution of Ax = b then (11.7) says that b lies
in the subspace spanned by the column vectors {ul, ey ,un} . Converse-
ly, if b lies in this subspace then there must be Xi‘s such that
(11.7) is true, and the vector x with these components is a solution
of Ax = b.

This result is usually stated in a different form. We define A tc
be the matrix of the equation Ax = b, and the matrix obtained by adjoin-

ing b to A as an extra column as the augmented matrix of the eguation.

The augmented matrix is often designated by (Ajb). The following state-
ment Is easily seen to be equivalent to Corolliary 11.5.

Corollary 11.6. Ax = b has a golution if and only if the rank of the

augmented matrix eguals the rank of the matrix of the equation.

Example 11.3., Consider the equation Ax = b with

1 0«1 1
A= (3 -1 -1
2 1 -4

and for the two values of b,
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2 0
bl = 2 and b2 = 2 i
3 3/

In the first case the reduction of A to echelon form reduces the aug-

mented matrix (4A,b,) to

The fourth ccdlumn is obviously not a combination of the other three, and
hence by Corollary 11.5 the equation Ax = bl has nc solution. Equally
well one can apply Corollary 11.6, noting that the rank of A is 2 and

of (A,bl) is 3.

On the other hand, (A,bg) reduces to

/1 -1 1 0

and by either Corollary 11.5 or 11l.6 we see that Ax = be hag & solution.
A particular solution of Ax = b, if one exists, is easily ob-
tainable from the reduced echelon form by setting to zerc all those vari-

ables whose corregponding columns do not constitute the chosen basis of

the column space. Thus in Example 1l.l, a particular solution of

P

= O w N o,

L
2
Fx = 8 is x =
L
0
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Of course a particular solution is not unique and in special cases there
may be easier weys to get one.

We need one final statement, to relate a particular solution of the
original equation to that of the echelon form. This is

Theorem 11.k. The set of solutions of Ax = b is unchanged by row opera-

tions on the augmented matrix (4,b).

The proof is almost identical with that of Theorem ll.3(b). We
need merely put bl’bg’ v ’bm on the right hand sides of equations
(11.4) and then carry through the same argument. (Note that the set
of solution of Ax = b 1s not a vector subspace if b £ Ei but this

does not affect the proof.)

Example 11.3, continued. To get the general solution of Ax = bg, con-

tinue to the reduced echelon form

A particular solution is

Since the rank of A 15 2, and n = 3, the dimension of the null space
is 3 -2 =1, and so there is cne independent solution of the homoge-

neous equation, namely
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Hence by Thecrem 11.1 all solutions of Ax = b2 have the form

[
!_:
_//

»
il
o]
=R
ot
no

t being any scalar.
Since the vectors x are in V3 a good pictorial representation of
the sclutions can be
given. (Figure 11.1.)
The null space ig s

W = null spgee
line through the ori- X, X, -plane

gin (a l-dimensional

vactor Subspace) and

the tips of the solu-

tion vectors x lie /"X solution 2 _= . fﬁn.
on & line parallel to
this, determined by Figure 11.1
any particular solution xp.

Figure 11.2 illustrates the case in V3 when the null space is s
plane (renk of A is 1). Here there are two independent solutions of
the homogenecus equation, and the set of soluticns of the non-homoge -

neous equation are the vectors to the points in a plane parallel to the

null space.
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I

<
1l

Figure 11.2

Problems

1.1 Find the rank of each of the following matrices.

-1 0 1 3 1 2 k-
(a) 1 2 0 4 (b) S & B
0O 1 2 0 -2 0 -1
i1 2 3 g2 2 2
(c) b 5 6 (d) 2 2 2
7 8 9 g g g

10 Lk 12
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Using the data in Problem 7.1(a) and (b), find a basis for each of the

subspaces and the dimensions of the subspaces.

11.3 Tind +he

2x. +

1

(a)

]

X_.L—

X+
2%, +
3% +
hxl +

(b)

3x1 +

5X1 -

Ans.

(d) 8

2x2

2%
b

2

%

2x

general solution of eaoch

x3 = 3,
+ 2%y = 0,
Xy = 3
x3 = -1,
3x3 + hxu = 0,
hx3 + 5% = 0,
5%y + 6Xh =
6x3 + Tx, =0
x3 tox = 2,
X - %= 1,

[ 8
S. + 8
1 19 2
/
Ol
2x3 + x5
- 3xu - 2X5
2x3 - xu + 2x5
6X3 + 8y, F 3x5
2x3 - Xh._ 2x5

of the folloring avstems of equations.

= 3,
= l,
= 0,
= W,
xl 1
XE -2
Ans. = Sl + 8
X 1
3

/-1 g
I (7
0 13 K 0

19 o R
= 4, X -2
= -10, X, 4
= 5, Ans. x3 =s | 1 +
= lLL’ xl'-l- O
= - 5 ‘,‘XS O

s

S -—-——"/‘
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1.4 If A is an m x n matrix of rank r prove the following:
() r<m r<n.
(b) If r=m Ax=Db has a solution for any b.

(¢) If r<n, Ax =0 has a non-trivial solution.

11l.5 Rewrite Theorem 1.3, giving the precise conditions under which each of

the cases occurs.

11.6 Write a program that, given an n xn matrix A and an n x 1 column
vector b, will either find the unique solution of Ax = Db or state

that there is no unique solution.

11.7 Write a program to find the general solution of any eguation Ax = b.

12. Matrix Equations. Inverse Matrices.

The conclusions of Section 11 can be applied to a somewhat more
general type of equation than (11.1), thereby leading to further use-
ful properties of matrices. In equation (11.1) let us replace the one-

column matrices x and b by p-column matrices X and B, and ask

for solutions of

(12.1) AX = B.
To investigate this problem we first note the following fact:
If AB = C then the k-th column vector of C is A times the

k~th column vector of B.

This follows at once from the definition, equation (10.10), of the

product AB, by simply regarding k as fixed.
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Hence (12.1) has a solution if and only if each of the equations

(12.2) Ax=z

has a solution, where =z ,zp are the column vectors of B. By

10 v
Corollary 11.5 this is true if and only if each Zk lies in the column
space of A; hence, by Corollary 11.6, if and only if the rank of the
augmented matrix (A,B) eguals the rank of A.

The important conclusions to be drawn from these considerations are

contained in the following theorem.

Theorem 12.1. If AB = C, then

(a) the column space of C is contained within the column space
of A;

(b) rthe row space of C 1s contained within the row space of B;

(¢c) the rank of C cannot exceed the rank of either A or 3.
Proof. (a) If AB = C then the equation AX = C has a solution
(namely, X = B), and by the above remarks every column of C is a com-
bination of columns of A. Hence every vector of the column space of

¢ lies in the column space of A (Theorem 5.2).

% : +
. By (a), the column space of C°

(b) If AB =C then st = ¢
is contained within the column space of Bt. Since the row space of &
matrix is the column space of its transpose, this proves (b).

(¢) From (a) it follows that the vectors of a basis of the column
spece of C must be combinations of the vectors of a basis of the column
space of A, and so the rank of C cannof exceed the rank of A.

Similarly from (b) it Tollows that the renk of C  cannot exceed the

renl: of B.
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Of the various applications of Theorem 12.1 perhaps the most impor-
tant is to the algebra of n x n matrices, some of which we will now
develop. For the rest of this section the word "matrix'" will refer to
an n xn matrix, n having a fixed value throughout, and a "vector"
will be an n x 1 column matrix. This restriction has two useful con-
sequences, First, the set of matrices is closed under the operations of
multiplication and transpose; i.e. if A and B are matriceg so are
AB ang At. Secondly, the linear transformation Ax =y 1is a trans-
formation from VIl to itself; the full importance of this will become
apparent only in Chapter 5.

Definitions 12.1.

(a) The elements a,; form the main diagonal of A = (aij)'

(b) A is a disgonal matrix if all the elements not on the main

diagonal are zero.

(c) The identity matrix I is the diagonal matrix each of whose

diagonal elements is 1. That is, I = (6ij)’ where

j’l if 1= j,

7
Q..

(12.3) o loE 1435
Example 12.1. For n = 3: 1 o 3

(2) The main diagonal of A = 2 @ 11 1ig3,0,-2.

3 1 -2 /
0 0
(b) B= 0 3 0 is a diagonal matrix.
. o o
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Theorem 12.2. The identity matrix I has the following properties:

(2) the rank of I is n; (b) AT = JA = A for every matrix Aj;
(¢) Ix = x for every vector x; (d) T is the only matrix having pro-

perty (Db).

Proof. (a) is obvious, and (b) and (c) follow from the definition of the
product of two matrices. To prove (d) suppose that some matrix E had
the same property, AE = EA = A for every matrix A. Choosing A to
be I in the relation gives, in part, IE = I; choosing A to be E
in (b) gives, in part, IE = E. Hence E = I.

We can add, subtract, and multiply matrices - can we divide them?
The process of division is defined basically in terms of multiplication;
to divide scalars, b by a, we seek a solution of the equation ax = b.
For matrices we are accordingly led right back to equation (12.1), where
now A, B, and X are all n x n matrices, and we have the answer that
division is possible provided the column space of B- 1is contained in
the column space of A. However, we must be careful in our terminology,
for division of B by A could egqually well mean solution of the equa-
tion XA = B, which is by no means the same thing as AX = B. By wri-
ting XA = B in the form AﬁXt = Bt we find that this equation has a
solution provided the row space of B 1is contained in the row space of
A,

Such considerations as these are sometimes unavoidable, but there
is one important case when we can dispense with all worry about columns

or rows of B. If A is of rank n then the column space and the row
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space of A each consist of the entire space Vn and so automatically

. contain all columns and rows of any matrix B. Hence we can always
"divide" by such a matrix A. To exploit this situation properly we.need
a few definitions and some easily proved theorems.,

Definitions 12.2. (a) An n xn matrix is non-singular if its rank

is n. If its renk iz less than n it is singular.

(b) Given a matrix A, a matrix A1 is a right (or left) inverse

of A if AA =1 (or AN = T)s If A1 is both a right and a left
inverse of A it is simply called an inverse of A.

Example 12.2. By multiplying, we 1ind that

2 B 5 =3 1l 0
(12.4) =
3 05 -3 2 o 1
2 3 ( D el \ 5 =3
Hence is a left inverse of and is a
35 -3 e/ -3 B
2 3
right inverse of
8 5

The following basic thecrem tells us that we actually do not need to

worry about "left" and "right" inverse.

Theorem 12.3. (a) If A is non-singular it has both a right and a left

inverse.

(b) If A has a right (or left) inverse it is non-singular, and
hence also has a left (or right) inverse.

(c) 1In either case (a) or (b) there is a unique inverse A% e

is also the unique right inverse and the unigque left inverse.
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Proof'. (a) This is just the argument of the paragraph preceding Defi-

nition 12.2, for the case B = I.

(b) 1If Ap =T (or AA= I) then by Theorem 12.1{(c) we must have

rank of A > rank of I = n.

Hence A is non-singular.
(¢) Let A be any right inverse and A, any left inverse. Then

AAl =1 and AEA = I. Multiply the first of these equations by AE on

the left, and the second by Al on the right. We get

Hghty =gl # B

AEAAI IAl = Al.

Hence A = A i.e. any right inverse equals any left inverse. It follows

i 2

that there can be only one right inverse and one left inverse, which are

equal and hence are the unigue inverse.

Example 12.2, continued. The theorem assures us that from (12.4) auto-

matically follows
5 -3 g 3 1 0
o - 3 5 o 1
Fach of the two matrices is the inverse of the other, and, given one of

them, the other is uniquely determined.

The importance of the inverse lies in its allowing us to dispense
with the process of division and instead use multiplication by the inverse.

We state this in the form of a Theorem.
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Theorem 12.4, If A is non-singular and B 1is any n x p matrix then

-1
the eguation AX = B has the unique solution X = A B. 8Similarly, if

C ds a p xn matrix the equaticn XA = C has the unique soluticn

X =cat,

i L

Proof. X = A "B is a solution of AX = B, since A(A"B) = (AA‘l)B =.IB = B,
Conversely, if X is any solution of AX = B then A1B = A71(ax) = (a™1a)x
= IX = X. The cther half of the theorem is proved similarly.

Example 12.2, concluded. To solve

2x + 3y = 1,
3x + 5y = -k,
we merely compute
s -3\ [ [ 17 )
— j 3
-3 2 =L \~1l |

i.e. x=17, y = -11.

We have finally to consider how to compute Afl, given A. The most
direct method is to use the Gauss elimination method to solve the equation
AX = I. We saw in Section 1 how this could be done, essentially by start-
ing with the augmented matrix (A,I) and reducing A to reduced echelon
form. (See Table 1l.lc.) The reduced echelon form for a non-singular ma-
trix A is just I, and so (A,I) reduces to the form {I,Z), correspon-
ding to the equation IX = Z. Now Theorem 11.4 tells us that such a re-
duction does not change the set of solutions, so any solution X of
AX = I is a solution of IX = Z. (The theorem was proved for column
vectors x but it can be applied te the column vectors cf X, one at a
time.) Since X = A‘l is the unique solution of the first equation we

must have 7 = Aﬁl.
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Example 12.3. Find AT if

There is no need to follow the routine Gauss method if deviations make
the work easier. Our problem is to reduce A to I Dby any convenient
row operations. In this case we start at the bottom and work up, adding

each row to the one above.

2 -1 0O 0 1 o0 0 ©
-1 2 -1 0 o 1 0 0O
o -1 2 -1 O o0 1 0
0O 0 -1 1 o o0 0 1
gives
1 o 0 O 1 1 I &
-1 1 O O o 1 1 1
0 -1 1 © 0 g 1
\ o 0 -1 1 o 0 @& 1

Now work from the top dcwn, adding each row to the one below.

1 0 0 © 1 1 I 1
g 1 4 © 1 2 2 2
0O 0 1 o0 1 2 3 3
g @ @ L 1 2 3 &4
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Hence 1 1 1 1
1 2 2 2

% .
- B Z 3
1 2 3 L4

This example will be used in Chapter 6.

If a single equation Ax = b 1g to be solved there is no point in
computing A_l, for this is a harder Jjob than solving the equation. But
frequently one has to solve many such eguations with the same A but
different b's, and then it may well be more efficient to compute A~
once for all and replace the solution of each equation by the simple

matrix multiplication x = Aulb.

The next theorem lists some useful properties of inverses and re-

lated matrices.

Theorem 12.5.

a 1T By anes are non-sin ar en elr product .
&y B, 1) ingular then their prod AB
is non-singular and (AB>“=D)_1 = Prsevg AR,
< ; ; t ty -1 -1\t
(b) If A is non-singular so is A , and (A7)~ = (A 7)".
& is non-singular and 1 an are any m x n an
(c) If A i ingul d if B g £ a

n x p matrices respectively, then rank BA = rank B and rank AC = rank C.
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fd) n wvectors in v, are independent {and hence a basis) if and
onty 1t the mqtrix having them as columns, or as rows, is non-singular,

{#) Ax = b has a unique solution if and only if A isnon-singular.

{(f) Ax =0 has a non-trivial solution if and only if A is singular.

AB**'D and G =D TreB A, We need only to prove

Il

Proof. (a) Let F

GE

(D'ltvthlAfL)(AB--~D)

p~te- BN (ata)Re oD,

Since A™TA = I, and IB = B, this reduces to

1

GF = D Leoveplpeesp,

Obviously the process can be continued, removing the middle pair each time,
until we have left only GF = D-lD = L.

(p) From ML= T e get, teking transposes, (A_l}tAt = ¥ = T

. S . . . ty-1 % _

Since (A") is uniquely defined by the property (A°) "A” = I we have
R ¥ t,~1
(A7) = (A7) ™.

(¢) From Theorem 12.1(c) we have rank BA < rank B. But if A is

-l: B, and applying the same theorem we

non-singular we also have (BA)A
have rank B = rank (BA)Afl < rank BA. Hence rank BA = rank B. A simi-
lar argument works for AC.

(d), (e), and (f) are simple consequences of the corollori s in Sec-
tion 11, and their proofs are left to the reader. (See Problem 12.4.)

We conclude this section with a few examples of matrix algebra, show-

ing simiiarities and differences between it and ordinary scaler algebra.
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Example 12.4., Solve AXB = C.

If A and B are non-singular the method of Thecrem 12.4 can be

applied; we get rid of A and B as factors of X by multiplying on

the left by AL and on the right by B . Thus

d

lixmp™t = 11 = %,

T P &

If both A and B are singular this is a nasty problem that has to be

examined from first principles as in Section 1l.

Example 12.5. If AC = BC and C is non-singular then A = B. We

merely multiply on the right by C—l, giving acc™t = BCC-l, or A= B.

We saw in Section 10 that this cancellation law is not in general true.
2

Example 12.6. Solve X = I. The proof in scalar algebra that x =1
has only two solutions rests on a form of the cancellation law, namely
that if (x - 1)(x + 1) = 0 then either x-1=0 or x+ 1=0. If
we try the same procedure here we get as far as (X - I)(X+ I) =0

(prove this) but we cannot take the next step. As a matter of fact

X° = I has an infinite number of solutions (see Problem 12.6).
Problems

Find the inverse, when possible, of each of the following matrices.
s 1 2 0 1

(a) X (B) |- 2 1
k3 V13



& 2.18F =

/-”‘\_\\
w O
= =
\un no
—
fo¥
g

&
o
1

E_J
@]

& 7 8
0O 0 -1 =2
2 3 Answer (d):
O 1 5 6 by 3 2 1
(e)
o ¢ 1 7 1 3 6 L4 2
O ¢ 0 1 2 2 4 6 3
12 3 4

12.2 Use the results of Problem 12.1 and Theorem 12.4, if possible, to solve

each of the following.

2x + y = T 2x + 2= 3,
(a)
_X+3y=—l| (b) —x+2y+ Z = i_{.a
x+ by + 3z = -1le
y+2z=-1, 2% - %, = b
(C) 3X+)+y+52'= 45 _}(1—1_2}(2_3(3 :‘:—l’
6x + Ty + 8z = 9. (d)
& x2 + 2x3 - X, = ~5
- X3 + EXM = R,

12.3 {(a) When is a diagonal matrix non-singular? How do you quickly deter-
mine the rank of & diagonal matrix? Describe the inverse of a non-

singular diagonal matrix.
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(b) Describe the effect on the rows or columns of a matrix of mltiplying

it by a diagonal matrix on the left. On the right.
Prove parts (d), (e), and (f) of Theorem 12.5.

If ABC = I:

-1

(a) Prove that A™T, B™Y, and €% exist;

(b) Solve for each of A, B, and C in terms of the other two.

(cf. Example 12.6.) For n = 2 find solutions for X =1 by expanding

a b 2 ] 0

and equating to 5
c d o 1

In this problem we are concerned only with the set 8 of all 2 x 2
matrices of the form =0 . Show the following:
-b a
(a) 8 is a 2-dimensional vector space.
(b) S 4is closed under multiplication.
(¢) Multiplication is commutative.

(d) Every non-zero element has an inverse.

(e) The equation o T has exactly two solutions.

Write a program to compute the inverse of an n x n matrix.

In Theorem 12.2 show that I is the only matrix have the property (c).

13. Determinants.

Throughout this section and the next we continue to deal only with
square matrices. With each n x n matrix we can associate a scalar

called the determinant of the matrix. The student should be warned



- PIES =

agalnst the misconception that the determinant ig the matrix. The ma-
trix contains n2 numbers while the determinant is only one number, so it
is clear that in general there is much more data in a matrix than in its

*
determinant.

The definition of a determinant is somewhat involved, and one rare-
ly has occasion to refer directly to it. Of more use are certain proper-
ties that follow from the definition. We shall first present thesge, and
some of their applications, and only later give the definition and proof
of the basic properties.

We designate the determinant of the matrix A = (aij) by det A or

|&] or | (aij) | or

1 F2 vt Hp
Go1 Bpp v v v By

The fundamental properties of determinants can be stated as follows:

(a) If any one row of A is multiplied by a scalar c, then det A

is multiplied by ec.

*
One occasionally uses the phrase "an n x n determinant.” By this
one means, of course, the determinant of an n x n matrix. Similarly,
when we speak of a "row," "column," or "element" of a determinant we

are referring to the matrix whose determinant is under consideration.



- 2.126 -

a b c a b c
Example: kd ke kf| =k d e f ;
g h i g h i

(b) If to any row of A 1is added a scalar multiple of another row,

then det A dis unchanged.

a b é a b ¢
Example: d e T = a e T
g+ka  htkb i+ke g h i

(¢) Interchanging any two rows of A changes the sign of det A.

g h i a b e
Example: d e i = - a e Tl .
a b e g h i

(d) If two rows of A are identical, then det A = O.

(e) If A has a row of zeros, then det A = O.

(f) 1If one given row vector u of A is the sum of two vectors
v and w, then det A = det Al + det AE’ where Al and. A2 are iden-

tical with A except in having =2 row u replaced by v and w re-

spectively.
] a1+a2 bl+b2 cl+c2 ay bl Cl 3y b2
Example: d e T = d e f + d e
g h i g h i g h

(g) Properties (a) to (f) hold for columns as well as for rows.
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(h) det I = 1.
(i) det At = det A,
(j) det A=20 or ‘f 0 according as A 1is gingular or non-singular.
(k) det (AB) = (det A)(det B); if A exists, then det (A'l) =
(det &)™

Some comments on these are in order. (a) and (f) together say that
det-A 1is a linear function of each of its row vectors. (a), (b), (c)
correspond to the elementary row operations on matrices; they tell us the
effect of these operations on det A. Since by these operations we can
reduce any n x n matrix either to I or to a matrix with a row of
zeros - cases covered by (h) and (e) - we can in this way compute the
value of a determinant.

Some of these properties are "more fundamentel” than others. Proofs
of (a), (e), (£), (h), and (i) depend explicitly on the definition of a
determinant and shall be postponed until the end of this section. All
the other properties follow from these five, and we shall derive them
at anpropriate points. At present we prove (d), (e), (b), and (g) in
this order.

(d) 1If two rows of A are equal, interchanging them does not
affect det A. But by (c), interchanging them changes det A to
- det A. Hence 'det A= - det A, and so det A= 0.

(e) If A has a row of zeros, multiplying this row by O does not

affect det A. Bﬁt‘by (a), such a multiplication reduces det A +to O.

Hence det A = 0.
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(b) How this follows from (f£), (a), and (d) is best seen from an

example:
a b c a b ¢ a P e
a e £ = |da e £ + |a e r
gtka h+kb it+ke g h i ka kb ke
a b c a b c a b e
= d e i + k d e ik = d e f + 0.
’ g h i a b c “lg h 1

(g) Property (i) is the critical one in this proof. Suppose, for
instance, we want 1o find the effect on det A of interchanging the first
and third columns. We do this in three steps: let B = At, let C = result

Ct. Then det B =

il

of interchanging first and third rows of B, let D

det A, by (i); det C = - det B, by (c¢); det D = det C, by (i). The
result is det D= - det A, i.e. the application of (c) with "row"
replaced by "column." A gimilar argument can easily be made for all the

other cases covered by (g).

Before proving (Jj) and (k) let us look at the process mentioned a-
bove for evaluating a determinant. We use elementary row or column opera-
tions and properties (a), (b), (c) until we can use either (e) or (h).

(a) 1s generally used in the form: If a row (or column) is divided by c
and the resgulting determinant multiplied by ¢ the result is equal to

the original determinant.



Example 13.1,

i B 7
1 5 =3
-2 0 2
Example 13.2.

It

I

1l

12

L8

L8
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adding (-1) times first row to
gsecond and 2 times first row to

third

dividing second row by 3 and third

row by 4

subtracting the second row from

the third
= 48,
L 5
1 4
) 5
1 0
3 2
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Starting the process of reducing to echelon form gives
1 2 3 b4 5

o 0 0 -7 -6

1l

(13.1) 10 0O 0o 0 1 =2 .

On interchanging the second and fourth rowg we get

o o0 0o -2 -3

It is now evident that the echelon form of A must have a row of zeros,
and hence |A.[ = 0. Alternatively, we could have proceeded from (13.1)
to reduce the third column to zero by subtracting from it the second
column and the first colum.

These examples sﬁow clearly the relation between determinants and

echelon forms. We can use this relation to prove properties (j) and (k).
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Proof of (j), Reduce A to reduced echelon form E by row operations.

By (a), (b), and (c) the effect is to multiply det A by certain non-
zero factore, and so we have det E = f det A, where f £ 0. Now if A
is singular E has a row of zercs and so det E= 0 by (e); and hence
det A= 0. If A is non-singular, E = I, and det A = 1/f # O.

Proof of (k). Let AB=C. If A is singular then C is also singular

by Theorem 12.1{(c) and so we have det (AB) = O = (det A)(det B). We
therefore have only tc consider the case when A 1is non-singular. B 1is
then the unigque solution to AX = C, and we can find B by starting with
thé augmented matrix (A,C) and reducing A to its reduced echelon form,
I, by row operations. When we do this the augmented matrix (A,C) reduces
to (I,B). As above we have 1 = det I = f det A, where f is a non-
zero factor determined by the sequence of row operations used in the re-
duction. But this same sequence of operations reduces C to B, and so
we alsc have det B= f det C. Eliminating f from these two equations
gives det C = (det A)(¢~t B), which is the first part of (k). For the

= ex’i vts then A"lA = I, By what we have Jjust proved,

second part, if A~
det (A"T)(det A) = det I = 1, from which follows det (A1) = (aet )7L,

As a consequence of (J) we now have seven ways of expressing the
same property of an n x n mabtrix A:

The rows of A are independent;

The columns of A are independent;

The rank of A is n;

A is non-singular;

Aml exists;

det A £ 0;

Ax = 0 has only the trivial solution.
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The number of ways in which this property arises gives some indication

of its importance.

We close this.section by giving the definition of a determinant
and proof of the remaining fundamental propérties. We need some pre-
liminary definitions.

A permutation of the integers (1,2, ... ,n) is a rearrangement
of these integers so that each appears once and only once. For exam-
ple (2,4,1,3) is a permutation of integers (1,2,3,4).

For each integer in a permutation the number of inversions associ-

ated with that integer is the number of integers which precede it and

are larger than it. For example, in the permutation (2,%,1,3), the
number of inversions associated with 1 is two, with 2 is zero, with 3

is one and with 4 is zero. The number of inversions in a permutation is

the sum of the number of inversions associated with each of the entries.
Thus, the number of inversions in the permutation (2,4%,1,3) is
2+ 0+ 1+0=3. The mmber of inversions in the permutation (5,3,1,4,2 )
is 2+3+1+1+0=T.

If the number of inversions in a permutation is even, then the parity
of the permutation is said to be 1; if the number of inversions is odd,
the parity is said to be -1. If g 1is the number of inversions the pari-
ty is (-1)3.

The important property of parity is that an interchange of two ad-

Jacent numbers in a permutation changes the parity of the permutation.




For example, the permutation (5,3,1,&,2) has parity -1. If we inter-
change the 3 and the 1 we get the permutation (5,1,3,4%,2) which has
1+3+1+1+0=56 inversions and parity +1. In general, any inter-
change of adjacent elements of a permutation either creates or removes
exactly one inversion, and s changes the parity.

Ir (jl,je,...,Jn) is a permutation of (1,2,...,n) the symbol
E(jl,jg,...,jn) denotes the parity of the permutation.

Now we are ready to define a determinant.

Definition 13.1. The determinant of the n xn matrix A = (aij)

is defined by

; . o .. .
(13.2) det A = ) E(Jl’JE’°"’Jn)81313232"'ahjn’

the sum being taeken over all permutations (jl’jE"°"jn) of (1,2,...,n),.

Exsmple 13.3. (a) The permutations of (1,2) are (1,2), of parity 1, and

(2,1), of parity -1. Hence
| #1 2]

%1 fop |

T 81%p T Bpfsy -

(b) There are 6 permutations of (1,2,3), as follows:
(1,2,3), (2,3,1), (3,1,2) of parity 1i;

{.]-}3;2): (2;1:3)) (3)2;1) of parity -1.

Hence
i P2 Cie B | T %i%eRis T Fafegla t 5098
SR F23 | T F11%3%3p T #10%1%33 7 8 38np8a
oy ey oy
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These two cases can be remembered by the pictorial devices

+ <
M. ¥

. = 0 e ™ Eypfay
a, O;QQ\

There are no similar schemes for values of n greater than 3.

Definition 13.1 implies that each term in the sum consists of the
product of n of the entries aij taken in such a way that each co-
lumn and each row of the matrix is represented once and only once. The
term has a sign of +1 or -1, egual to the parity of the permutaticn
formed by the column subscripts, when the row subscripts are arranged
in natural order.

We are now ready to finish the proofs of properties (a), (f), (c),
(h), (1),

(a) Since each term of det A contains as a factor exactly one
element of any given row, if we multiply each element of this row by c

we miltiply each term of det A by c¢. Hence det A is multiplied by
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(f) A similar argument applies here. If, for instance, alj =

+ ] =
blj clj for J 1, ,n, then
.0 B v v ow By
lJl 232 an
= bl. Bos oovoe By i Cly By v v o 81
dq do i Jq =dp i

and by combining corresponding terms the determinant with &'s 1in the
first row is the sum of the two determinants with b's and c¢'s in the

first row.

(c) Suppose that A' is obtained from A by interchanging the

first and second rows. Any term of det A' ie then of the form

E(J :j ;"')j )Ei ; A g ow ow ow B x g
1772 n’ 24y 1y nj,
and there will be a corresponding term
E.(j }:j J"')j) e . e s o8 B .
gy w5 B nj_

in det A. By the basic property of parity these terms are just nega-
tives of one another, and since the same 1s true for all terms we have
det A' = - det A.
We have thus proved (¢} for an interchange of the first two rovs.

The same proof will obviously apply to any two adjacent rows. Now sup-
pose that u and v are two rows separated by k other rows. To
interchange u and v we first interchange u with each of the k
intervening rows, thus bringing it adjacent to v, then interchange u

and v, and finally interchange v with each of the k rows, thus
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bringing it to the original position of u. The total number of adja-
cent interchanges is then k + 1 + k = 2k + 1. The sign of the deter-
minant is therefore changed an odd number of times, and so det A' =

- det A,

(h) For I = (aij) the only non-zero elements are a;; = 1.

Hence det I has just one non-zero term 811322"'ahn = 1.

(i) Since a:j = 8 the terms of det A® are of the form

e . & °

(13.3) € Lomidis s ans T 08 o8y o0 -
Jp
L7 n Jll 322 I 0

Now (jl’jE""’jn) is a permutation of (1,2,...,n), and so by rearranging

the a's we can write (13.3) in the form

(13.4) € (3y5dpseerdp)agy a5s v v vaps
1% n

Since

E(i,,i,,e00,i )8, . 8, « + .« a_,
1772 n lll8212 nln

is a term of det A, we can conclude that det'At = det A 1if we can show

that

(13.5) iy, tpyenei) = €(gpdpeenrdy)e

To see that (13.5) is true consider a special case, the passage from
8518307 3% %5 TO B 385583581

We do this by successive interchanges of adjacent factors, bringing

successively the subscripts 13, 25, 32, ... into the desired positions,

thus:
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51, 32, 13, 44, 25 —> 13, 51, 32, Lk, 25 (2 interchanges)
—> 13, 25, 51, 32, Lk (3 interchanges)
—> 13, 25, 32, 51, Lk (1 interchange)
—> 13, 25, 32, Lk, 51 (1 interchange),

The total number of interchanges (7) is equal to the number of inversions
in the permutation (5,3,1,4,2). ZFrom the definition of the number of
inversions in a permutation it is evident that this is true in general,
that is, if (jl,jg,...,jn) has g inversions then g interchanges of
adjacent a's will take us from (13.3) to (13.4). By definition,
E(Jl’JE""’Jn) = (-1)%., Also, since (il,ig,,..Jin) has been ob-
tained from (1,2,...,n) by q inversions, we have

€(iyip,ennrty) = (-1 €(1,2,00050) = ()%

Hence (13.5) is true, and (i) is thereby proved.
Problems

Evaluate the following determinants by reduction to diagonal form.

1 0 -1 L o0 2 5]
(a) 2 0 1 3 1 0 1
(b)
3 1 2 i1 0o 2 1

-3 2 5 2 6 6 2

() 1 0 2 1 0 L4 0
(d)

3 1 1 5 12 16 4




j—
w
°

n

13.5

13.6

13.7
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Evaluate (a), and (c) above by the method of Example 13.3.

Prove that the determinant of a diagonal matrix is the product of the

elements on the main diagonal,

A square matrix is upper (or lower) triangular if all the elements below

(or above) the main diagonal are zero. What can you say about the deter-

minant of a triangular matrix?
Check property (j) for the matrices of Problem 13.1.

If ¢ is a scalar and A an n x n matrix what is the relation, if

any, between det (cA), and det A?

By an example, show that it is not generally true that det (A&+B) =

det A + det B.

What is the determinant of the n x n matrix having 1's on the dia-

gonal, from lower left to upper right and O's elsewhere?

A Vandermonde determinant has the form

1 . 2 n-1
o M e
2 n-1
1 82 a, 4 i ag
V = o
1 a a? —_ gl
n n n
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(a) Prove that if no two of 858, 0,8 are equal then V £ 0.

[Partial procf. If V = O the column vectors are dependent. That

is, there are scalars CqrCyresCy 1o not all zero, such that
2 n-1 5
o + c ey + o8y F ormw H c 18 = 0, B Dopens sl
Can B8y 0t 5 8 be roots of the (n-1)st degree equation
n
2 n-1
= 0%
co F e X+ CX ...+ X 0% ]

(b) Prove that if no two-of 8,8, .++,8 are equal, then the system
of equations

Ii

1=

n

E: &y X, = 0,
=1

n

— 2

gy By By = 0
i=1

n

}: A 0,
P R

has only the trivial solution. (This fact has many applications.)

13.10 Write a program to evaluate an n x n determinant.

14, Cofactors. Cramer's Rule.

If from an n x n matrix (aij) e deLate the 1 row and jt
column we obtain an (n-1)x(n-1) matrix. The determinant of this

matrix is called the minor M.,. of a... The cofactor A.. o a,,.
S 1J 1J S———— 1J 1)
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is defined to be (-l)LTUMij. For example consider the matrix
1 2 3k '\
5 6 7 8 |

.

9 10 11 13 |
14 15 17 18 //

The cofactor of the element 6 is

1 3 4
L 2+2 ; 4
A, = (-1) 9 11 13 = 33.
Tk AT 18
The cofactor of the element 2 is

5 7 8
Ay= (1Y 1 om 13| = - (A7) =27

f1h 17 18

In terms of cofactors we can add an important property of deter-
minants to the eleven listed in the previous section, namely:

*
Laplace's Expansion. If each element of a given row (or column) of

a matrix A 1s multiplied by its cofactor, the sum of these products

is det A.
Example 14.1.
0 1 2
) 5 3 5 3
3 4 5 =0 -1 - 2 ‘
7T 9 & 9 6
6 T 9

0(1) - 1(-3) + 2(-3) = -3

#*
This is only a special case of the general Laplace expansion which in-

volves any number of rows (or columns) simultanecusly.
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This is "expansion by elements of the first row." The "expansion by

elements of the second column" is

o 1 2 _
3 5 0o 2 0 2
3 04 51 =-1 +ul -7
¢ 9 16 9 305
6 7 9

- - 1(-3) + ¥(-12) - 7(-6) = -3.

Evaluation of a determinant by direct use of the Laplace expansion
is usually not advisable, being long and ccmplicated. However, if we
combine the Laplace expansion with the technique of the preceding sec-
tion we get usually the best method of evaluating a determinant with
small integer elements. (If the elements are more complicated numbers
a routine reduction to echelon form is generally preferable.)

Example 14.2. Evaluate

2 4 6 1 4

|a| = |-3 -6 -7 -2 5
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If we now expand by elements of the fourth row we have only one cofactor

to worry about,

their value need not concern us.

AHE’ for the others will be multiplied by zeros and

Therefore we get

We can get two zeros in the first column by subtracting the second column

from the first:

Now get another zero in the first column by adding -2 times the fourth

row to third:

Adding suitable multiples of the first row to the second and third gives
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i 2 5
T 6 7T 6
|a] = 0 -7 -6 = -2 = =P
T 13 o 7
0O 14 26

We freguently encounter determinants whose elements are not scalars
but are polynomials in one or more variables or Vérious other mathemati-
cal obJjects. As long as these objects have the familiar properties of
addition and subtraction, and satisfy the associative, commutative, and
distributive laws of multiplication, such determinants have a meaning
and can be evaluated by the methods at our disposal.

Example 14.3. In Chapters 5 and 6 we shall find that determinants like

the following are very important:

A 0 1 2
0 2 3
1 A-1 2
5 3 2 A2

We wish to evaluate this as a polynomial in A. Some simplification is
possible before making a Laplace expansion but it may not be advisable to
carry this as far as in a numerical case. In this example we get one more

zero in the first row and then expand

A 0 1 o
0O A 2 -1
1 2 A1 -2xh
2 3 2 »b
A2 -1 ¢ ¥ -1
= A |2 AL -2XM4 - 1 2 -2ab A
3 2 a6 2 3 A6

Combine to get more zeros:
A2 -1 0 A -1

A 2 A1l -2Mh + 1 2 -2xi4 .
-x3 0 A-5 0 -1 5x1h4
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The first determinant we expand by the special method for the 3 x 3
MAAL)(A-5) + 2(-2ntl)(-23) + (A-1)(-2+3) - L(2=5)]
Y -1
-1 5h-1k
= A(A3-63245 1432 200224 - WP+ hA-3-42420) - (532-14r-1)

- 33 - 2002 & 553+ 1.

il

Expressed in symbols, the Laplace Expansion can be stated:

-
jni

(14.1)

P2 aiinj det A, for any 1i;

(1k.2) det A, for any j.

n
E: a, A, .
=1 A

Suppose that for some fixed i +the i-th row vector of A,

(ail’aiQ’ . ’ain)’ is replaced by a vector (bl’bQ’ vo ,bn), thus

forming a new matrix A'. This would not change the cofactors of the

elements of the i-th row, and so we would have from (14.1),

case:

Cf course a similar statement holds for columns. Now apply this to the

case where the vector (b.,Db coa ,bn) is some other row vector of A,

1r8?
that is bj = akj for k # i. Then A' has two equal rows and so

det A*' = 0. We therefore get
n

(14.3) éé% a; A =0 if i # k.
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The symbol aik was defined in (12.3) tobe 1 if i =k and O if

i # k. Egquations (14.1) and (14.3) can be combined in the form

n i:l’g, aaojn’

(14.4) aijgkj = &, det A,

=1 B = L e Y

. Similariy, working with rows instead of columns we get

it

d = 1,8, 00,0,
(1k4.5) aijAjk_z 5jkdet A,

-
1l
Dngl

k

Loy 5 5y A

The sums appearing on the left of equations (1L4.4) and (1L.5) are
not quite matrix products. To obtaln a matrix product we need merely to
introduce the transpcse, A, of the matrix whose elements are the cofactors

Aij° Then (14.4) and (14.5) can be written in the form

~

(14.6) AA = (det A)T, A = (det A)I.

s

(The transposed matrix of cofactors, A, is sometimes called the
adjoint of A, but as this word has a different and more important meaning
in the general theory of lineesr transformations its use for K should be
avoided.)

The similarity between equation (14%.6) and the definition,

of the inverse of A 1s striking. In fact we have. at once:

If A is non-singular,

(14.7) A = A.
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At first glance +this equation seems to offer a convenient means of
computing A"l but this is true oniy for n =2 and for some very spe-
cial cases with n > 2. Direct computation of K involves the evalua-
tion of 1° determinants of size (n-l)x(n-;), a formideble task even
Tor o & 3

One interesting application of equation (14.7) is the derivation of

Cramer's Rule for the solution of the equation Ax = b, If A is non-

singular the solution is

l s
3ot & Rb-

In terms of components this can be written

n
(14.8) x, = % iZl Aijbi ; 3 2 Rsenyti

Now let Aj be the matrix obtained from A by replacing the j-th column
vzetor by the column vector b, We have geen that

> A b, = det A,
=1 u

and sc (14.8) can be written
det A,
J

57 @t &

This is Cramer’s Rule.

wn

Example ik.4, Solve for =%
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Exl - X 2 ol
-Xp 2)(2 - &g = 0,
- ”2 + 2X3 - XLJ» = O}
—1{3 + 2:11’, =
Usge Cramer's Rule:
2 -1 0 0 0 3 -2 0
3 -2 0
21 2 =1 @ -1 2 -1 0 3 -2
det A = = = -1 2 -1 =
o -1 2 -1 o -1 2 -1 -2 3
-2 3 0
0 0o -1 2 0 =2 3 0
2 i O 0
1 -1 0
-1 O -1 O 2 -1
det =5 = -0 2 -1 = = B
AQ 0 o 2 -1 -1 2
o -1 2
0 o -1 2

Hence X, = 3/5.

It must be emphasized that determinants and such related topics as
Laplace's Expansion, adjoints and Cramer's Rule, while of considerable
use in proving theorems and deriving properties of matrices and vector
spaceg, are not generally useful computing devices. Except in very spe-

ciel cases, we do not solve n equations in n variables by Cramer's

Rule if Nor do we find the inverse of a matrix by computing all

n>3.
its cofactors, nor a determinant by direct application of Laplace Expan-
sicns. Instead, we use the techniques we developed earlier, using echelon
forms. These techniques are quicker and more easily adapted to computer

programming .

2,
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One special case where Cramer's Rule may be useful is in hand com-
putation when the matrix involved is sparse, that is, when it has rela-
tively few non-zerc terms, and when we want the values of only one or a
few of the unknowns. Prcblem 16.2 is a good example of a case of this

kind.

We now give a prcof of the Laplace Expansion. It is convenient to
divide the proof into three parts.

Part 1. In the expansion (13.2) of det A, the terms involving a, are

818

Proof. Since
det A=} e(dy, 05 +nes Jn)aljlaeje“'anjn’

summed over all permutations (jl’ja""’jn) of (1,2,...,n), the terms

invclving a . are

(14.9) allZe(l’ég""”jn)a‘aje”'an,j ,

n

summed over all permutations (je,.oo,jn) of (2,...,n). Also, since

All = Mil’ we have

1 ' = 3 i :
(1k.10) Ay > e(,jg, a “,Jn)&gjg. . uanjn,

surmed over the same set of permutations. Here, of course, the parity
e(jE,.oo,jn) is defined in terms of inversions of (je,c.o,jn) from
the natural order (2,...,n). It is evident that e(l’jE"°"jn) =

e(jg,u.q,jn)n The statement of Part 1 then follows from comparison of

(14.9) and (14.10).
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@

Part 2. In the expansion ;f det A, the,?éﬁms involving aij are aiinj°
Proof. We reduce this case to the previous one by interchanging rows and
colums so as to bring aij into the upper left corner. We first inter-
change the original i-th row successively with each of the i-1 rows

above it, and then interchange the resultant j-th column with each of the

j=1 colums to its left. For example, if 1 =12, j= 3,

a,

17 F12 %13 {8‘21 Bop  8p3) %1 %3 fyp 83 8o

11, iz SppF &g 8y

O

81 fpp B3| T8y 8, Ba

a a a a a a
31,

31 P32 %33 “31 %3 %33 31 33 %3 33
This process does not change the relative order of any rows or columns ex-

cept the i-th row and the j-th column. If primed letters refer to the new

All . Now in

shifting the rows and columns we have made altogether (i =21) +(j-1) =

matrix we therefore have M Mll , and so A. 1+J

i+ j -2 changes of sign of the determinant, and therefore det A =
(-1) 3236t 4t = (1) et A'. By Part 1 the terms of det A' that
3 1 — t T

involve a4 (= aij) are allAll’ and hence the terms of det A that

involve aij are

1+J
( l allﬁll 13 1J

Part 3. Laplace's Expansion.

Proof. For a given value of 1, each term of the expansion of det A
contains exactly one factor of the type aij’ that is, exactly one factor
from the i-th row. We saw in Part 2 that the sum of the terms involving

a,. 1s a,.A... Hence
i 139

=

22

a

a

2

32
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n
det A= ) a. A ..
j=1 17 1J
The prcof for expansion by the elements of a column is similar,

Problems

14,1 Evaluate

2 1 3
IV - |
1 3 @

(a) by expanding by elements of the third row,

(p) by expanding by elements of the first column.

1k,2 Verify the following statements.

(8) f < T1. ) |0 -1 2 -1 o

0 1 2 3 4 1 2 0 0 ©
U T o T . S 3 4 0o ¢ o
(ay |- 4 @ 1L 2] =0 (4) O 0 1 2 3
-3 2 -1 0 -1 0 0 2 3 4
43 -2 1 0 g o 4 5 79
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atl . & 1
1 o+l & 1
(e) = abcd + abc + abd + acd + bed.
i 1. ctl 1
EE 1 1 d+1

14.3 Find a1l values of A for which the given matrix is singular.

M1 2 3 i ;3 0 -

1 A2 3 L -1 Ml 101
(a) ; (b)

A 2 M3 4 -1 1 a»1 1

1 o 3 Mk 5] 1 0 2

14.4 Use equation (14.7) to show that

provided ad - be # O.

14.5 Use Cramer's Rule to solve the following problems.

(a) Solve for X, ¥, Z.

2x - y+ z= 0,

X+ 2y -2z = 3,

X - 3y + 2z = -2,

(b) Solve for Xy

X:L-Xe + Xu-: l)
X + x3 - Exu = 0,
2x1 = Ty = 2,
*y F x3 - X = -1
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(¢) BSolve for X -

Xl + Xy = x3 = 0,
X, * iy + x3 - X, = Q,
y x3 g, - x5 = 0,

x3 +x o+ x5 = 0,

&
i
B
i
f

14,6 If A is non-singular prove that
(a) det A = (det A)n"l. [Hint. Use (1%.7) and Problem 13.6.]

(b) A= (det A)*2A, (These are also true if A is singular.)

14,7 Prove the following: If the elements of a non-singular matrix A are

integers then the elements of A-l are integers if and only if det A=%*1,

[ ]
14.8 (a) Show that
L a a?
2
1 b b = (b - a)(ec - a)(ec - b).
- ¢ c2

[Hint,, Subtract rows and loock for factors.]
(b) Given three distinct numbers a, b, ¢, and any three numbers p, q, r,
find a‘quadratic polynomial

2
f(t) = Xy + x5t + Xt

such that

f(a) = p, f(b) = q, fle) = r,
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14.9 We have seen that triple diagonal matrices are of frequent occurrence and
have useful special properties. The determinant of any triple diagonal
matrix can be computed in the following manner. Denote an n x n ‘triple

disgonal determinant by

where all the elements not shown are zeros.
(a) By expanding by elements of the last row and making one additional
simplification show that

By © ath~l - bncnpn—E'

[Suggestion. Try a special case first, say for n = 5. ]

This equaticn is called a recursion formula. It enables us to compute

Dn’ step by step, for any value of n, if we have two consecutive D's

to start with. Obvicus starting values are Dl = ap, D, = a8, - b2c2°

(b) Write the recursion formula for a triple diagonal matrix with 2's on
the main diagonal and -1's on the adjacent diagonals. Find the value
of such an n x n determinant for n= 1,2,...,6. Make a conjecture

as to its value for any n. Can you prove your conjecture?
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(¢c) Express

0O 0 3 Aa L4

o 0 0 4 A

o

as a polynomial in A, Ans. A7 - 30R3 + 892,

14,10 The following equations arise from a problem in heat conduction (cf.

Probiem 16.6). Solve for Xy

&xl - X%, = 3,
=gy ltxe R = 0,
- x, o+ bxg - %5 = 0,

- X, +L*Xz+‘ X5:5,

- %y - xk+hx5=3.

Answer. x, = 73/89.

15. Linesr Transformations.

The general concept of & linear transformation from one vector space
to another was introduced in Section 9. Since then our considerations have
besn confined to the transformations defined by matrices, and to proper-
ties of the matrices themselves. We shall now return to the general case,
partly for its own sake and partly to show its intimate conmections with the

special case of matrix transformations.
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From the examples in Section 9 we are led to the following definition:

Definition 15.1. ‘Given vector spaces V and W, (which may coincide), a

linear function from V to W is a function 1,(v) = w, where v is in

V and w is in W, such that
(15.1) Llayvy + ayv,) = & L(vy) + a,L{v,)

for any scalars a), 8 and any vectors Vi Vs in V. A linear function

is also called a linear transformation or a linear operator or a linear

mapping. IL{v) is called the image of v or the transform of v.
The defining property of linearity (15.1) is easily extendable to
the more general form

182 L (E;Haivi) = ;E aﬁL(vi).

ok
For we have

L(alvl toapVp toagvy ok ahvn)

alL(vi) + L(agv2 + a3v3 T anvn

1l

It

alL(vl) + aEL(vg) + L(a3v3 * ouue F ahvn)
and so on.

Many of the concepts that we introduced for matrices can be extended
to linear transformations in general. Some of this was done in Section
11, where we saw that Theorem 11.1 applied to general linear transforma-
tions. Much of the algebra of matrices can be applied to general linear

operators by means of the following definitions.
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Definition 15.2.

(a) Let L, and L, be operators from V to W, and let c be
any scalar. We define the operators L3 = Ll + L2 and Lh = cLl, from
v tc W, by

Ly(v) = Ly (v) + Iy(v), L,(v) = cLy (V).

(b) Let Ll be an operator from V to W, and L, an operator

from W to U. We define the operatcr L = L2Ll’ from V' to U, by

L(v) = Lg(Ll(v))o

(c) Let V be contained in W. (An important special case is W = V.)

We define the identity operator I from V to W by

I(v) = v
(d) 1If L, and L, are operators from V to V such that L,L, =
Lng = I then each of Ll and L2 is the inverse of the other, and we
. - _ . -1 . -1
write Ll = L2 5 LE = Ll o

Swme important properties focllow at once from these definitions.

Theorem 15.1. In (a) and (b) above, if L, and L, are each linear

oparators so are Ll + Lg! ch,, and L2L1° In (c), I is linear. 1In

(d)s &F L, is linear so is L,.

Proof. Proofs of (a), (b), and (c¢) are straightforward and are left as
exercises. To prove (4), let vi; V, be any vecters in V and let

LQ(VI) = Wy, LE(VE) = Wy Then Ll{wl) = v, and Ll(wg) = v,. Since

L

4 1s linear, Ll(alwi + agng = a)Vy + a,v,. Then
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LE(alVl + agvg) = LQLl(alwl + a2w2)

I(alwl + agwg)

ayw) + 8,
= g Ly{vy) + ayly(vy);

that 1s, L2 is linear.

To avoid complications, for the rest of this section we shall assume
that W = V; that is, we shall consider only linear transformations from
V. to V. This is analogous to our restricting ourselves to square ma-
trices in Section 12. Many of the things we do can be extended in fair-
ly obvious fashion tc the more general case, but we leave such exten-
sions to the interested reader. (See, in particular, Problems 15.7 and
15.8.)

The following thecorem is similar to Theorem 10.1 plus some results
of Section 11.

Theorem 15.2.

(a) Linear operators from V to V form a vector space under De-
finition 15.2(a).

(b) C(Lng) = (cLl)L2 = Ll(CLE)'

(c) (LlLQ)LB = Ll(L2L3).

(d) Ll(Lg + L3) = Iy L, + LlLE; (L2 + L3)Ll = LIy + LsLl,

(¢) IL =1I=L.

) If 1™l exists it is unique.
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Sampie Proof (d). We wish to show that

[Ll(L + Lg)jv = (Lng + 11L3)v

2

for any vector v in V. We have

[Ll(L2 + L3)jV‘: .Ll[(L2 + L3)v] by Def. 15.2(b)
= Ll[sz + L3v} by Def. 15.2(a)
= Ll(LEV) + Ll(L3v) by linéarity of L,
s (LlLE)v + (LlL3)v by Def. 15.2(b)
- (LlL2 + LlLB)v by Def. 15.2(a).

The other parts of the proof are similar and are left to the reader.

Some applications of the algebra of linear transformations are

shown in the following examples.

Example 15.1. Let V = P° or P®. We define two operators E and A,

callsd respectively the translation operator and the difference operator,

by

E p{t) = p{t +1),

p(t + 1) - p(t).

A p(t)
For example,
2 2 : =
E(t™ - 3t+ 1) =(t+1)7 -3t+1)+1=1t" -t -1,

A (t2 -3t +1) = [{t+ 1)2 - 3(t + 1) +1] - [t7 - 3t + 1

2t - 2,

1l
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These operators are of basic importance in the study of Difference Equaticns.

See, for instance, 5. Goldberg, Introduction to Difference Equations, John
) b i )

Wiley and Sons, New York, 1958.)

Obvicusly A=E - I. It is easy to see that E is linear, hence so
is A, Now E and I commute, that is, IE = EI, It follows that they
both commute with 4, and hence that we can apply the ordinary algebra of
polynomisls to E, I and A. In particular we can expand E- = (I + A"

by the binomial theorem:

e nAIn.-l " n(grl) é:?In-—E 5 n(n-ég(n-Ez A3

s 98 3

and so

EPp(t) = T™p(t) + nAT™ 1p(t) + EL%;EL Py & s

Evidently E'p(t) = p(t + n), and ikp(t) = p(t) for any value of k.
Hence we have

p(t + n) = p(t) + nap(t) + 2 ;;l Ep(t) + ...

This is the simplest case of Newton's Interpolation Formula. (See Gold-

berg, loc. cit., p. 38.)

Example 15.2. 1In Theorem 12.3 we proved that a right inverse of a matrix

is also a left inverse. To see that this statement is not true for all
linear operators consider the derivative operator, D = é% 5 R P e
define another operator S in PP by

T
S p(t) = /’ p(u) du.
J

0]
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If p(t) is a polynomial sc is 8 p{t), and S 1is easily shown to be 1ii-

d
ps p(t) = 3 p(u) au = p(t),
0
by the fundamental theorem of calculus, and so DS = I. But 5D £ 1,

35 1s easily seen from an example:

SD(t® + 1) = s(2t) = Pudu = t° £ 7 + 1.
0
Hence S is a right inverse of D but not a left inverse.

As a matter of fact D cannot have any left inverse. For suppose
we had TD = I. Then TD(P(%)) = p{t) and TD(P(T) + ¢ = B{t) + ¢,
But -D(p{t)) = D(p(t) + =), and so TD(P(t)) = TD(P(t) + €), contradic-
ting the previous statement if ¢ % 0,

@

Example 15,3, Let V = C and consider transformations of the form

L f(t).z (D + p(t))£(t) = %% +D0(t)f(t),

where DP(t) is some fixed element of (. As s particular case p(t)

can be a constant <,

Consider the product of two such operators, for example (D + t)(D + t

To see how to perform this multiplicaebion apply the product cperator to

a function f. We have

(D + £)(D + t°)¢

i

(D + t)(Df + tgf)

li

D(DF) + D(t°f) + tDf + t(t°f)

2 2

DPf + (t°Df + L) + D + t°F

[D° + (t° + £)D + (2t + t3)]7.

i

)

o
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Hence

IF + (t2 + £)D + (2t + t3).

It

(D+ t)(D+ tg)

Similarly we find

T (t2 + t)D + (1 + t3)

(D + tg)(D + 1)
£ (D+ t)(D + tg).

Thus these differential operators do not in general commute, and we can-
not handle them ag if they were simply polynomials in D. However, if we
restrict ourselves to the case where the functions p(t) are constants
we find that the operators do commute, and they can be added, multiplied,
factored, etc. just like polynomials in a variable D. These comments
have important consequences in the theory of linear differential equations.
Our discussion thus far has put no restriction on the space V. We
now assume that V has a finite dimension, n. Let {;1, ?;, W ,;g}
be a basis of V.
Let L Ybe any linear transformation from V to V. Any vector E
of V 1is a linear combination of the basis,
I'l_

(15.3) u= ),

X. ;"l )
£ 030

and it follows from equation (15.2) that
n N

(15.4) L@ = ¥ x, L(v,).
P R

Hence, a linear transformation is completely determined by its effect on

the vectors of a basgis,
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To specify a linear transformation L we thus need to know what it
does to each basis vector. ©Since the transform of $j is an element of
V it is thereby expressible as a linear combination of the basis. That
is

n

BN -~
(15.5) L(vs) = 'Z; 85 Yy s 4 & Ly g ag i
i=

The transformation I is completely determined by (15.5) and (15.4) if
the matrix A = (aij) ig given. Conversely, the transformation deter-
mines the matrix, for since i$', e ,?; is an independent sef the
coefficients 3 | in (15.5) are unique, by Theorem 6.4(c). Thus a
given basis of V determines a one-to-one correspondence between 1i-
near transformations from V to V and n x n mnatrices.

To view this relationship from another angle let us return to the
considerations of Section 8. In the proof of Theorem 8.2 we saw that
equation (15.3) could be interpreted as establishing an iscmorphism
U <—> (Xl’ cun ,xn) between V and V . We wish to see what corresponds

to L in this isomorphism. Let L(G) correspond to (yl, a ,yn),

that is,

1
s
e
G
4
[
C
LSl



5y & -
. ZJ (3%£ aijxj)vi .

-
1!
i

Py
Referring again to Theorem 6.4(c) we see that the coefficients of vy
on the two sides of this equation must be equal, and so we get

n
(15.6) ¥, = ;;i 8 %5 i = s eyt

If we introduce the column vectors

equation (15.6) is just the familiar matrix equation y = Ax.

We can sum up these conclusions in the following statement: Given
a basis in a vector space V of dimension n, any linear transformation
from V to V 1s sssociated with a unique matrix transformation of the
components of the vectors in V with respect to this basis.

Example 15.4. Consider the operators E and A of Example 15.1, tsking

V = PBE A nztural basisg for P3 is il” t, tg, tB} . Following our
general notation above we can write for (15.3)

Blt) = RN x3t2 + xutBD

For (15.5) we have for the translation operator

E(1) = 1
E(t) = L+ t

(o]
E(45) = 1+ ot + ¢

1 & Bh b 3t2 + 53,

=
ck
w
—
I
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Hence (note the way the row and column subscripts are used in (15.5)),

If we now wish to find E(2 + 3t - t2 —‘2t3) we need merely compute

& & L I 2 2
o 1 2 3 3 -2
0O 0 1 3 -1 ) -7
0o 0 0 1 \ -2 -2

to get the answer 2 - 5t =~ 7t2 - 2t3.

Since A= E - I we can see at once that

The matrix representation of a given linear transformation depends
on the chosen basis of V. This observation gives rise tc two questions:
A. How does a change of basis affect the matrix? B. Can we choose a basis
for which the matrix has a particularly simple form? We ghall consider
Quegtion A here and defer discussion of the more difficult Question B to

Chapter 5.
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Before attacking Question A we must pick up where we left off in Sec-

is on the

o

tion 8., There we were considering the effect of a changs

!
—h
il
W
U

components of a vector., With a slight change of nocation the results were

23 follows:

25, . - - )
Let %vi, oo ,Vng and 3‘Vi, o ,Vﬁ} be twc bases of V. Each

— r 5 § = oy
v, 1s then a combination of the v{,

(L5.7) T Cyp V5 1= 1,000,0

S
Let a vector u be expressed in terms of the two basss as

" n n
n = Z: S ?; = Z: xi ?i
5 M =1, -
Then (cf. equation (8.8))
‘n
(15:8) . X5 = Z: ¢ii%y o= 1o mws 3l

The uses of the coefficients Sy in (15.7) and (15.8) must be
carefully distinguished. They differ in two respects. Eguation (15.7)
expressed the unprimed basis in terms of the primed, whereas (15.8) ex-
pressed the primed components in terms of the unprimed. In equation (15.7)
the sum is on the row subscript of Cji’ while in (15.8) it is on the
column subscript,

Equation (15.8) is, of course, Jjust the matrix eguation
(15.9) x' = Cx,

Thus a change of basis effects a matrix transformation on the components

of a vector.
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We might wonder if every matrix transformation can arise in this way,
that is, if any given matrix can act as the C in this process. That this
is not the case can be seen by interchanging the roles of ?i and ﬁl
in the above process. This leads to a result x = C'x'. Combining this
with (15.9) gives x = C'Cx for every x, from which it follows that
C'C = I, and hence that C is non-singular. However it 1s not hard to
chow that il € dis any given non-singular matrix we can find basges re-
lated to one another by equation (15.7) for the given C. (See Problem
15.4.)

Now we are in a position to answer Question A. Let L(u) = ¥ De

-
any linear transformation in V, and let w Dbe expressed in terms of

the bages as

Then corresponding to (1569) we have

(15.10) y' = Cy.

Iet L Dbe represgented by the matrix A in the ﬁlbasis and by A" in
in the v'-basis; then

[15:471) ¥y = Ax,

(15.12) o ETRE,

.

Writing (15.9) in the form x = C ~x', we combine this with (15.10) and

(15.11) to get

(15.13) y' = Cy = CAx = CAC ~x'.
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Since we havs seen that, with respect to a given basis, the matrix re-
presentation of a transformation is unique, we conclude from this egua-
tion and (15.12) that

A = cac”L,

This relationship iz easily remembered by the diagram:

A
X —

€3
-

’

1

‘xi

o —
(@p]

e
AE
Figure 15.1

From this we can read off various relationships, e.g.

; 1

y=Ax , x'=0Cx , ete.,, x=C x', ete.

-

(Note that we cannot say x» = A_*y unless we know that A_l exists,)
The passage from x' to y' can be done directly by A', or indirectly
through x and y: X = 5 gl , v=2ax , y' = Cy. Equation (15.13)
shows that in combining C"l, A, and C 1in this order we must multiply

them from right to left, thus A' = CAC-la

Matrices A and A' related in this fashion are said to be sgimilar,

and the passage from A to A' is called a similarity transformation.

We can thus answer Question A by saying that a change of basis effects a

similarity transformation on the matrix.

Example 15.4, continued. Consider the basis 31, t, t(t-1), t(t—l)(t—@)}
3

of P7. To get the matrix Aﬁ of the operator E 1in this new basis we

need the matrix C defined by (15.7) expressing the old basis in terms
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of the new one. Here, however, it 1s easgier to express the new basis in

25
terms of the old, thus giving C —

-
L

L= %,
t(t-1) = -t + tg,
t(t-1)(t-2) = 2t - 3t° + 5
1 00 O© 1 0 0 ©
L [0 1 1 e o 1 1 1

C = | 3 C =
o o0 1 -3 |
1

/.

Direct computation then gives

O
O
O
-

O 0 O

AL = CAEC_l

Let ug check this by getting Aﬁ directly from the transform of the

basis by E.
E(1) =1 =1,
E(t) = t+ 1 =1+ t,
E(t(t - 1)) = (t + 1)t = 2t + t(t - 1),

E(t(t - 1)(t - 2))= ( ¢+ 1)t(t - 1) 36(t ~ 1) + s{t - 1)(t - 2).

This gives the same Aé as above.



Tt is this simple form of the difference operator that makes this parti-
cular basis useful in the study of Difference Eguations.

It is dimportant to d&:o' inguish between the two uses of a matrix exem-
Y

plified by (15.9) and (15.11). In (15.9) the n-tuples x and x' are

—
representations in different bases of the same vector wu, whereas in

(15.11) the n-tuples x and Yy are representations in the same basis of

— _
different vectors u and w. The following example illustrates the rela-

tion between these two aspects of a matrix.

Example 15.5. Consider the matrix

‘cogs © -gin 6
R - ,

\sin © cos ©

© being some fixed angle.
(a) In Problem 9.2 we considered this matrix as defining a transformation

Rx = y, and showed that this transformation is a rotation through an angle

0., (Figure 15.2).

“\7 — T =
= B = By By
e —_ —_ Y
" WE YV T Yool
e u xlcos e - X251n 0 = yl’
/;l .XLS].H. Q + XQCOS o = ygl

Figure 15.2
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(b)
x' = Rx, (Figare 15.3)., Here
...}. . —
the v' ‘Tasis to the v 1basis.
.J!
v, i
= u
7
Vs I 2
: . .
! b
/
_
Y5
J\Q N .
X
> 71 1
Xl‘
2
Figure 15.3

]

It

In BExampie &.3 the same matrix was shown to define a rotation of axes,

@ must be considered to be the angle from

‘ — — ..Jr '._‘l-'
WP B ST T X

AP ".)\’ 3

v, cos e + v,sin Q,
"}P 2 —\!
—v151n e + v2cos e;

X, cos o - xgsin e,

X.cos O,

xlsin e + 5

The application of a similarity transformation in Example 15.4 is

not a particularly useful one, for the result is more eagily obtained by

direct computsation with the new basis.

The following example indicates

how a change of bacsis can be used to solve a geometric problem whose

straightforward soluticn would be very complicated.

Exsmple 15.6. We wish to

find the equation expres-
sing a rotation of 90° in
euclidean 3-space about the
axis Ky = X3 in the X2X3-
The rotaticn will

plane.

transform a column vector

into a coclumn
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71
vector y = Yo , anrd our problem is to find the matrix A such that
y3/
y = Ax. To do this we introduce a new set of axes, chosen in a way to fa-
cilitate the expression of the rotation in the form y' = A'x'. From the

relation hetween the two sets of axes we can then determine A from A’

by a similarity transformaticn.

- — -
Let %vi, Vo5 vgg be a basis of unit vectors along the three axes,
> —x.! AT A, . - . _5? =
and LVys Vo vg} another set of perpendicular unit vectors with v, =V

and ?% along the axis of rotation (Figure 15.4). The relation between

- . -
g Vs v3% and Evé, ;é E is the same as the relation in Example 15.5(b)

between i—x? $ E and g?‘ ?‘*7} with © = -45°, while the v, ¥ com-
- 1 2 1’ 2 ? 17 1
ponent is unchanged. Hence the matrix associated with this change of basis
is
1 0 0 "1 o o
C =0 cos(-45) -sin(-45") = 0 1/¥2 147 .
0 sin(-45°) cos(-45°) 0 -1A2 12

Since C corresponds tc a rotation through an angle of -M5°, C_:L corresponds

to a rotation through 45°, and so

I3 0 0 E 0 0
¢l do cos b5°  spin 45° = o 142  -1/42 s
0 sin 45° cos 45° 0 1H42 142

—
The rotation we want is one of 90° about vé as axis. In terms of

-
the v'-basis its matrix is (cf. Example 15.5(a))
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cos 90° O .sin 90° 0 0 -1
At = 0 1 0 = 0 1 O
\ gin 90° 0 cos 9o°./ 1 0 ©
Hence the same rotation . in terms cof the ?Lbasis, is given by
i 0 0 0 0 -1 1 0 0
a=clac= | o 142 -1/12 0O 1 0 o 1/42 1//2

o 1Ne 1/v2 1 0 © 0 -1A2 1ANZ2

|
|

0 1M2 -1/y2
= | o 1/y2 -1A2 0 1M42 A2
o 1/2 1/%5‘/ 1 0 0

o 1Mz -1A2
= | -1fM42 1f2 /e
iNe iz 1/
In termsdf coordinates of a point (xj, X5 x3) and its transform

(v, ¥y y3) this is

v, = xohB - x/VB,
vy = HME+ myfe + e,
Iy = xlfM§ e x2/2 + x3/2 .

A similar procedure could obviously be used to get the eguations of
a rotation through any given angle about any given axis through the ori-

gin.
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Froblems

; -1 ;
15,1 As in Example 15.%, find the matrix A 1 representing E 7, defined
. E
by ETP(t) = B(t - 1). Show that A = Aﬁl,
"

o

Show that the operator S of Example 15.2 is linear,

f—
o

15.3 Prove that the rank and the determinant of a matrix are not changed
by & similarity transformation.

N =N
5.4 If Evi,nnn,vgg is a basis of V and C 1is any non-singular n x n

- —_
matrix show that %_vl,nnb,vng defined by (15.7) is also a basis of V.

15.5 (Refer to Example 15.3).
(a) r-ow that for differential operators with non-constant coefficients

factorization is not unique, by showing that

for any constant c.

(b) 1If L, and L, are operators we can try to solve for v the
operator eguation LlLé(v) = w by solving Ll(z) = W, LE(V) = z.
Solve D2y = 3t in two ways by using the two factorizations D2 =
DD and D = (D + %)(D - %), [Hint. In the second case the

general method of Chapter 1, Section 6 can be used.] Do the two

answers agree?
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15.6 The ghear transformation considered in Example 9.3 and Problem 9.4

can be defined geometrically

%
M Vo
(=i
as follows: Given a fixed
—_—
vector =z, each point of
the plane is moved in the u W
direction of = by an a- <=
/Vl
mount proportional to the
e ﬁFigure 15.5
directed distance from tho vé 2
A
. —
point to the line of =z. R\
: = ;
We will call =z the direcec- 5
v'!
tion of the shear and the '
. Y
proportionality factor the 5 ?l

strength of the shear. Figure 15.6

From Figure 15.5 it can be seen that a shear of strength c¢ 1in the
— =N .Y
direction v gives the linear transformation 8S(u) = w defined in

N 1 6]
terms of the basis %vi,VZE by the matrix . We now ask: For
0] 1

the same basis, what is the matrix of the shear of strength c¢ in the

— N
direction vj making an angle © with v, ? (Figure 15.6.)

1l - c¢csin © cos © o] 0052®
Angwer, .

n " :
, - csin'® 1 4+ csin © cos ©

L5.7 Let us investigate the result of change of basis on a linear transformation
L from a space V +to a different space W. Here we have two changes of
basis to consider, one in V and one in W.

7 - — - - 7 B _
Let %‘Vl,,.,,vﬁg and %‘vi,o..,vég be twe bases in V related by



Let L be represented in the two pairs of bases by
il .Y

m
L(v.) = a.. w. and L(?'.) = Z al, Wl .
i iy R R J & 1

Show that A’ = CAB™ .

15.8 Prove that for transformations between two different spaces Question B can
be answered as follows:
Tet I be a linear transformation fram a space V to a different
space W. Let V and W have dimensions n and m respectively.
Then there is & unique integer r, with O < r <min(mn), and a basis
of V and one of W, such that the matrix A representing L with re-
spect to these two bases has the property that 8.11 = 85, = cee = a =1

rr

and all other a'i,j = 0,

.Y
15.9 Let us designate the passage from the vector u to the n-tuple x,

defined by

-
. u =

|
agls
>
[
<l
]_,\l

—
by the symbol T. and from u to x', defined by
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by T', Then Figure 15.1 can be enlarged to

’ —
L W

T
" T‘
Lol C

X! Ar yf

Discuss some of the relationships indicated in this figure and

derive some identities connecting the various transformations.
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16. Miscellanecus Problems and Applications.

Integral Eguations.
(a) An example of an integral equation is

b
(16.1) K(x,y)f(y)dy = £f(x) + g(x) , tor & £ %S B.

2
Here the functions K(x,y) and g(x) are given and it is desired to find
a function f(x) such t-a* (16.1) is satisfied. To find an approximation
to the golution we approximate the integral by the Trapezoidal Rule to

cbtain
; 1 .
(16.2)  h[5 K(x,y,)f(y,) + K(x,y)E(y;) + ... + K(x,y, )y, ;)
1
+ 5 K(xy )y )] = £(x) + &(x).
In general we cannot hcpe to satisfy this equaticn for all values of x
from a to b. However, if we restrict x in the same manner as Y,

using only n + 1 equally spaced values from a to b, equation (16.2)

is gpproximated by

n
N — —
(16.3) ). Kiij =f, + & B By wmoy M
J=0
where fJ = f(yj)ﬁ fi = f(Xi), gi = g(xi)J
nK(x;,y5) AT J # Opm
K..=
ij &4

l hK(Xi;yj) if j=0,n,

(See Figure 16.1.) In matrix notation (16.3) cen be written as
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Kf=f+g or (K-IIf-=g

b=x i
n
T
s
k- h — }41(
T YL v -
Yo Figure 16.1 In

Thus the integral equation can be approximated by a system of linear
equations.
Using this method find the approximate values of £(0), £(1/2) and
(1), for the solution of the integral equation
L
(16.4) 1+ ) ey = £(x) + 3¢,  0<=x<Ll.
0
Answer. f£(0) = 4.7, £(1/2) = 5.0, £(1) = 4.0,
(b) If we approximate the integral by Simpson's Rule instead of the Tra-
pezoidal Rule we get the same result (16.3) but with a different defini-

tion for Kij“ Solve the above problem (16.4) using Simpson‘s Rule with

h = 1/2.

Answer. £(0) = %?, £(1/2) = %g—, (1) = %? .

[Note. The exact solution of (16.4) is f(x) = %?-+ 2x - 3x2, as can

easily be checked.]
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16,2 Random Walks.

(a) Figure 16,2 shows a map of a certain college compus. A totally drun-
ken student is staggering aiong the paths shown. At each branch in the
road he is equally likely to take any of the alternative paths, inclu-
ding the one along whichk he arrived. If he gets to West Street or North
Avenue he will be seen by the policemen and will be apprehended. If he

gets back to the fraternity house he will escape scot-free,

Police carfffhg
NB
A North Avenue )
| | N
1 b
; by
3 L
D
5 L0
— 5
+ |
2.
=
3 6 -
Figure 16.2

Let P, be the probability thet he will escape, given that he is at
the i-th junction. Consider, for example, pT; He has a choice of three
paths, each with probability l/3n If he goes north he is errested. IT
he goes west (which he does with probability 1/3) he egcapes. LI he goes
south (which he does with probability 1/3) he then has a probability Pe
of esceping; from probability theory, his probability of going south and
then escaping is the product (1/3)@5, Hence the total orobability P is

1/3 + 1/3(96). In this manner we get the following set of eguations:
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i 4
pl:EPEprh’
i o ook A
Py = [ P3 7T Py T Py
_ L L
Py =3P 3P 73
_ 1 S . L
P5_392 BPL"TE}
B O N
Pg=3 P33P0 7 3,
1 il
Pr=3P T3

If the student is at junction 2, what is his probability of es-
caping? Answer. 515/1763 = 0.29.
(b) Find the probability that a student escapes, starting from each junc-
tion of the roadwork of Figure 16.3. On the junctions marked C he is
caught and on those marked E he escapes., [Hint. Use the symmetry of

the figure to reduce the six equations to three.]

E
°4 1 5
C 2
G €
Ca 3
c b 6
B
Figure 16.3

Random walk problems arise in many pnysical situations, notably in

the escape of nevtrons from a fission pile.
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16.3 Quantitative Analysis?

A certain coed had a trying day in the Home Be. Lab. She had been given
Tour lzbelied jars and was told to record the weight of the contents of
each joar berore blending them in a saucepan. HNot only did she forget to
walgh them, but she alsc neglected to record what was on the labels. g8he
did remember however that three of the jars were labelled Water, Salt
and Sugar respectively. As for the fourth, she couldn't remember whe-
ther 1t was bsking sodsa, cresm of tartar, or glucose, but she was certain
it was cne of these three,

She took the sauccpan to a friend who was studying Chemical Engi-
neering. He analyzed the contents and reported that it contained 14
moles of C; 30 molec of H; 27 moles of 0; ! moles of Na and

2 moles of C1l and nothing else. He then urobe dovn:

Water: ]H?O R ' Baking scda: NaHCO3 .
Bait: NaCl . Cream of tartar: KHCAHAO6
Sugar: ClQHEEOll : Glucose: 06H1206

For jar: a). (K)_.

Fourth jar: CJ%QJNQB\ %

What was in the fourth Jjar and how much did the contents of each jar weigh?

16.h  Mixtures.
Four commercisl brands (Brand A, Brand B, Brand C, Brand D) of "mixed

party nuts" have the following distribution of types of nut ’in percentage).
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16.5

Brand

TypS A B o, D
of

Nut

Peanuts Lo ko 50 60

Walnut 10 20 20 10

Brazil Nut 20 20 10 10
Cashew 20 20 10 20

Almond 10 0 10 0

Price (¢/1b.) 60 50 T0 80

Is it possible to mix together appropriate gquantities of each brand
so that all three of the following conditions are satisfied?

(1) The total cost is $3,oo: |

(2) There is one pound of cashews in the mix.

(3) The amount of peanuts, walnuts and brazil nuts in the mix are

in the ragtios 2:1:1.

Structures.

(&) F

Fy
(- @ *)I*-A-l
A
1R
Figure 16.4

If R 1is not known, what can we say sbout F,, F, in Figure 16.,k7 That
F

is, describe the set of all vectors of the form (E}f) where Fl’ FE
2

sre in equilibrium. Is the set a linear subspace?
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(b)
b Fo % B
\ N
1 Rj R3
27 H t i t J/ 1

Figure 16.5
If none of the Ri are known in Figure 16.5 describe the set of all
L\
F
vectors of the form , Where Fl’ FE’ F3, Fh are in equilibrium.
Ey
Is the set s linear subspace?

(c)
F

2 ”/

i3 4 " 7

— & s

/ y 5

Mi‘<' T i’f'_j K
T Figure 16.6
o Vo
Figure 16.6 represents a "statically indeterminate structure." Load F

is given. The vertical reactions Vl and V2 and the end moments Mi,

M2 cannot be determined by statics alone. However some relations exist

arrong them, Describe the set of all vectors of the form , wWhere
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the Vi's and Mi“s are the guantities indicated in Figure 16.4. Is the

set a linear subspace?
(d) Consider also the possiblé reactions Hi, H2 ge indicated in Figure

16070

’7??57—%?7 H/r—é/ \(j-‘/
Hl u Hg \\_\[3\

=3
Mi Hy=r ‘”Hg Mé
T |
V\ v
& 2
Figure 16.7

V
1
V2
Ml

Describe the set of all vectors of the form - Is the get a

linear subspace?
Hl

(e) F o

16! j/ 10!
A i
= J
l
ig!
/
1

Figure 16.8
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In Figure 16.8 loads F, and F2 are known. Describe the s=t of all

jue

£k

fus]
no

vectors of the form , where the entries represent reactions con-

¥

gsistent with the laws of statics.

Angswer: Z: H=0, Fl + Hl + H2 = 0;
2 V=0, Fy - Vy - Vg = 0;
LM, = O, 12H, + M - 16F, + 26V, + 12H, + M, = O;
By = -H - T,
— g -
Vo= &g = Y

M, = -12H, - M + 16F2 - 26v2 - 12H, = 12F, + 26Vl -~ 10Fy = My,

Hl Hl 1 f 0 z 0 0

H, = = Fl wl I 0 0 —Fl

vy . Vi . 0 Y 1 . Mi 0 . 0

v, Fy -V 1| 0 1. (-1 0 By

M, 0 | o 1 0

\M lEFl - 10F2 + 26vi - Mi 0 26 -1 lel =
k5]

where Hl’ Vl and Ml are arbitrary.

Intepretation: The last term 0

\ 12Fl - LOF2
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gives the reactions for the structure

. ¥
Z
I

(Free end) B2 e/

The first three terms give arbitrary multiples of "self-equili-

brating" force systems:

Steady State Temperature Distribution.

(a) If M1 and Mé are two masses joined by & metal rod then heat will
flow from the hotter to the colder mass, at a rate which is proportional
to the temperature difference (see Figure 16.9).

k(ug-ul) Note: k = %é where K is

44—
the coefficient of thermal

e
) ’ k
( 1 f///;é; A conductivity, A 1s the cross-

I )

\\\\iiz//[ \\\\jEi/// sectiongl area of the rod, and

§ is its length.

——

Figure 16.9

Ir u denctes the femperature of Mi, and ¢y denotes its spe-

cific heat, then the rate at which the heat content of M1 increases 1s
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%E (Mlclu“)° Equating this to the heat arriving from M, we obtain the

equaticns
Ju
Lo

Moy 5 = kv - ),

du2
Mpep qr = Ky - %)

du:L due
When the temperatures reach a constant value we have T - - O,

so that W = U, in the steady state.
By a similar heat balance carried out at each of the masses My, T

m,, find the anglogous system of differentisl equations for u,, Us; u3

3}
for the system shown in Figure 16.10. Assume 21l the rods and masses

are of the same materisl and size. Find the steady state temperatures

u.,, u,, U,, given that the temperatures wu,, u., U, u, have the constant

values 0, 10, =10, 20,

u_=10

uu:o Hﬁz:::::—"—ﬁ-——eg) |
//:/// u
u ol T 3
e i e —)
u7=20

Ll6: ".J.O
Figure 16.10

(-14,8,54).

Answer. (ul’ug’u

P
il
AR



s BB =

(b) From the analysis of part (a) it fcilows casily that if all the bars
are identical then, in the steady state, the tzmperature of any of the
masses 1s equal to the aversge of the temperalures of the neighboring
masses which connect directly to it. Use this to find the steady state
temperature W, in the system shown in Figure 16.11 where the other
temperatures shown are the constants indicated.

Ansver. u = 426/89 = L.79 .

3 2 5
@ Q Q
'Lll u2
L & D P b
e N A\ B, N
e é) &—06—6E&—0O5
7 6 6 6 6
Figure 16.11

(c) 1If all the bars shown in Figure 16.12 are of the same material and
cross section, set up the equations for the steady state temperatures
Ups gy Uy Wy, Uy g [Note that the rate at which a bar transmits

heat is inversely proportional tc its length.]

1 u u
i gl s, Uz
2 i
o L {.\ N G’_-L ,.) 1 32
fa4
A
p PE==F 5 AR M A Mt
L 5 6
L
20

Figure 16.12
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16.7 Leontief’s Model of the Economy 1s sketched briefly below. Explain in more

detail the sfeps which folilow,

Suppose that therz are n industries I, IE’ o 0y In’ turning out

2
Fout

one product each, Pl’ Pog, e ay Pn. Each product is sold to consumers and
also to the industries. .t X denote the amcunt of. product Pi pro-
duced by industry Iin Let dij denote the amount of product Pi needed
by industry Ij and let c, denote the consumer demand for product Pi'

Thus 1f the production rate is egual to the demand

=

(1) X, = Ao F oo,

Assume that the guantity of product Pi used in the production of

Pj is proportiongl to the amount of Pj produced., Thus

(2) dij = 8%y .
The aij are called "tachnological coefficients.™
Hence
n
x, = égi B; 5%, +cy s
or (I - A)x=c

Thus if one knows the technological coefficients and consumer demand, he

can determine the production rates.

Let pj denote the price of one unit of product Pjo The cost of
n

materials for maeking one unit of Pj is E: aijpi° The wvalue added
i=1
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per unit of product Pj by industry Ij is defined as the price minus
n

the cost: p., - E:

Jo4

"value added" includes labor costs and profits; if it, and the technolo-

Py = Vs (1 - At)p =v or (I-A)%s=v. The

%4151
gical coefficients are known then the price can be determined.

It has been observed that chickens have a definite "pecking order”, i.e.
chicken A will peck chicken B but not conversely. Sometines, however,
the following, apparently paradoxical, behavior pattern appears. Chicken
A  pecks chicken B, chicken B pecks chicken C, but chicken C pecks
chicken A. This is called a cycle.

1 if chicken 1 pecks chicken j.

Let a..
1.

0 otherwise.

Let A = (aij)'

Prove that Trace (AB) is equal to three times the number of cycles.,

(The Trace of a matrix is the sum of the diagonal elements).



