CHAPTER 3

Infinite Series

Introduction and Basic Concepts

1. Cutting Up a Cheese Coke.

Suppose I have one cheese cake. Suppose I also have a friend,‘
Following a scmewhat unfashionable ethic, I bisect the ceke and give
one half to my friend and retain one half for myself. A second friend
arrives., I again share my portion equally with him, so that he re-

ceives one guarter of the original cheese cake and I retain the re-

maining quarter. (See Fig. Ts1)s

% to first friend

////7 ! % to second friend
<

% to third friend

~ ~ V
e

My half

\/ o
My gquarter al \\\\‘3

My eighth
Figure 1.1

Suppose that a third friend arrives. Maintaining my principle
of sharing equally, I give him half of my portion, i.e. I give him one

eighth of the original ceke, and retain the other eighth for myself.
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Suppose that friends keep arriving one at a time, and each friend gets
half of my current portion. What fraction of the cake do I eventually
give away? Let us call this question the "Cheesecske Problem."

Note first that the fraction of the original cake which is given

,
to the first friend is 5 ; to the second friend %(%) = ég ; to the
2
third friend i(l) - L and so on. Thus the 1™® friend gets e o
vk 23 21

the original cake. At the time that n friends have teken their share,

the fraction of the cake that I have given away is % + }E-+ see F ;E ‘
2 2

At that time my current share is the same as that of the friend who

has most recently taken his portion, i.e. EE . Since the fraction
2

which I give away plus the fraction which I retain must equal 1 we

obtain

or, solving for the fraction of ceke given away:
X
il =

Equation (1.l) represents an interesting fact of arithmetic which we

shall arrive at by a different route a little later (Section 4).

The term %— on the right side of equation (1.1) represents the
2 .

fraction of cake which I retsin after sharing with n successive friends.

As n Dbecomes larger and larger, the quantity EH becomes smaller and
o)



smalier. Thus the right side of equation {1.1) becomes closer and clo-
ser to 1. Consequently the sum on the left, which represents the total
fraction of the cake given away, becomes closer and closer to 1 as n

gets larger and larger. We indicate this fact by the notation

tm [Asloa..el]-a,
n —> oo e 2
or by the notation
S S S
‘ 2 2

Note the additional three dots on the left hand side. [These ideas will
be discussed in more precise termg in Section 2;]

Thus we might say that the answer to the guestion is 1. This
answer, however, might be disputed on various grounds, some of which
we shall now examine.

The first objection is sociclogical and is based on the fact
that I have only a limited number of friends. Thus the part of my
argument in which I let n become larger and larger may be ques-
tioned on the grounds that it becomes meaningless as soon as n 1isg
larger than the number of friends that I have. Moreover, even if
everyone on earth were my friend (and they might well be, to a man who
shares his cheese cake) there are still only a finite number of pecple
on the earth; the present world population is surely less than 1010,
As scon as n exceeds this number, the computations become questicnable.

One answer to this objection is that the statement of the problem

did not require that the friends be distinct. That is, any of my friends
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nmight present himself agaln and again to claim his half of my currernt
pertion. While this disposes of the objecticn, it may sound rather ie-
galistic, since if the statement of the probiem were altered oilightly,
so as to require that each recipient be distinect, the objecticn would
reappear. The answer then would reside in the meaning of the phrase:
"Suppose that friends keep arriving one at a time ..." just preceding
the statement of the question. This phrase means that there is no limiz
to number of times I shar. the cake; after each bisection, another will
occur. Words mean what pecple agree that they mean, and all mathemati-
cians would agree to the above meaning. Thus if cne objects to the
plausibility of the supposition "that distinct friends keep arriving
one at a time ..." he is not objecting to our answer to the problem but
rather to the plausibility of the assumpticns in the statement of the
problem itself. This is often a perfectly legitimate, in fact praise-
worthy, activity in engineering and scientific practice. Reeximining the
basic assumptions in a situation is often extremely fruitful. On the
other hand, it is alsc often fruitful to examine the mathematical and
logical consequences of assumptions that may not in fact be true. 1In
mathematics, when the problem says "Suppose that X is true” then
everyone must agree for the remainder of that discussion that ¥ is
true, whether he believes it cr not, in order to arrive at the conse-
quences of that assumption. At the end of the mathematical argument the
consequences of the assumption are displayed. The mathematiclan does
not claim that these cconsequences are true or false; his statements are

of the form "If X is true then Y is true." It is the job of the en-
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gineer or scientist tc decide what degree of credence to give to Xu
but if he believes that X is true then he must accept the fact that
Y is also true. In the present problem then, the phrase "Suppose

that friends keep arriving one at a time ..." requires that we suppose
this to be true for the remainder of the discussion, regardless of
whether it 1s physically realiizable or not.

The second objection is technologlcal and is concerned with ths
problem of devising an instrument capable of slicing the cake more
than a few times (or even once, exactly in half). This is a cogent
consideration in engineering practice, but agdin it is an objection te
the statement of the problem and not to the answer. In a mathematical
investigation we meke the suppositions which are demanded in the state-
ment of the problem., The questicn of hardware implementation must have
its day, but that is another day.

The third objection is physical, namely that after a certain number
of slices we would be bresking up molecules of cheese cake intc chemi-
cal elements which no longer would be identifiaeble as cheese cake, Fur-
ther subdivisions would require that we split the atoms and their elec-
tron shells into equal parts and that is probably impossible. Again we
must dispose of this objection on the grounds that when a mathematical
problem asks us tc assume something, then we must agree to assume it
for the course of that discussion or else leave the room. By now how=
ever, the reader is probably convinced that the problem, as stated, 1is
somewhat divorced from the world of reality. This is true. It is also

true that any mathematical formulation of a real world situation fails
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to represent the exact facts of the situation. The use of mathematics
in engineering is conseguently an art rather than a science; the art
of knowing when a mathematical formulation is "good enough" for a par-
ticular application and when it is not, so that the formulation must
be altered. Proficiency in this comes with experience. In the present
course we hope to prcvide some of this experience but we §hall be also
concerned with the mathematics itself,

The final objection is a cogent one, based on the following contra-
diction.

To say that we eventually give away all of the cake implies that we

have none to ourselves. But gt any instant we always have some cake.

Consequently there is no time at which we have none to ourselves.

Note that the argument of the precedingparagraph establishes first
that the underlined statement is true; but then establishes that there
is no time at which it is true; that is, that it is never true. This
contradiction stems from the fact that the "Cheesecake Problem" is indeed
stated in imprecise terms. Great quantities of time and mental effort
can'bé (and have been) wasted in discussion which can never reach a con-
clusion until the question is restated in more precisely defined terms.
One of the major contributions of mathematics to science and human af-
fairs has been the idesa of precise definitions. In particular, within
mathematics itself, precise definitions are absolutely necessary. Thus,
to remove the vagueness from the statement of the "Cheesecaske Problem,"
let us reformulate it as follows: "What is the limit, as n goes to in-
finity, of the fraction of the cake that is donated to n successive re-

cipients?”
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Because the word "1imit" has a precise tachnical meaning (see Sec-
tion 2 below), this question has an unambigucus meaning to anvone trained
in mathematics and the answer is unequivocally "1." W- shall discuss

such terms as "limit” in more detail in Section 2 below. Here we shball

= : ; 1 1 - :
only note the fact that if the sum 3 + =5 + ... + = is "replaced” by 1,
ol
2 2

the "errcr" is precisely iﬁ . If n 1is large encugh, then 1 will ke a
o
good approximation to the sum.

Problems

How meny friends can we serve before we are required to split atoms?
(Consider the best possible case and the worst posgible case.)
Radicgetive carbon has a half life of 5720 years; 1.e. half of tha
radicactive particies become non-radicactive in 5720 years. How

leng would it teke for 9%% of the radicactivity to disappzar? As-
suming that the fracticn of radioactive carbon in the €O, in the zatmo-
sphere has been constant fur millicns of years, descrilbe how thz abowvs
analysis could be used to estimate the age of fossils. (Besuntialily

this method of datirg fossils won & Nobel Prize for its discoverer,

N.F. Liboy.)

A capacitor loses one fourth of its charge in 5 ssconds., If it has a

charge of 10 cculonbs initially, when dos=sz the charge £zl te that on

a single electron? What happens thena?



1.h4

1-5

1.6

1.7

- 3.8 -

For a certain mechanical vibrator it is said that "the time to damp
to half-amplitude is 10 seconds." If it starts with a vibration of am-
litude 1 inch, for how long would the vibrations be detectable, assuming

that a vibration of amplitude ,0001 inch is detectable?

‘In a certain chemical procesg, one half a solute dissolves in 10 seconds.

Approximately how long does it take for 99.9% of the solute to dissolve?

Suppose that a golf ball dropped on the floor rises to % the height from
which it was dropped. Approximately how many bounces can be detected, as-
suming thet we can detect a bounce of .00l inch and the ball is dropped
from a height of h feet? What is the total distance travelled by

the ball? [Ans. n < (3 + loglOIQh)/loglOE ; d = 3h.]

Discuss Zeno's paradox about Achilles and the Tortoise (also called the

paradox of the Hare and Turtle).

2. Convergence of a Series of Constants.

In the previous Section we were concerned with assigning a value

to an expression of the form

(BL)

This iz called an infinite series or more briefly merely a series.
More generally if we are given any sequence of numbers 8, 8,

ELWCREEY the expressicn
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le callied an infinite geries. The number a_ 1s callz=d th= o L=rm o

)

“he series,
Now, while we can alivays add together a finite number of terms, 1t

iz manifestly Impossible even for the fastest computer to add together

e

[4)]

an infinite number of terms. Consequently there is scme guesticn a
what expression (2.2) actually signifies. To assign a numerical value or
sum to a geries such as (2.2) we first go back to the simpler notion of

an infinite seqguence, or more briefly a sequence. Examples of sequences

are
(2.3) {1,2;3,4““,%0”} ,
. 113 1 )
('iﬂ}*) {E’E"g’””;‘“’“j b)
f 1 n
(205) ﬁ ’15%}' - %J%'}— %} "°°5%L § e } 3
\
(2.6) {0,1,0,1)0,,°0 j ,wnere the terms are alternately

1 and O,
Note the commas between the terms instead of the "+" signg of fha
series (2.2). The student should be aware of the fact that while the

words sequence and series are sometimes used as synonyms in everyday

i

speech, their meanings in mathematical discourse are guits distinct, a
P 3 g g )

15

indicated in the text, We say that a seguence {al,ag,uoo,an,uob} hag
been defined when a rule has been specified which assigns to each positive
integer, n, a corresponding number 8 o Another way of saying this is that

a, sequence is a functlon whose domain of definifion is the positive inte-
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gers and whoge range of values is the real numbers. In fact the nota-
tion a(n) is sometimes used instzad of e, particularly in computer
languages where all symbols must appear on the same horizontal line of
type.

The numbers a ~are called the terms of the sequence. The nota-
tion for a sequence whose nth term is a, is {al,ag,...,ah,...} or,
if the rule is obvious, %al,ag,as,,.u} or, still more briefly, iang .
cometimes the index n <counts, not from the first term, but from some
later point in the sequence.
Example 2.1. We freqguently encounter sequences defined by recursion for-
mulas, each term being expressed as a function of earlier terms. For ex-

ample the positive integers are defined by the recursion formulas a = RF

8.1 = 3 + 1. Another example is the Fibonacci Sequence, defined by

a) = 1y 8y = 25 a, =8, %8 5 for n > 2.
The terms of this sequence, called Fibonacci Numbers, start out with

1, 8 3, 5, 8, 13, 21, 34 55, 89 wsa =

(See The Fibonacci Numbers, N.N. Vorobyov, D.C. Heath and Co., Boston,

1963,) Recursion formulas are particularly adapteble to automatic ma-
chine computation and consequently are of congiderable importance in
modern applied mathematics,

Next we need the idea of convergence of a seguence to a limit. Con-

9
sider for example the segquence 2%3 gy %, %g sen 2L ’ .,.E . This

% i "

4
can also be written in the form 3 3, 2§3 2§, wow 5 2 b ...S . Clearly
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the successive terms get closer and closer to the number 2., In fact

. . : th o : e

the distance from thne n term tc 2 is o (See Fig. 2,1.) By taking

n sufficiently large we can make this distance as small as we wisn. We

say that the sequence coavzrges te the limit 2.

1
EHl
23 1
e
il [
) vl r
% - |
1 2 3

Figure 2.1

The reader will notice the resemblance of the notion of the 1imit
of a sequence to the notion of the limit of a function (as in

1im EE%—Z = 1). In both, one has the intuitive idea of certain real

x>0

numbers (the terms of a sequence or the values of a function) approaching
a limit. But the reader is warned that there are important differences,
too, between these two uses of the limit concept and should try to keep
them distinct in his mind.

We make the notion of the convergence of a sequence to a limit
precise by means of the following definition.

Definition 2.1. We say that a seguence an%. converges to the limit L
3 ) =

Iy

if, for any preassigned positive number e, there is an integer N such

that, for all n greater than N, the distance from a_  to L is less

g}

than €.
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This definition will probably be hard for the student to digest at
one gulp. He should read it carefully several times. What it says, in
words, is this: The number I is a "good" approximation for all the terms
in the sequence which are sufficiently late in the sequence. How "good”
is the approximation? As good as we wish., How late in the sequence must
we go? That depends on how good we wish the approximation to be. The
typical situation is that the closer the "tolerance" e, the further in
the sequence we must gc to insure that all the subsequent elements a,
are within the tolerance € of the limit L.

For example, the sequence {,%’ g, %, 5. Wed g%:l, ...E , as was

mentioned above, converges to the 1limit 2, Let us verify that the con-
ditions given in Definition 2.1 are satisfied. The distance from &, to
the limit 2 is .| (2 + %J -2 = %. Suppose, for example, that a value
cf € = .001L is assigned. Then the distance from a, to the limit 2
will be less than € provided that % < .00, i.e. provided that

n > —ih—-= 1000. Thus when e is chosen tc be .00l we may select I

001
(in Definition 2.1) as 1000. (Actually there is nothing to stop us from
selecting N to be, say 2000.) The point is, that for each pcogitive
number €, there is such an N, In fact in this example we can take N
to be any integer larger than % ¥

If there is no number L with the property that %aﬁi converges to
L  then we say that the sequence iah% diverges. Using Definition 2.1

the reader may verify that sequences (2.3) and (2.6) diverge, while (2.4)

and {2.5) each converge to the limit zero.
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The notation to represent the fact that the seqguence {ah} coli-

verges to the limit L 1is

(2.7) 1im a, =1L,
n— 00
or
(2.5 a —> L, as n—> o ,
n

or simply &, —> L,

We may also write

(2.9) a —> ®

and say that an diverges to infinity if, however large we take the

real number K, there exists N such that a, >K for n >N. Thus
in (2.3) the sequence diverges to infinity. Sequence (2.6) diverges,
but does not diverge to infinity.

Notice the equality sign in (2.7). This represents the fact that
the limit is the muber L. To say "the limit approaches 1" is incor-
rect; "the limit" is a single real number, and doesn't "approach” any-
thing. The following correct and equivalent statements illustrate pro-
per usage:

The sequence has the limit L;

The terms of the sequence approach L;

The 1imit of the sequence e L ,

It can happen that no term in the seguence is equal to the limit, as

4. 1 ; -
,nua,E,,nnj , where no term has the value zero. On

o[ -

in the sequence 91,

AN
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the cther hand one or more terms in the sequence might have the value of
the limit. An extreme example would be the sequence §3,3,3,...,3,... g 3
where each term is equal to the limit. The important point is that the

conditions of Definition 2.1 gre gatisfied.

Theorem 2.1. If 1lim g = A and lim b_ = B, then
—_——— n n
n —> o n —> oo
(a) 1im (ah + bn) = A+ B,
n —> o
(b) 1im (cah) = cA , where c¢ 1is any constant,
n—> w

(¢) 1im (ab ) = 4B,
nn
n—> w

and, if B is not zero, then

Vel nlE> Q0 (E]j: % .

Proof. (a) We must show that for any preassigned positive number e,
there exists & mmber N such that, for all n >N, |[(a +b_ ) - (A + B) |

<e. Let € >0 be given. Let e. =

1 and note that since lim a, = A,

n—>

M)

there exists a number N, such that, for &l n > N, I a - A | < €

Since lim bn = B, there is a number I\I2 such that if
n—> w

Let 62 =

o m

n >N, then fbn - B| <e,. Now if N is greaster than both N, -and

NE then, whenever n > N,

I(an+bn)“(A+B)| =|(a.n-A)+(bn_B)] < ]an_Al " Ibn“B

. il
< El + 62 = §-E + §-e = €
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Proofs of the remaining parts are similar and are left as exercises
for the student. (See Problem 2.1).

Now that we know what is meant by convergence of a sequence we shall
be able to define what we mean by convergence of a geries. Recall that
in the cake-cutting problem of Section 1 we arrived at the formula for
the amount given away by the time n friends had been given their shares,

given by equation (1.1l),

-':12'-+l—2+.“+l—n=l--:l-'-ﬁ.
2 2 2
We then considered the seguence gl - éﬁ } . This sequence has the
2
limit 1. From this we were led to assign the value 1 to the series

In general we can proceed in an analogous way. 41f iaﬁ% is a given
sequence, what do we mean by the sum of the series & + 2 + eoo + a, B el

We mean the following. We form the sequence of partial sums 581,82,,n,,8n,u003

where
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n
Definition 2.2, If the sequence of partial sums iSnB , where 8 = Zl g
i=

converges to a limit L then we say that the series a; +‘a,2 + i F a, + e

converges to L, or that the sum of the geries is L.

The notation to indicate that the series al + a2 + e + an Fi wrew

converges to L is

o0
al+a2+...+an+...=L,or' nZgla,n:L.

If the sequence SLSHE dces not converge to a limit we say the series

@
Z &) does not converge, or that the series diverges.
n=1

Example 2.2. (a) In the cake-cutting problem we encountered the series

The sequence of partial sums is

vl 3 7 1
5 T B uou)l--_fl-’ . .
2
i
The sequence converges to 1, hence S T, 3
n=1 2

(b) Consider the series
34+ 0+0+0+ so0 +0+4+ .uu

The sequence of partial sums is

ke

and hence the given series converges to the limit 3.
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(¢) Consider the series

1+l +1+1+ 00t L1+ oue s
The sequence of partial sums is

s 1,2,3,4,,.u,n,n.03 "

Since this sequence does not converge, the given series does not con-

verge.

(d) Consider the series

1 -1+1-1+1....
The sequence of partial sums is

] 1,0,1,0,1,...% ’

Since this sequence does not converge, the given series does not converge.

The difference Rn between the limit § of a convergent series and

the sum to n terms Sn is called the remainder after n terms, i.e.

R =38 -5 o S =8 + R .
n n

LIE Sn is used as an approximation to I, Rn is called the truncation

error of this approximation. In Example 2.2(a) we have Rn =1 - (1 -—=—

. In (b) we have for n> 1, Rn = 3 - 3=0. From Definition 2.2

n lw
a3

it is clear that if the series converges | then R tends to zer0 &3 n—) ®@ .
n
& .
Thecrem 2.2. If the series E: 8, ~converges, then the sequence Eahg
n=1

converges toc zZero.



Proof. Note that an = 5 - Sr_lﬂ It follows from Theorem 2.1 that

n
0 o
lim & = lim S - lim S .= ) & - ) & =0,
n—>® n—w - o on—>wo n=1 = n=1

The student might Iind Figure 2.2 helpful in understanding the above
proof. Roughly the ldea is that the Sn's all approach the same num-
ber. Hence successive Sn‘s must alsc get close together, thus squeezing

the ah's down to zero. 1In words, "things close to the same thing are

close to each other."

v

a
i ol 4

v

f?
3 a
Figure 2.2 ) n

This important thecrem is often expressed in the abbreviated form:

"If a series converges,then the nth term goes to zero."
Theorem 2.2 is 1llustrated in the Examples 2.2 above. In the sgeries

(a) % T T T «sss ‘e 2™ term is iﬁ which tends to zero as

° oh o

n tends to infinity. Since the series converges this is in accordance

with Theorem 2.2. In Example 2.2(b) the series 3+ 0+ O+ ... + 0 + ...

: t : <
has for its n'® term O ( forn>1). The sequence $3,0,0,0,.24,0,...%
converges to zero. This 1s again in accordance with Theorem 2.2, In
Example 2.2(b) the series 1 + 1 + «ee + 1+ .,. has for its nth term

the number 1. The sequence gl,l,l,u,.,l,..,} converges to 1, and in



accordance with Theorem 2.2 the given series does not converge. In Ex-

)n+l

ample 2.2(d) the series 1 -1+ 1 -1+ ...+ (-1 + ... has for its

th
n

term the number (—l)n+l

: ; n+i
. The segquence {l, ey iy =Ly vaes Lek) p
deces not converge and, in accordance with the theoremjthe given series
does not converge.

Notice that Thecrem 2.2 can be restated as follows. If the sequence
o

-

)

{ ah} does not converge to zero then the series z: a does not converge.

n=1
Note however that the trecrem does NOT say that if the sequence g‘ahg

@
converges to zero then the series E: 8, ~ converges. In fact, es we shall
n=1

see shortly, 1t can indeed happen that the sequence aaﬁi converges to
@®

zero but the series E: a, does not converge. This is summed up by
n=1

saying "the condition a —> (0 1g necegsary but not sufficient for the

@
convergence of the series 2; an,"
n=1

To summarize, Theorem 2.2 can be used in two ways.

(a) If a series is known to converge then we can assert that the terms
tend to zero.

(b) If the terms do not tend to zero then we can assert that the
series does not converge.
However, if the series does not converge, Theorem 2.2 tells us no-

thing., If the terms tend to zero, Thecorem 2.2 tells us nothing.

oC
The fact that the saries EZ 8, =~ may not converge even though

=
=l

the sequence EahE converges to zero is illustrated by the series

- ¥ 1 1 X 1 2 i i 1 1 1 1 1
I i s St S Al S S e T o S T S Foiee = A L.,
2 2 37"37"3ITLTLCL YL n n o n
\‘—V'“‘ LI s ——— e =
twWo three four n terms

tarms terms terms
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which diverges, althcugh a_ -—> 0. A more famous example is the case of

the harmonic series

,__J
R
EN
+

This series diverges, although the sequence El,%,%,...,%,...} clearly

converges to zero. Tne proof that the series diverges will be found

in the following section.
eselgBant

Prove the remaining parts of Theorem 2.1.

Find the limits, if they exist of the following sequences:

(a) ?0,%,0,%,0,%,..,3 , the terms being ultimately zero and %. Ans.

L&

an+l I8
@55 T TR 6 (R S (5 5 I Pty

(c) fsin 1, gin 2, 8ifi 3; swry SDE (B); ...j . Ans. No limit.

(d) Can} , where a =n+=.

(e) ﬁx Y vhere X, = 1+ ~—= . Ans. 1.

(a) Show that the set of sequences, using the obvious definitions of
addition and multiplication by scalars, forms a vector space Va).
(b) Show that the set of all convergent sequences in V&D forms a

proper vector subspace.
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Evaluate

2
(8] lim _H§L§_
n-=w 3n + Tn

=i
Jyn +..2
(®) 1m 53
(e¢) 1lim %
n— o
; L A i, :
Show that the series 5t%g + + A1) + ... converges by using the
1 1. i 1
fact that Si) " n i v so that Sn =1 - Tt
@ @
Prove from Definition 2.2 that if E: a =1L and z: b =M, then
' =1 O s

® o)
n—zl (an + bn) =L+ M, and, if c is any constant, nZJ_ (can) = cL.

[Follow the method of proof of Theorem 2.1.]

e8] @
If the series ) a_  has the sum 2 and the series ) b~ has the sum
n=1

n=1
3, what are the sums of the following series?

ES
(a) ﬁii (2&n - 3bn) ;

Qo

1
(b) ﬁgl (bn + ;E) .

Find the remainder after n terms for each of the converging series

in Example 2.2.

State what conclusions can be drawn from the following facts on the

basis of Theorem 2.2.
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(6§ ;
s S - S ; . Il
(a) The series EA o is known to converge. Ans. lim = s
n=. 2 n—>ow 2

(b) The seguence %

@
- 1
(c) The series }; = does not converge. Ans. None.

(d) The sequence Esin@q)%} does not tend to zero.

L 4 2 3n+e
g = 4 - i .
2.10 Show that = o7 e n( ])z‘ 2)

Hence sum the series

@
+
Z: Jnte and calculate the error in replacing the sum by the

. n{n+1) (n+2)

lOOth partial sum.

3. The Generous Donor.

This is a story about the president of a university who besought a
rich alumnus for a monetary contribution. "Well," said the alumnus, "I'll
tell you what I'1l do. This year I'll give you one pound of gold. DNext year
I1'11 maeke it %-poumd; the year after, % pound; the following year % pound,
and so on. In fact I'11 write it into my will, so that in the nt year
you will receive % of a pound." The president, who had forgotten his
theory of series and saw only the dwindling income, returned discouraged
to the campus. In doleful tones he related the incident to the faculty. An
ancient professor of mathematics leaped up'and shouted "Ah, but those are
the terms of the harmonic seriesg! The sum, if carried far enocugh, will
exceed any preassigned amount. Allow me to elsborate." He hurried to

the blackbcard and drew the fcllowing figure.
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Lol =3 O]+
r'l

"The amount of gold tnat you will recelve in n years," he explained,

o " " -
is given by the sum__ ", end he wrote on the blackboard

"The solid curve in the figure is the graph of %. It is easy to
gee that the terms in Sm are the areas of the successive rectangles

shown in the figure. It 1s clear that the sum of these arecas exceeds

the area under curve between the heavy vertical lines. Therefore we have

the following inequality."” He wrote on the board
ntl
S :j_ Q%.: log(n+l) .
n 1 ®

"As n gets larger and larger, the value of log(n+l) gets larger
and larger and in fact will eventually exceed any number you wish to
name in advance, no matter how large. We shall all be richi"

The president was delighted with this turn of events. He was pre-
paripg to present a moticon to change the names on several bulldings to
that of the generous donor, when a voice was heard from the back of the

TOo0Mm.
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"Now hold on, just a darn minute!" It was a young instructor of

numericel analysis. "What you say is right enough as far as it goes,

but remember that the harmonic series diverges very slowly. Let me show

you.”™ He made his way to ‘the HWackboard under the skeptical gaze of the
faculty, then modified the professor's drawing on the blackboard, so

that it appeared as follows:!

l‘_

Wl P+

n-1 n

"The areas of the rectangles which I have shaded," he said, "re-

present the terms in the sum

lll+

noj=
-+

Wi
e

Bl-

"Since the sum of the areas of the rectangles is less than the area

of the curve between the heavy vertical lines we have

n
':I_-+':]:'+ oo +'J;< ] d—x-w—"logl’l.
2 3 n 1 X

Therefore, again letting Sn denote the amount we will receive in n

years, we have

R 1
Sn =1 + 5 + §-+ . - 2 % log .

Consequently, the amount that we will have receilved after n years
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will be less than 1 + logn = 1 +:2,3026 loglon° For example, after
1 million years we will have coilected less than 15 pounds of gold.
[1 + (2.3026)6 < 15.] Even at $35 an ounce this is less than $8400
in one million years. [35 = 16 x 15 = 8400.] It is coming 4n too slowly
to do us any good."

Unfortunately the young instructor was correct. The money arrived
slowly but surely; but too slowly. The instructor could not be appointed

1.0 ¢ tenure position. The ending is not sad, however, for shortly after

3 T

being terminated at the Uriversity, he organized Gizmo-Dynamics, Inc.

(cf. Ch. 2, Section 9). After securing a few cost=plus contracts he
bought the University, raised everyone's salary and renamed it Herbert

H. Gizmo U.

Problem 5.1 In order to stack dominoes with as much overhang as possible

one should place them so that the center of gravity of each tommost set

=

Tells ot the edge of the next lower dominoe. For example the optimal

stacking of 2, 3 and 4 dominoes is shown in the figure

SR (0 VT
S -+ - I
,W”m!" + - | — -+ - [1/2 WL“_:;i‘f /%
K Y -+~ J1/h ! -+ - [1/5
2 dominoes 3 dominoes L dominoes
O\.’erhﬂng = OVEI’hang = é]; + % = 1%— Overhang = %‘ -+ %’ + .é; = %_;‘

(a) Show that for any number A, no matter how larpe, one can make 2
stack with an overhang of more than A.

(b) Can one make, in this way, a stack with Lnflnlte overhang?
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(c¢) For A 1large, approximately how many dominoes are needed to make
a stack with an overhang of A?
(d) With 25 dominoes approximately how large an overhang can be ob-
tained in theory? How much can youw actually get by experiment?
Problem 3.2 Fill in the details of the following proof that the harmonic

series diverges.

o by, = e G e e iy B,
s =lale. sl
Then tEn = SQn - Sn' If harmonic series converged to S then
lim t, =5-8=0. But t, > 1/2 for all n. Contradiction.

L, The Geometric Series.

In the cheege cake problem of Section 1 we encountered the series

II—-‘

nof-

4+ veo . This is a special case (r = %) of the

WnVJ
o

sl
"M

. 2 ; s . .
series T 4+ 1 F c.. AT 4+ se. o If we add an initial 1 to this series

we obtain the geometric series in standard form:

(4.1) L P B B e B F oaoe o

This is also often written in the form

in which the "n" counts the terms starting from the second. It should

o

always be clear exactly what the n denotes.
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The sequence of partial sums can be reduced to convenient form by

the following device:

(4.2) s, =ltr+r # o BB
Miltiply by r: rS_= P e BT g B,
Subtract: S -rS5 =1-71".
n n
Factor out Sn:
(4.3) (1-r)s =1 - r.
Thus we have the idéntity
(L.4) (1-r)(1 + r + o vee +‘rn_l) = 1-r" i

of which equation (1.1) is a special case. If r is not equal to 1,

we can solve equation (4.3) for 8

n
L T
(4.5) By = T W TR

We now discuss the convergence of the geometric series for various values

of r. If |r| <1 then from (4.5) it is clear that

1l
-
1
H

; L : 1
JLim 8, = g dnce [8; - 35

It lr [ > 1 then by Theorem 2.2 ESA& does not converge, since the terms
27 do not converge to zerc., We summarize these results:

Theorem 4.1. The geometric series

n
l+r+ 00+ 4+ ...
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diverges if |r | > Ll. 1f |r ] < 1 the series converges to the limit

n
. el : r
, and the remainder after n terms, T " Sn’ is equal to T

‘|
1
H

Suppose two trains are 120 miles apart and headed toward each other
on a straight track, each travelling at 60 miles an hour. Suppose a fly
starts from the front of the first locomotive and flies at 120 mph toward
the second train. On reaching the second locomotive he turns instantly
and flies back to the first at 120 mph, then turns and flies toward the
second again, and so on. How far does the fly fly?

One solution of this problem is the following. Let dl be the dis-
tance the fly flies on the first leg, Sl the distance each train tra-

vels in that time, and tl the time for the first leg. Then

&, + s =120, 4; =120%, sy = 601:l .

Hence 120t, +.6Otl =120 or t, = 3 4 = 80, s, = Lo .

On the second leg we have a gimilar computation but with the initial dis-

tance reduced to 4O = %(120). Consequently d, = %(80), where 4, 1is
the distance the fly flies on the second leg. Similarly dy = %(80), and

so on. For the total distance flown by the fly we get

d1+d,2+d3+...,:80+%—o+§99-+...=80(1+%+:—L§+-1—3+...)

3

w

80

= 120 miles.
1 o1
3

1l

A somewhat simpler solution is the following. ©Since the trains are tra-

velling at 60 mph and are initially 120 miles apart, it is clear that they
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will crash in 1 hour. Since the fly is continually flying at 120 mph the
total distance he must cover in that hour is 120 miles.

There is a story that when the great mathematician John von Neumann
was asked this problem he instantly answered "120 miles." "How dis-
appointing,"” said the questionmer, "You solved it like a physicist, using
the elapsed time until the crash times the speed of the fly. I thought
that as a mathematician you would compute the infinite series.”

"But I did compute it by the series,” Von Neumann replied.

The student should compute t., T o R hts 815 Bps eeey Sy oees
) W
and verify that ) t, =1, ) s, = 60.
n=1 n=1
We now proceed to interpret the results of Theorem 4,1 in terms of

propertieg of functions. From this theorem we can write
-2 n

k.6 S +

(4.6) it A A

for any value of x din the range -1 < x < 1. The infinite series on
the right hand side of equation (W6) is called a power series , of which
more will be said in subsequent sections of this chapter.

When dealing with power series we will often use "nth term” to
mean the term containing xn, so that in particular the constant term
is the "zero-th term." Similarly the "nth term partial sum"” S, may

mean the sum up to and including xn, the "remainder after the nth term”

will be the limit minus Sn’ and so on. In any particular situation the

meaning of the "n”" will be made clear in the context.



- 3029 -

An important conclusion to be drawn from (4.6) is that the function

l/(l—x) ig expressible as the limit of a sequence of polynomials

e
SO = 1, Sl = 1+x, 82 = 1+X+X ;4000 o

(Here we use the notation indicated in the previous parsgraph.) Note
that the function E%E is defined for all x except x = 1 (see Fig.
4.1). The series on the right side of equation (4.6) converges, how-

ever, only for x 1In the interval -1 < x < 1.

| |
| r
| fAi’L/ 1
I -X
L/
P |
ol
o T |

O 2@ X
| |
| |
' :

Figure 4,1 |

We can perheps provide additional insight by writing equation (4.6) in

the form

(%.7) li = 1lim  S_(x), 1<x<1,
-X n
n —> oo

where Sn(X) =14 x+ ...+ x, and graphing the successive terms
So(x), Sl(x), Sg(x) i Figs 2.
Notice how the successive curves Sn(x) are beginning to approach

the function for x in the intervel -1 < x < 1, but not for x

1-x

outside that interval. One might also note that the approximation is
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8. (x) = 1+x+x2+x3
: | g+ :
\ ! 1) W s
\ ! D L-x op g S By(x) = lexx
! “ F / 7
5,(x)| | B Y

/

I‘T“"’Sl(}{) = 1ix

KSO(X) = 1

Figure 4.2

best in the neighborhood of x = o and becomes pocrer as we approach

the values x = © 1. TFor any fixed value of x in the interval -1 < x <1,
however, the value of Sn(x) will converge to E%E as n—> ®, in
accordance with Theorem 4.1,

We can use the error estimate of Theorem 4.1 to sgharpen the state-

ment of equation (4.6):

(4.8) =8 (x) +R(x), -1<x<1,
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where
(4.9) Sn(x) md B o B 3
and
‘ Xn+3_
(4.10) Rn(x) = r ‘

Equations (4.8) to (4.10) can be used for numericel approximations.

Suppose, for example, we consider any particular value of x in the in-
nt+l

terval -p < x <, wvhere 0 < p < 1., Then IRn(x) | S 199 . This

implies that the polynomial Sn(x) can be used as an approximation to
n+l

the function i%; with an error of at most l?p for any x in the

interval -p < x < p. To be specific suppose we take p = % and wish

tc have two decimal place accuracy. Thus we require

|Rn(x) | < .005 .

n+l 1
This will be true if =& = = < .005 , that is, if
1-p ol =
2™ > 200 ,

which holds for n > 8.

It follows that the polynomial 1 + x + x2 + e + xa may be used

as an approximation to the function E%E with at least two decimal

X

x
2

el FEs
A

place accuracy for all x in the interval -

A

Equations (4.8) to (4.10) can be used for other numerical approxima-

tions. Thus for example, suppose we wish to evaluate numerically the
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value of log(l-x) for some fixed x in the interval -1 <x <1l. Let

| x | <p <1l, Then

X P,
i dt
log(l-x) = - T = -‘/ [Rn_l(t) + Sn_l(t)]dt
0 0]
b x
2 n-1 tn
o [L+t+t + ...+t ~ldat - T_—;G-dt
0 0
x? X3 xn ; tn
(4.11) =—[x+—2—+—3— ...+—I—I—}— ]__TEdt'
0

[The first equelity is a formula from Calculus, the second is (4.8), the

third is (h.9), (4.10) and the last is an elementary integration. ]
x2 X3 <
Therefore if we use the quantity - [x + FThE ot et ?r] as an

approximation for the value of log(l-x), then the sbsolute error is

X tn
| [ L

way. Since |t [ < p it follows that -t > -p, hence that 1-t > 1-p

This quantity can be estimated in the following

1 1
and j_—*-"E < ﬁ . Consequently

[’X n x n
=t g | £ a3
)

[The reason for this inequality becomes clear if one thinks of the

integrals as the limits of sums. The terms 1% occurring in the sum
i

%

for the left side are all less in absolute value than the terms Sy on

DR B
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X

n+l
; 1 n _ s .
the right.] Therefore € < T-p todt | = g and finally
0

nt+l

£
el 0 < eI ) -
This error can be made as small as one wishes by choosing n suf-

ficiently large. For instance if p 1is % and we wish 3 decimal place

(é)n+l
accuracy, (4.12) would require that we teske n so that ig———— < ,0005.
é‘( ].’l+l)
. That is - i , or 2%(n+l) > 2000. By trying successive values

of n we find that this inequality will hold if n > 8. Consequently

2 3 8
the polynomial - [x + %— + %; * wwm B %%J can be used as an approxima-

tion for the function log(l-x) with at least 3 decimal place accuracy for

all x in the interval - % <x < % .

Equations (4.8) to (4.10) can also be used to obtain other series

representations by meking a change of variable. For example, by wri-

ting as l , and using ~x2 in place of x, we ¢obtain
2 2
1+x 1-(-x%)
(4.13) 12 =1-% 4+ XA - x6 + sum B (2P T , for -1<x<1,
1+x

The student might consider it to be peculiar that the function on the

TETE, , is continuous for all x (see Fig. 4.3) while the series on

1
l+x2
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the right diverges for |x|> 1. The explanation of this phenomen will

be given when we study complex varisbles in Chapter 4.

1+X2

Figure 4.3
Problems

(a) In spproximating the function i%i by a polyncmial, as described

following (4.10), what degree polynomial would be required if we wished
to insure 10 decimal place accuracy for x in the interval -.2 < x < .27
Ans. 1k,

(b) Generalize (a)rto find a formula for the degree of the polynomial
required, using the method of text, to insure M decimal places of ac-
curacy for x in the interval -p 5 X 5 p, where p < 1.

M+l - 1og,, [5(1—9)]

-1 .
= logyoP

Ans. n >

Evaluate log % to three decimal places, using the results following

(4.11). Ans. ~0.693.
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4.3 Write a program to eveluate log x by series for x = .2, .k, .6, .8, 1.0,

b.h

L.s5

L.6

1.2, 1.4, 1.6, 1.8, accurate to three decimal places.

Find a polynomial which approximates log x for x in the interval

2 6
.5<x<1.5 to within two decimal places. Ans. ~[ (1-x) + Ll%?£—-+...+ Liéﬁi—-]

Use the method of the penultimate paragraph of the text to find a seriles
(not necessarily a power series) representation of each of the following

functions and state the range of values of =x for which the series con-

verge.
1
(a) 5 . (b) =
142x 1+e
L a
(e) 24sin x ° (d) btex
Ansgwers.
(a) 1 - el hxt - 8x6 + oes F (-l)n—12n—1x2(n"l) + vus , Tor |x|< -% .
V2
(d) 1 -e"+ e R (_l)n-le(n-l)x ey p dor KD
G e sirx n-1(sin x)°
(c) 2 - sin x + ===+ ... + (-1) + ve. , for all x.
2 2n—2
a . R b
(d) '.b" - -a-'—a"i' 3 - e +'(-l) ﬂ'a_n T oees for ]X|< 'E'
b b L b

Using the series (4.13),

1

1+x

=1 - x? + xl+ - x6 + e, “l<x<1,

theﬂintegration formula
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4.8

L.9

k.10
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X
dt

(
|
Jo 1442

arctan x =

and a method such as was used to find (4.12), find a polynomial approxi-

mation for arctan x, whic:: will be accurate to at least eight decimal

N 3.5 T

X X X
places for J x' < 0 - Ans. x - 3~ + il

[

How long does the process in Problem 1.6 take? Ans. (4+3V§)'V§ Z 1.46 h seconds.

If I take out a mortgage for $15,000 to be repaid in equal menthly in-
stallments over a twenty year period and such that the amount of interest
paid each month should be at the rate of 6% per annum on the unpaid balance

of the mortgage, how much is each monthly installment?

If I leave $1000 in the bank at the rate of 6% per annum how much is the
principal. at the end of 20 years if the interest is compounded

(a) annually,

(b) quarterly,

(c) monthly,

(4) n times per year,

(e) "continually."

Derive the formula

A = [(14r)" -1]P
n T

for the amount in a sinking fund after n equal deposits of P dollars
each, made at the end of each period, with interest compounded at the end

of each period at rate r per period.
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L.11 At one stage in the making of paper a mixture of wood pulp, soda, and
water, called soda pulp, 1s washed with fresh water in successive steps
to remove the soda. Let the scda pulp contain V gallons of water.

At each step kV gallons of fresh water are added, the mixture agitated,
and &V gallons of soda solution removed. Show that after n such
rinses the fraction of scda removed is 1 ~ (E%E)n . [Hint. 1If Xn

is the concentration cf soda after the n-th rinse, then

VE = VK g+ KVX

l']

.12 1In the paradox of Achilles and the Tortoise, show that in overtsking the
Tortoise, although Achiiles must travel infinitely many successive partial

distances, he takes only a finite time to do this. (Cf. Problem 1.7.)

k.13 If a certain amoeba reproduces (by splitting in half) once each minute,

how many amcebae would be present at the end of a day?

4 .14 Ify in a certain chain reaction, each neutron releases (on the average)
k  cther neutrons each nancsecond, how many neutrons would be present
one microsecond after a single neutron is released. (Assume there are

enough neutrons present to keep the process going for a microsecond.)

4.15 (a) Show that the repeating decimsal ,135135135... is equal to 5/37.
(b) Use (a) to show that .27135135135... ,(in which the digits 1 3 5
keep repeating) is equal to 251/925,

(¢) Prove that every repeating decimal .al...anb ...b D ...bm--- s

1 m 1
(in which bl"'bm keeps repeating) represents a rational number.
(d) Express the rational number 22/7 as a repeating decimal.

(¢)  Prove that any rational number can be expressed as a repeating decimal.
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Taylor Series

5. Power Series.

In the preceding section we encountered the gecmetric series

2
L+ xX+X 4 o0a + xn T

This is a special case (with all a.n = 1) of the general power series

3

b S} 8y * ax + 82X2 et b ...+ ahxn # aww

@

G 3 " n

where a., 81, eve, &, ... are constants. This is also written 2: 8 X .
6] n Fo B

The series (5.1) might converge when certain values are substituted
for x and might diverge when other values are substituted for x. It
is obvious from (5.1) however that the series surely converges when x = Q.
For other values of x the situation turns out to be fairly simple. It
will be proved in Section 14, below, that one of the following three al-
ternatives must hold.

Theorem 5.1. Given a power series (5.1), either
(a) the series does not converge for any value of x other than x = 0, or
(b) there is a positive number R such that the series converges for all

x in the interval IXi]<:R and diverges for all x such that

| x| >R, or
(c) the series converges for all values of x.

The case (a) is rather unususl and we shall probably not run into it
again in this course. The case (c) is sometimes referred to as a special
case of (b) with an "infinite radius of convergence." TIn case (b), at the
point x = R the series might or might not converge, and at the point

x = =R the series might or might not converge (independently of what
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heppens at x = R.) (See Figure 5.1, below). The number R is called

the radius of convergence and the interval -R < x <R is called the in-

terval of convergence (regardless of whether or not the series converges

at the endpoints).

May or may May or may
not converge not converge

\’ ¥

< convergent 7 -
——  divergent —> <—— divergent ——

-R o) R

Figure 5.1

Example 5.1. The geometric series converges for |x| <1l and diverges
when ] X | > 1. The radius of convergence is 1. The series happens to
diverge at Loth endpoints, x = L.

The radius of convergence of a power series is often easy to find by

means of the following theorem.

8 41 o)
Theorem 5.2. If 1lim %—2;—- = 0 then the series E: a Xn con-
n —> oo ah n=0 H
Sl
verges for all values of x. If 1lim 2 ‘ =L # O then the
n —> m an

: B i,
radius of convergence 1s I
Although we shall not prove Theorem 5.2 until Section 14, we shall
find it useful now for determining the interval of convergence of power

series.
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A convenient way of stating the conclusion of Theorem 5.2 1s the
a,

following: If —> R +then R is the radius of convergence of

N+l

m .
the power series E: aﬁxﬂ . In this formulation the case R = 0 1is

i

n=0

just case (a) of Theorem 5.1, while the case R = @ 1is case (c). For

a,
it is easy to see that —> o (see equation (2.9)) if and only
n+1
a,
e |22 o0,
n
; . ; 2 n-1
Example 5.2. For the geometric series 1l + x+ x + ...+ X + eue
'ah+l
we have a = g = 1., Consequently 1lim l =1 =1L, There-
n+1 n a
n — oo n
1

fore the radius of convergence is R = I = i [

Example 5.3. Find the interval of convergence of the power series

v X2 3 £
l"'iT‘F'g—E'i"ﬁ'i'.-o'i‘E'l'.a..
a, ; a,
. 5 +
Since L ] = (n?l)' = nil ; we have 1lim : & = O. There-
' , n —> oo n

fore by Theorem 5;9 the series converges for all values of x.

Example 5.&. Find the radius of convergence of the power series

1+ 2% + ux? e #2554 a.

2n+l
= lim 2 = 2, we see that the

n—>o 2% n-=oo

an+l

Since lim
n— @

a,
n

radius of convergence is
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Example 5.5. Find the interval of convergence of the power series

(o9 a,
+

Z nx'. Since 1im ?ﬁ = lim Imfjbz lim %%=l,

n=1 n - n n— n— @

we see that the interval of convergence is ] XI L i
In meny ways power series can be manipulated as if they were polynomials.

If we had two polynomials

2 n
f(x) = Byt BX t aX ... e X,

2 n
g(x) = bO + blx + ng + s T bnx s

then we would have the formulas
n
(1) £(x) + glx) = (ao + bo) + (a:L - bl)x +oeee (a.n + bn)x F
n
(2) cﬂx):c%)+c%;+...+c%§ .
2
(3) flx)g(x) = (aObO) + (anl + albo)x + (a.ob2 + albl + agbo)x oy

n 2n
- (aobn +agb gt e anbo)x e+ abx

(4) £ (x) = a) + 2a,x + 3a3x2 + oae. + nahxn_l i

2 3 n+1
X A X :‘32}{ anx
(5) \go £(t)dt = e B g A gy, W e

Suppose now we have two power series, having radii of convergence
Rl, R2 respectively:

f(x) = ay + ayx + a2x2 faotax .., for x| <R,

g(x) bo + blx + ngz T e F bnxn + ... , for ,x | <R

5 o
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Then, in analogy to formulas (1) to (5), the following equations hold,
at least for the indicated vslues of x:
2
1 e e L
(1) f(x) + g(x) = (ao : bo) - (al + bl)x + (32 + bE)X + oee. (a.n + bn)x
i ! .
for |a] < mln(Rl’RE)’
n -

(2') ef(x) = cay * cax + ...+ cax + ..., for | x| < R, ,

(37) £(x)e(x) = agby + (aby + ab)x + ...

n

e i

n .
+ (aobn b ok e F ahbo)x e g TOP ix,l < mln(Rl’RE)

1 n-

o ey e , for | x| <R

() £'(x%) = a, + 2a,x + Bahxg I nahxn 1

3

x © Xn+l
(5') SO £(t) dt = ax + 8 T+ wo b g == + ..., for |x] < By

In equations (4') and (5') the radius of convergence is in fact pre-

*
cisely R Although we shall not prove these facts here, we shall never-

1
theless find them to be very useful. Equation (4') is particularly impor-
tant. It is sometimes stated in the form: 'Pover series may be differen-
tiated termwise, in the interval of convergence. The radius of conver-
gence of the resulting series is the same as that of the original series.”
It follows that the differentiated series can in turn be differentiated,
and so on. Therefore a power series can be differentiated any number of

times, in the interval of convergence, without altering the radius of

*
Proofs may be found, for example, in A. E. Taylor, Advanced Calculus,

Ginn and Co., 1955, or R. Creighton Buck, Advanced Calculus, McGraw
Hill Book Co., 1956, Also see Problem 17.2 below.
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convergence, We express this by saying that the power gseries is infinite-

ly differentiable in the interval of convergence.

Example 5.6, In equation (4.13) we found that

= CE: n 2n
l*( n=0

, for | x| <21.

By differentiating each side we see that

les)
-2X 2: an—l)n 2n-1 _ E: (En)(—l)nxgn_l
Uﬁ)) n=l
€0 _ o0
_ Z (?m+2)(—l)m+1.x2m+l o Z (IIH"l)( l)m 2m ,
m=0 m=0

that is,

m Em } XE <1,

- Z (1) (1)

(l+x2)

Similarly by integrating each side of (4,13) from 0 to x , we find

o 0 X2n+l
arctan x = z: (-1) S 4 | X] < 1.
n=0
The series for ———%5-5 can also be obtained by multiplying the
(1+x°)
series for —ELE by itself, thus
1+x
12 S xu - X + "
1+x
1 i B I xlF - % + .
1+x
l1-x +x =~ x6 + .
- X +x - x6 i
6
x - x +
- x§ +




- 3.4 -

6

& =1 - 2x2 + 3x4 e R R

(1+x°)2

In this case the general formula for the n-th term is apparent,
but cne cannot generally expect this to happen when two series are
mltiplied,

Example 5.7. A more elaborate application of formula (3'), which will
¥

be useful later, is obtained by multiplying the series for e* and e 3 1o
i i B S S X ¥ X+y . .
prove the importent identity e e’ = e Y. In Section 7 we shall find that
x s xg 3 -
e” =1+ 5+ =— + =— +

i ot 3£ ---"i“:-i"i""}‘ ) Tor all .

We multiply as in the preceding example:

X Xg X3 Xn
l+l'+§T+§T+...+ BT + e
v 2 3 yn
l+u+m+%+“w L + ...
(]
X 5= X3 . %
1+F+§T+§-’-T P or s
2 n-1
Yo, Xy, o, Xy
A0 ey e A ZH-lilll e
yE Xy2 xn-Eyﬁ
d e ik
ot "{iptt cer t pp)rErT toeee
3 n-3_3
+ Ly g ¥ o
3!. a0 m TR
o
n
oL s
¥ s

-
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Hence, adding by columns,

. x + 1,2, 2 2, ., 1 | P L2
exey=l+L”TXl+§T(x *mxy+y)+§T(X3+2?1Lle?e'.y’y

n nt n-1 tk n-2 2

l, n

TR IR re el A o - S
n

+'.-+£-}_C_+_1L+

nt

i
[_l
+
[~
b
+
e
g
+
b4
+
e
P
Mo
+
P
e
+
e

RO

This verifies a well-known identity for the exponential function of a
real variable. In Chapter L we shall use this manipulation of series

to prove the seme identity when X and y are complex numbers.

Problems

Find the radius of convergence of the following power series.
® _n w n
(a) ) - (v) >
n=1 n=1ln
T 2 n e n
(e¢) 5 n"x . (@) Y Vox .
n=0 n=0
0 nn @
-1)"x -n_n
(e)z(—n?———-—. (£) > 107x .
n=0 ’ n=0
e 10) "™ e nn
(g) vl () Y (10)°x .
=1 n=1
o0 - @ "
(1) 3 =alx . (3) Y n{n+1)(log n)x .
n=1 n=1
[Answers. 1s s 3y e By 40 L0 :S'—O, 0, l.]

2

+y7)
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(00]
5.2 Starting with the geometric series ) x = I%E , | x| <1, obtain, by
n=o i

@ oo
2 n
differentiation and integration, formulas for z: nx'" , E: nx and
‘ n=1 n=1
@ n og o) 00 n
. +
> . . Answer. ) nxt = —X Y o R TE ; E: = - log(1-x)
n ot 2 3 n
n=1 n=1 (1-x) n=1 (1-x) n=1
5.3 In Section 7 we shall find that the series
XB 5 T - X2m+l
. 3 ,';/:__A _
(l) s51ln X = X--'?Tn ET 71 T owws oF ( l) —(m‘l' aee g
2 XM x6 —
(ii) cos x =1 - 5T ¥ Fr e Zr v ® (-1) e wes g
: X X2 x3 =
(iii) e :l+X+E+§T+ T ETE

converge for all values of x. Use this to find the terms through x

for the power series of the functions in (a) and (b):

(a) 2 sin x cos x, by mdtiplying (i) and (ii),

(b) sin 2x (replace x by 2x in (i)).

(¢) Compare the results of (a) and (b), thus verifying (3').

(d) Similarly compute the terms through xu for the power series of
cosgx - sinex and compare with the power series of cos 2x.

(e) Similarly compute the terms through xl’L for the power series of
cosex + singx,

(£) Compute the terms through xlt for the series of e—x, by replacing
X by -x in equation (iii).

(g) Use the product formula (3') in the text, equation (iii) above and
part (f) to find the terms through Xu for the power series of the

. X =X
function e’e
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(h) Find the first five non-zero terms of the series for E“E—"- . This

function is called the hyperbolic cosine of x and is usually writ-

ten cosh x.

X =X
(i) Find the first five non-zero terms of the series for E—%E—— « This

function is celled the hyperbolic sine of x and is usually written

SiI]h X -

Show that the set of all power series with a given interval of convergence
forms a vector space. Is the space finite-dimensional? If so, what is

its dimension?

With any sequence 3_353 = %_ao, 85 8y eeey 8pp a..} can be assocli-
ated the power series ay + alt + a2t2 + oswe F ahtn + sew » 1T this
series converges in any interval -R <t <R it defines a function

A(t) in this interval. A(t) is called the generating function of the

seqguence iahE . Of the many ways in which generating functions are
useful in investigating properties of sequences we give one example.
The Fibonacci sequence (cf. Example 2.1) is defined by fb = £ = 1,

n n-1 2
(a) If F(t) is the generating function of the Fibonscci sequence, show
that (1 -t - t°)F(t) = 1, and hence that F(t) = e
| 1-t -t

(b) Prove the identity

1 1 a b
(5.2) — = = (o - )
1 -t - ta 'V5 I-at = d=bt* ?
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where

5y 1_"2’_1/5 = 1.61803 , b = LE‘,—V—E = -0,61803 .

(e¢) By expanding the right hand side of (5.2) in power series and equating

coefficients of like powers of t show that

b

n+l n+1
(a — - )

(5.3) f =

(d) Check (5.3) for n=0 and n= 1.
(e) Use (5.3) and a table of logarithms to estimate the size of £ 00"
20

Ans. 5.7h x 10

6. Representation of Functions by Power Series.

In the previous section we stated that a convergent power series
represents an infinitely differentiable function which can be differen-
tiated termwise inside its nterval of convergence. Before going on, let

us be certain that we know the precise meaning of that statement. Sup-
Z n

pose that E: ‘anx is a power series having an interval of convergence
n=0

I. PFor any fixed value x 1in the interval I the series converges to
a certain sum, which we shall call f(x). At each point x in the in-

terval I this function has a derivative f£'(x). At cach point x in
@ . '

the interval I the series E: nanxn—L converges; the sum of this
n=0

series is the number f'(x). Similarly at each point x of the inter-

val I the function f(x) has a second derivative f"(x); the series
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(e @]
S r:L(n-ZI_)<5Ln>cn'2 converges to f"(x), and so on. This is the meaning
n=0

of the statement that a convergent power series represents an infinite-
ly differentiable function which can be differentiated termwise inside
its interval of convergence.

In the previous paragraph we started with a power series and ar-
rived at an infinitely differentisble function. Now we want to turn
the procedure around. Suppose we have a function f(x) which is in-
finitely differentiable, i.e. having derivatives of every order in some

@

interval -R < x < R. Is there a power seriesg Z: anxn such that
n=0

f(x) is the sum of the series for all x in the interval -R < x <R%

If we can find such a series we say that the series represents f(x)

EE the interval -R < x <R.

Example 6.1. The function i%i is infinitely differentiable in the in-

terval =1 < x < 1. It is represented by the geometric series 1 + x +

4+ oo+ 8+ ... for sll x in that interval. (see equation (L.6)).

Example 6.2. The function log(l-x) is infinitely differentigble in the
2 3

interval -1 < x< 1. It is represented by the series - x - %r - %;

n
- hee = %; - ... in that interval. (See Problem 5.2 and equation (4.11).)

These two examples show functions that are infinitely differentisble
in an interval -R < x <R and that have power series representations in
the same interval. That we can have the first condition without the se-

cond is shown in the next example.

——-J:——é- is infinitely differentieble in the in-
X 2R %

Example 6.3. The function

terval -2 <x <2 - in faect, in -R<x <R for any value of R. It



= BED -
; . 2 n_2
has a power series representation 1 - x + x - x + ... + (—l) el 5
(see equation (4.13)) but this series converges only in the interval
-1 <x< 1.

Given a function f(x), infinitely differentiable in an interval
@
Ix,[ < R, the problem of determining a power series E: anxn to re-
n=0

present 1t in that interval reguires the determination of the numbers

'ah. If the representation is possible, it is easy to show that the

numbers a, are given by the formula

(6.1) o - 220

" = He= By Ly By w4

(Here we use the notation f(n)(O) for the value of the nth derivative

S £, |

of f(x) evaluated at x = 0, and the conventions O! = 1 and f

To see this, suppose the representation is possible, i.e. suppose that

(so)
there is scme power sgeries E: anxn such that
n=0
(6.2) f(x) = 8. +ax+a £ 835 4 aa 8 x>+ ...
o7 # 2 3 n ’

for | x| <R. Setting x =0 on each side of equation (6.2) we obtain

Il
@

£(0)
Since a power series may be differentiated termwise inside its domain of
convergence, we differentiate each side of (6.2) to obtain

(6.3) f’(x) = 8 + 2a,x + 3a3X2 Foee. + nanxn_l + www

for | x| <R. Setting x =0 on each side of (6.3) we obtain
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£1{0) = =

= o
ok

Differentiating (6.3) we obtain

1} . n-2

My = 28, + 3-2a3x e F n(n—l)anx + oeae
and setting x = 0 we find

{0) = 2a, .

Continuing in this way we verify equation (6.1).

Thus: If a function f(x) can be represented by a power series in

the interval Ix | <R then the representation is given by

(6.4) f(x)=f(o)+f!(o)x+f_”.,‘g£§lxg+.,.4»5(3#1};%...,

or more briefly

(0,0]

(6.5) )= 3 2V &

n

Regardless of whether or not the above steps can be Jjustified, the right

hand side of equation (6.4) or (6.5) is called the Maclaurin series for

éizl, Actuslly it is clear that the Maclaurin series of a function can
be formed whenever f(x) has a derivative of each order at x = 0, re-
gardless of whether or not f(x) can be represented by a power series.
What we have shown so far is that if f£(x) can be represented by a power
series in an interval ] x] < R, then that power series is the Maclaurin
series for f(x). Before pursuing the question of whether f(x) can in
fact be represented by a power series, i.e. whether its Maclaurin series
converges to f(x) we should get some facility in computing Maclaurin

series.
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Example 6.4. Find the Maclaurin series for sin x.

f(x) = sin x, f(0) = sin 0 = O,
Prx) = cos x; £'(0) = cos 0 = 1,
M x) = ~ gin %, '(0) = - sin 0 = O,
ft11(x) = - cos %, FEIL(0) = = cos 0= =1,
f(”)(X) = sin x, f(u)(o) = sin 0 = O,
f(S)(x) = cos X, f(B)(O) = cos 0 =1, etc
Thus the Maclaurin series for sin x is
x3 x5 XT -1 mx2m+l :
X - §T + ET‘— 7T—+ e L_—%EE;ETT +
Problems

6.1 Compute the Maclaurin series for each of the functions:
(8) cos x. (a) 3% + Tx - 1. (g) log (1-x).  (3)
(3) &% (e) V7% . m) (1032 (%)
1, 5
(e) T (£) .tan " (i) arcsin x. (1)

Answers (a) - (e).

XQ Xh (_l)mxgm
(a') l'§T+ 7 =+ om) ! +
X2 n
(b} A= gwgp¥ + T

. 2
sin x .

l+x2

sin 2x.
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(d) -1 + Tx + 3x3

2 3

@ o5

s

= sooe

—

s doo Boton X ; ;
Using the Maclaurin series for e and cos x, write the Maclaurin

3

series, up to and includiug the terms in x7, for
x x2
(a) e“cos x, (c) e cos x,
4
(v) ex+l, (a) &* Peos *.

2 3
..}. r+
for (b): Hote that 1 4 (x+1) + Lx—é-];)-% + ;\*q} -+ «+e is NOT the ansver!

Compare the first three terms of the Maclaurin series for tan x with vhat

you get by dividing the sevies for sin X by the series for cos x.

-T. Tgylor's Formula for the Remainder.

The question which arose at the end of the previous section, as to
whether the Maclaurin series of a furction f£(x) represents the func-
tion f£(x) on some interval |x| <R, involves two parts. (a) Does

the Macleurin series converge for each xo in the interval lx] < R?

“(b) If the Maclaurin series for f(x) converges at & point Xy in

the interval |x| <R does the sum of the series equal f(xo)? To

investigate these questions we introduce the quantity Rn(x),
the diference between f(x) and the n-th partial sum of its
Maclaurin series,

(1.1) R (x) = £(x) - [f(o) Fer(o)x + 240 2 +MJ

21 n.
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One calls Rn(x) the error or the remainder after the n-th term.
[Note that this terminology does not exactly agree with our earlier usage
of the "remginder" as the difference between the n-th partial gum of a
series and its limit. Here the "remainder" Rn(x) is given by equation
(7.1) regardless of whether or not the Maclaurin series converges and re-
gardless of whether or not its sum, if it does converge, is f(x). If
the series does converge to f(x), then these reduce to the same thing.
This is the usual state of affairs.] From equation (7.1) it is obvious
that the Maclaurin series will converge to f(x) if and only if the re-
mainder Rn(x) converges to zero as n —> ® . Moreover Rn(x) shows
us exactly the error committed by replacing f(x) by its Maclaurin series.
Fortunately we can find a formula for the remainder Rn(x). It is called

Taylor's Formula.

Supposge the function f(x) has n+l continuous derivatives for x

-~
S

in the interwval < R, Then for any point a in this interval we

have

f(a) - £(0) = frie)at .

The integral on the right will now be integrated by parts according to
the formula

b

a Ja a

b b
udv = uv —} - vdu, with u = £'(t), dv = dt, du = £"(t)dt, v=1t - a.
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Hence
'Ia. a,
r(a) - £(0) = £'(t)(t-a) ! - (t-g) (€]t |
N[o) 0
or
a
f(a) = £(0) + £'(0)a - (t=a) " (5)d% .
0

Integrating by parts sgain, this time with u= f'(t), dv = (t-a)dt,

2
qu=f1r(t)at, v = (t;f) . we get
& B o
£(a) = £(0) + £(0)a - f“(t)LE%?l— + LE%?Q— Frev(t)at,
0 0
or
" a P
£(a) = £(0) + £'(0)a + 25%91 o + txe) grit(t) at .

Continuing in this way we get

f(a) = £(0) + £'(0)a + iié%léi + oeee + §£f2$9123

Ne

P Lﬁi%li £(01) (£yat .

0

Replacing a by X we get Taylor's Formula with a Remainder in Integral

Form:

(7.2) £(x) = £(0) + £'(0)x + f;ﬁ_o .+ f_(n_)_(Ql o

ne

+

" )™
ni

0
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Consequently the remainder Rr(x) is given by the Formula
1

. n_ (n+l)
(7.3) R (x) = g £a 8 e i
Jo
This can be put intc more convenient form ag follows. The mean-
value theorem'fbr integrals (cf. R.C. Buck, op. cit.) states that if
f(x) is a continuous function on the interval (a,b), and g(x) >0 on
(a,b), then

b
K £} mlx) doo = £(E) g(x) ax

Ja a

for some suitable value of £ on (a,b). Thus from equation (7.3) we ob-

tain, teking g(x) = (x-t)",
0 0
1. x n+l
2o

where £ is a certain number between zero and x.

Thus Taeylor's Formula with a Remainder in Derivative form is:

2 ey n o D)y

(7.5) £(x) = £(0) + £'(O)x + £"(0) %T R e I S T T

This is also known as the "extended mean-value theorem," (see Thomas, Sec.
3-9) since the special case n = 0 gives the mean-value theorem f(x) =

r£(0) + £'(E)x. Although equation (7.4) gives us the exact value of the
remainder, our lack of information regarding the velue of é‘ prevents

us from computing the remainder directly. Nevertheless, as we shall

see, (T-4) can often be used to derive an upper bound for the remainder

a
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which is often sufficient tc demonstrate the convergence of the Maclaurin
series to the given functicn. It is also very useful in numerical work
in providing a bound on the error committed by replacing a function by
its wolynomial approximatiori.

For example, in the Maclaurin series for sin x we find that each

derivative f(k)(x) is either T sin x or + cos x. Therefore
If(n+l)(x) | <1. Theratore, by (7.4), |R (x) ] < L= o For
5 L ratorey By Livkl, | By S Tmny ° T

any fixed x this converges to zero. Consequently the Maclaurin series

for sin x converges to sin x for all x. Thus we can write

3 P 7 m_2m+1
sin X = X - =5 ¥ 57 - %T +oaes L:%%EfiTT— + oeee o

Furthermore we can find a bound for the error after a finite numt r of

"

f

qu

N

terms. For instance taking n = 2 in equation (7.>) we find

(7.6) | sin x - x|, = [(cos §)x3/6il i }xB/iS

Thus x is a very good gpproximation for sin x when x dis small. For
| x| < .1, (= 5.7°), for instance, the error is less than .OQ0LT.

For a closer apprcximation we take n = 4 in equation (7.5) to ob-

tain
3 5t 4 5
b s e s 47 (gin x)
sin x = x - 37 + [__§ ]X=E 5T
Hence

sin x - (x - §T>] < | igﬁ | .
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The following table givesrthe Maclaurin seriesg for certain functions

and the intervals in which they converge.

3 5 m_em+l
- X X -1)7x% }
[ TeT) sin x = x - v + %T S Lus Lvr%ﬁ;ijf—-+ was g SAL X
o b m 2m |
(7.8) ogts 2 = LW e b T + (-1) x P owee yp Bl X
G ‘ ot ! tee (2m) ! 4 ’
X X2 x3 e
(7.9) e =l Xt or gt e FITF e, all x,
Xg X3 XL (_1)n+lxn
(7.10) log(l+x) = x «-é— + T Tr * wee "":—E____ F o | Xf <1,

{ a1 E%E 1l x4 A e e, |x] <1,

m(m-l)xe . m(m—l)(m-Q)XB N o m(m—l)...ﬁ&{n-l))xﬂ
=7 3T p—- = sy

(7.12) (14x)™ = 1 + mx +
| x] <1, (a1l x if m 1is a non-negative integer).

From the gbove serieg one can, by changing the variable, find other

series. For example

o o X6 XlO (_1)mxﬂm+2
sin x =X—§T+‘5"§"——...+——m+ o g Blale

[ %
= --—-—-::-i": - a0
cos Vx 1 ot ET 5

and so on.

Example 7.1 To illustrate a typical application of these methods to

the evaluation of integrals consider the evaluation of the integral

X

sin t2 dt, for values of x such that 0 <x<O0.1l .
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(The integral cannot be expressed in terms of elementary functions.) Since,

3
from (7.6), |sinx - x| < ]%~| , it follows that

. 2 2 x6
| sin x° - x| <5 .
Hence
% X X X
(o]
sin t° dt = (sin t° - ° + te)dt = 24t + (sin - te)
0 0 0 0
X
3
= %%—-+ (sin t° - t°) at .
0

2
Equation (7.6) shows that t2 can be taken gs an approximation to sgin t,
X

. QX 2 X3 ; : : 2
and so we consider : t™ dt = 3 as an gpproximgtion to gin t~ dt.
Jo 0
We have
X X X
sin t© dt - 2 at = (sin 2 te) ats
o 0 0
Hence A
o'd 3 X
sin t° dt - |- (sin t° - t9)at | <
0] 0
S
sin t2 - te’ dt.
0]

This last inequality is a case of the general relation

(b f(x) dx ’

\
|
Ja a

0A

| £lx) | 8z, 4F a<b ,
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which can be seen to follow from the definition of a definite integral as

the limit of a sum. (See Buck, loc. cit., p. 56.)

Now from (7.6) we have | sin o fF [ < %r , and so
i ~X P
b sim 4F abe © | < ¢ at = x 107"
Vo 3|7 -2 - R -
Jo 0
X
2 x3
Hence sin t~ dt may be approximated by -y with an accuracy of at

0

least 8 decimal places if 0 < x < 0.1l.

Prcblems
7.1 Show that the Maclaurin series for cos x converges to cos x for all x
and find a bound for the error, after n terms.

7.2 Show that the Maclaurin series for e* converges to e* for all x

and find a bound for the error, after n terms.

7.3 FEvaluate the integrals below to two decimal places.

0.2 XE
(=) e " dx .
0]
o5
, sin x .
() = &
O
&
(c) e* cosVx dx.,
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7.9
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Write a program to evaluate, to 6 decimgl places, each of the integrals
in Problem 7.3.

Show that e > 1 + x for any value of x, and that, for %] = 1

e® may be replaced by 1 + x with an error less than 6% of x.

Verify formulas (7.7) to (7.12).

1/2
Evaluate §3§~5 dx to three decimal places. Ans. 0.493. Show
0
that the approximation Ig% is in error by less than 5.3 X 10"5.
1/2 5
—— ,-X dx to three decimel places. Ans. 0.461.
0

We have seen that

gin x = lim S (x),
m
m —> @
where
3 5 2m-1
3 X e X _ m+l x
Sm(x) =X -5 + 3 ee. + (-1) e

(a) Program and run the computation of Qm(x) for m =1, 4, 7 for each

values of x from 0O to 6.0 at intervals of 0.5.
Also print sin x for each of these values of X, for comparison.
(b) Using the above results mske careful graphs of Sl(x), Sh(x), ST(X)

and sin (x) for x in the intervel 0 <x < 6 (all graphs, care-

fully labeled, on the same sheet of 8 1/2 x 11 graph paper). From
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the graphs of SL(K> and sin x estimate the maximm error of
SM(X) in the given interval and compare with the bound obtained

from Ta¥lor*s Formula {7.4).

T=10 (2) Around a circle of radius r a loop
of cord PERSP 1s wrapped. The cord is

slightly longer than the circumference of

the circle, its length being 2r(w+¢€), so
when it is pulled tight at P it locks like

Figure T7.1. Assuming that ¢ is very small,

)
Figure 7.1 shew that to a first gpproximstion 6 = =/ 3¢ .
[Hint. The length of the cord is 2r tan 6 + 2r(7 - ) = 2r(Ww+e),
SO tan 6 - 8 = € .]
(b) If r = 4000 miles and 2re = 1 mile find an approximate value of

the height TP.

7.11 Sketch the curve x(t) = T (A sin bt + B cos bt), where a, b, A, B

are 8ll positive but A 1ig very small compared to B. It is desired to
estimate T, the value of t at which the maximum of =x(t) nearest to
fe 0 occurs. By setting x(T) = O and meking suitable approximations
show that

~ bA - aB
e aA + bB

7.12 In Example 7.1 of Chapter 1 we encountered the eqguation tT:9)%

{1 1) u + log(l-u) + a = 0,
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& being a small constant (specifically, & = .OOlTl). To solve this for
u, using tables to find log(l-u), requires very accurate log tebles, since
the terms u and log (l-u) nearly cancel each other. To avoid this we

expend log(l-u) in a Maclaurin series,

log(l-u) = - u - %uE = %u3 - g
and then (7.13) becomes
(7.14) &ug + iu3 + ulL + = a
° 2 3 E ase = .

As a first approximation we can take

and use the iteration method. That is, given an approximation u - we

get a better approximation g from
i'l.l & = a 3 luu
2 ikl “n T LIt

Use this method to solve (7.13), with a = .00l7l, to 5 decimal places.

1/2
T.13 If the integral xe'dx is evaluated by expanding the integrand in a
| 0
power series find the two decimal place value of the integral and an upper

bound for the remainder if three terms plus remainder are used in the ex-

pression. Ans., 0.17; 0.002.
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; : X
Six terms of the power series for e are used to compute e. How many

places of accuracy are obtained? Ans. 2.

1
2 Y
Evaluate "X gy U0 3 decimal places.

8. Taylor Series.

Taylor's Formulas {equations (7.2) and (7.5)) can be genefalized 50
as to accommocate the case in which the interval is not necessarily cen-
tered at the origin, but at an arbitrary point a. Suppose that we are
given a function f£(x) which has n+l continuous derivatives for X

in the interval [ X = aI < R. The same argument as in the previous sec-

tion shows that

(8.1) f(x) = f(a) + £'(a)(x~a) + ... + f(n)(_z‘?l(x'a’)n + R (x),

for |x-a] <R,

where .
. -, n.(n+l
(8.2) R (x) = - (xw) flf . )(u) du, or
. X-aJn+l (n+1)
(8.3) R (x) = L"TEFITT £ (&)

for some & TDbetween a and X.

The series

(8.4)  £(a) + £'(a)(x-a) + Eiié%%é:élf " f(n>(§2(X'a)n.+ .
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is called the Taylor series for f(x) about the point x = a. [Note that

the Maclaurin series is the special case of the Taylor series in which

a=0.] If it converges to f(x), i.e. if 1lim Rn(x) = 0, then we say
n —aow

that f(x) can be expanded in a Taylor series about the point x = a.

Example 8.1. The function log x cannot be expended in a Maclaurin series

since it is not defined at x = 0. We can however expand it in a Tay-

lor series abcut, say, the point x = 1., We compute

£(x) = log x, (i) = 0;
£1(x) = %; £'(1) = 1,
(%) = - ;%P LY =
e = 5, 3L =
n-1. .
)y = LR (DL o ey 2 ()0 (no1), me,

Hence we have the Taylor series
n-1
(8.5)  log x = (x-1) - 3(x-1)° + %(x—l)3 - Y1)t # ool 4 L:i%-u-(x-l)n+ e

Note: This could also be obtained by replacing x by 1-x in the Maclaurin

series for log(l-x). The series converges for |x - 1| < 1; [actually

for O < x <2 (see Example 16.1)}].
Problems

8.1 Expand the given function in a Tgylor Series about the indicated point.
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(a) sin x; x= /3. (b) cos x; x =T/k.
(e) tan x; x = 5° /b, (a) &% x=1

(e) I%E; x =1 (£) x5; x=2

(g) arcsin x; x = 1/2, (h) arctan x; x = 1.
(i) (X+l)3s x=1 (3) vx x= 1.

(k) x7/2; x = 1, (1) (1+x)2/3; x = 1/2.

(a) Find the first four terms of the Tayior Series about x = W /3 for
the function f(x) = cos x. [Note: "Tour terms" means including
the term in (x- ?r/3)3 but not (x-’ﬁ'/3)u.} ‘

(b) Use Taylor's Formula with the remainder in derivative form to find
a bound on the error comﬁitted,by approximating cos x by
{ % - lg (x- TT/3) - % (X-'ﬂ'/B)EJ for x in the interwval

|x - /3] <1/2.

ol

(x-7/3) - F (x- 7/3)% + {—5 (x- W /3)3 + ...

Answer. (a) cos x = % -

(b) PRJ . !s:m'é(g-’ﬁ‘/ﬁ 56.23:%8

In order to evaluate 4§,lO an engineer uses as an approximation the

first three terms of a Taylor Series for xl/B, thus:

173

- 1 2
X =2+1§(X—8)—'2—%g(}(—8),‘
3 & ik ~
\/1_0_2+6-72-2.15.

Find a bound for the error in this approximation.
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(a) Find the first three terms in the Taylor series expansion of the

function f£(x) = sin x @bout the point x = %; .

(v) Sketch the first twc terms and their sum in the neighborhood of
X = %? on a neat, legibie diagram.
(c) For what values of x does the expansion of part (a) converge?

Answer. (a) sinx =1 - & (g - %;)2 + é? (x - %})h + vae 5 (e) all x.

1 s
.

Newton's law of gravitation gives the force of attraction between two

bodies as

(8.6) o2

In engineering we often take the gravitational force (weight) of a

body as constant near the surface of the earth. Taking the radius of
the earth as a = 4000 miles, expand the right side of (8.6) in a Taylor
series gbout r = a, and show that the error in the engineering approxi-
mation at a height of 40 miles above the earth does not e#ceed 2% of the
sea-level weight. More generally show that the error, in percentage of

sea-level weight, is less than §% where h is the height in miles.

(a) Evaluate sin 31° to three decimal places by expanding sin x in a
Taylor series about the point x = 1r/6.

{b) Write a program for the digital computer to compute sin x, for x
in the range 25° 5 b4 5 35° accurate to 6 decimal places.

Answer. (a) 0.515.
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8.7 Use a Taylor series for e®  about the point x = 0.8 to evaluate the

8.8

1
2
integral ex dx accurate to two decimal places. Answer. 0.798.

J o6

Find an spproximate formuls for the length of the arc of a circle of

radius R in terms of the length of the subtending chord,.

9. Taylor Series Solutions of Differential Equations.

Taylor serdies are useful in the solution of differential equations.

To illustrate the technique we consilder first the simple equation

(9-1) y'=y+1,
with the initial condition

(9.2) y(1) = 3.
We proceed by tentatively assuming that the solution y(x) can be
represented by its Taylor series expansion about the initial point

x = 1:
" ( )
(9. (0 = ¥(2) + 3 (@xD) + LA () v e T )Py

To evaluate the quantities y(1), y'(l), sy y(n)(l), 0. appearing on
the right side of (9.3) we form Table 9.1. The left hand column of Table
9.1 is obtained by successively differentiating each side of (9.1). The
right hand columm is formed by starting with (9.2) and successively using
the corresponding equation in the left hand column, with the previously

determined value of the y(n)(l),
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Derivative Value at x = 1
y(1) = 3
y' =y + i y'(1) = b
y'=y y'1l) = &
g y' (1) = b4
ALY y M) = u
Table 9.1

Therefore, if there is a powzr gseries solution it is of the form

. L a2 L n
(9.4) y(x) = 3 + 4(x-1) + o (x=1)° + ... + g (x-1)" + ...
< 7
Since lim 4 (n+% : = 1lim - 0 we see that the series in
ni n+l
n —> oo n — o

(9.4) converges for all vealues of x. Therefore we can differentiate it

termwise to obtain

g (x) = b b(xl) # 2 ()2 4 Ll b G%— =114 ..,

y'=1l+y .

Consequently y(x) as given by (9.4) indeed satisfies the differen-
tial equation (9.1). Also, it has been constructed to satisfy the initial
condition y(1) = 3. Therefore equation (9.lL) represents the solution to
the given problem. The student might note that the right side of (9.4)

#1 '
is precisely 4 -1, which is of course the solution to equation (9.1)
with the initisl value ¥y(1) = 3 as would be obtained by the methods of

Section 5'or 6, Chapter 1.



In this particular problem we were able to obtain a formula for the
general term in the Taylcr series and thus establish the convergence of
that series. TFrom this we could verify that the series was indeed & solu-
tion to the given problem. Although one can always computé as many terms
of the series sas desired, i% often turns out that one cannot find g sim-

a
ple formula for the general term, or for the ratio of 2+l . In such

n

& case it is difficult to prove directly the convergence of the resulting
series in order to establish that it is & solution. TFortunately this may
not be necessary because there are fairly general theorems assuring us that
a Taylor series solution exists, giving an interval in which it converges
and providing estimates of the error after n terms. (See for example

W. Kaplan, Ordinary Differential Equations, Addison-Wesley Publishing Com-

pany, Reading, Mass., 1958.) In this case one does not have toc study the
series itself to establish its convergence or bound the error.

Sometimes cne forms a Taylor series solution such as (9.4) without
any investigation of its convergence. In this case it is called a for-
mal Taylor series solution to the problem (it has the form of a Taylor
series and is the solution to the problem if the problem has a Taylor
series solution).

Analogous methods can be used to solve systems of differential equa-
tions or differential equations of higher order. To illustrate we find
the first few terms of the formal Taylor series solution of the sgimultane-

ous system

= % +'y2-l-t2,

—~ = EyLl + e

dt, 2



with the initial values x(0) = 1, y(0)

-1. The result is

3

x(t)=l+2t+td+§t + 558 3

i

y(t) = =L+t ~Z 1t

3

34

with the computation shown in Table 9.2ln

DERIVATIVES

=N

x=x2+y2+t2

o
®

2(xx + yy + t)

W3
I

I

xyt-{-et

;gr+x3?t+>‘cyt+et

t

Fo o0+ (0F +yF o (P24 1) | T ol ky £ ) ¢ (F + Hy)t e
VALUES AT + = O
e ¥
x(0) = 1 y(0) = -1
x(0) = 2 y(0) = 1
%(0) = 2(2-1) = 2 ¥(0) = =1 +1=0
%(0) =22+ k& + 1+ 1) =16 (o) =2(1 -2) +1=-1

Table 9.2
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Problems

9.1 Find a Taylor series solution for the differential equation

with the initial value y(O) = Q. Verify the seriles solution by comparing

it with the closed form solution of the differential equation.

5 p) i % =X
X oL X 2 s e RN SN
3T P 4 e = ginh x = 5 )

Angwer. y = X +

e

9.2 Find the first four terms of the Tgylor series solution of the differen-
tial equation y' = e with the initial condition y(1) = 3.

Answer. y = 3 + 20.086(x-1) + 231.85(x—l)2 + 3470.88(X-l)3 Fooee s
9.3 Find a Taylor series solution for the differential equation
y"' o+ ng* +y=20
with the initial condition y(0) = 1, y'(0) = -1.

2 3 L 5 6
Answer., y =1 - x - zT * 3T + T ¥ Sep * 2? F eeo

9,4 Find the first three terms of the Taylor series solution x(t), y(t),

of the system of differential equations

X+ xy = t3 -1, ¥ o+ x2-+ yg = 0

with the initial conditicns

x(0) =0, y(0) =0, y(0) = 1.

3 Lk 6
Answer. x = -t + %;-+ %&-+.u, , ¥y= 1t - %r + Eg Foawe o



9.5

9.6

9.7

9.8

“ 301D =

The differential equation

2xy' = 3y

has the solution ¥y = cx3/20 This functicn does not have a Maclaurin
series expansion. In what wey does the method described in the text

gbove break down for this problem?

Find the first four terms of the Maclaurin Series of the solution to the

differential equation

-——-=l+x+y2

satisfying the initial condition y(0) = 1.
2

Answer. y(x) = 1 + 2x + Eg— - 3x3 Foaee .

(a) Find the first four terms of the Taylor series solution about x = 1

of the differential problem:

2
dy 2% Eh
—:—5—_3{——1) y(l)=ln

(b) DNoting that y(x) = 0% - x is also a solution to the problem
n

prove that for the solution in (a) g;% =0 86 F=1; for 01 3

i =

2 of the solu-~

]

Find the first four terms of the Taylor Series about x

tion of the differential equation

dy . -

&= *TY
subject to the condition

y(e) = -1.

Answer. y(x) = -1 + 3(x-2) -
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10. Indeterminate Forms.

We can use Taylor's theorem to evaluate certain limits (of functions).

Thus suppose that f(x) and g(x) are functions represented by their

Taylor series at x = a and that f(a) = g(a) = 0. Then the ratio

;(i is indeterminate at x = a, so that we need some trick to evaluate
1im f(;‘

x > g &

To be quite precise, let us suppose that f(a) = f'(a) = ...
= f(m-l)(a) = 0, while f(m)(a) £ 0; gla) = g'(a) = ... = g(n_l)(a) = 0,
while g(n)(a) # 0, where m and n are positive integers. Then we

have the following theorem.

1n 2 o

Thecrem 10.1. If m > n, then - H
X —> a €
(n)
if m=n, then 1im f(i = grﬁjLEl 5
x = a b g/ (a)
if w < n, then lim f—é—% does not exist.
X —> g &
Proof. Since f(a) = f£'(a) = = f(m_l)(a) = 0, Taylor's theorem

. f(m+l)(a)(x_a)m+l -

gives us f(x) =

(m+1)
(n) n (n+1) n+l
similarly g(x) = & (ig(x—a) . 8 (;fig?-a) b ses
m (m+1)
£(x) L%é?l— {f(m)(a) + (X-a)(f m+1(a) £ o) }
Thus & = .
g(X) (X_a)n

: (n+1)
{g‘“%a) + (xea) (Bpl®d 4

n+l

)}
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This means that, when x 1is close to a, g%%% is very much like

(m), v
. ET-TLEL e (x-8)™"™, The conclusion of the theorem now follows
g ™ (a)

YW >0 as x—>a if m>n and has no limit if

2l

since (x-a

i (n)
m < n, while if m=n, =4 plainly converges to _f(n) az ’

elx) g (a)
x2 x
x =Tt e =t e X _ 1+
Example 10.1. e (1+x) - s 08 . Hence 1lim §~—r~£——§l = O
gin x K = aas 1l o= ¢oe x = 0 sln x
In this case m > n.
3
t
. e 1o, LT _ t(t - 37T+ R
Lo i =* 1 - cos t 2 It
l--(.'l.--t——+t - )
TRt e
.2 2
2 t %
‘t(l--r"l* ...) (l-—‘g-"{" ..-)
oo ad 2 — 2 .
2,1 % 1 4
t(ET-ET+.'.) ('2—-—2‘E+...)
Hence
1 3m ; sin E .
o B cos
In this case m = n.
x2 b d
X X+—'+ s l+—|+ e e e
Example 10.3 g =4 = 2. = 2.
e XlOg(l-X) XQ —X(l'i'zi'*‘ )’
~x(X + == 4 ..s) )

2

which becomes infinite as x tends to 0. In this case m < n.
A more general result of this nature is L'Hospital's Rule which

we now state without procof.
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+#*
L'Hospital's Rule; If fi{x) and g(x) each have a derivative in an in-

terval |x-a| <R and f(a) = g(a) = 0, then

: i 1
(10.1) 1im 5%%% = lim i%%ﬁ%
g 2.8

X = & X =
provided the limit on the right side of equation (10.1) exists. If the functions
have Taylor series then 1 Hospital's rule can be deduced from Theorem 10.l.

Even if f(x) and g(x) do not have Taylor series, 1l'Hospital's rule

may still be used. For example -

lim X" = 1im 2 =0 .
5 by O sin X % i 0 cos X

"

The lim £(x is often called "the indeterminate form % , but this
is oii;>aaform of speaking. The symbol % by itself has no meaning.

If the resulting form is also indeterminate, i.e. f'(a) = g'(a) = 0, then
if £'(x) eand g'(x) have derivatives, we can repeat the procedure.

To illustrate the application of 1l'Hospital's rule, the limits in

Examples 10.1, 10,2, 10.3, become

b X .
L esgi-i = lim Eo;lx =0,
x —= 0 x —= 0
1im z-igg E e t cosszn+t51n £ .
t =0 t—=—0

This limit can be evaluated as

; o
lim (cos t — +1)=1+1=2,
L o> 0 gin t
or alternatively
. -t sin t + 2 cos t
1im cos t =
t =0
gnd ¥ i ex
TS __E_EH%E:ET = lim = , which becomes
5 v i OB Y x>0 77 + log(1l-x)
T

infinite as x tends to zero.

W
For a proof see Thomas, Section 16-7, or R.P. Agnew, Calculus, McGraw-Hill

Book Co., New York, 1962, p. 330.
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Warning: L'Hospital's rule 1s based on the assumption that f(a) =
g(a) = 0. If this condition is not satisfied, application of the rule

will generally lesed to wrong results. For exemple:

) Tx+3 3 7
lim _— = = &
x —= 0 2x + 5 57 R

L'Hospital's rule is spplicsble when x approaches a from only

one gide, as in the example

X X &
i ok e Hdm Spe i 1w 2xl/2ex = T,

x =0 Vx x> 0 %x_lg X —=> 0

A more radical extension of the rule is to the case where the condition
f(a) = 0,g(a) = 0 is ireplaced by f(x) —> o, g(x) —>w© as x —> a.

#
We shall not prove this here. This is called the "indeterminate form

O
fo0)
1
Example 10.4., 1im x log x = 1lim -1—9-%—}{ = lim Xl = 1lim (-x)
x—> 0 x =0 = x=0 -—= x—=0
.o e
by
This rule is alsc applicable in case x —> ®. To see this let s = 7
1 1
1 = Sptl=
" fix f(g) 52f (S) fr(%)
lin opdm ldm  wiew lim e Iim = dam
X —>w s =0 g(g) s—>O-—~§g'(-g s = 0 g'(g) X > @
S
3 2
Exanple 0.5. lim == 1lim -ﬁ%= 1 2. oam o
n—® e n—ao e n-—>o00 e n—owm e
<
Example 10.6. lim  =EE - 1m oo
X —> W * X — @
*

For a proof see Agnew, loc. cit., p. 331 or "L'Hospital's Rule," A.E.
Taylor, American Mathematical Monthly 59 (1952) 20-24,
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Other applications of l1l'Hospital's rule, or of power series, can be

0

made to the indeterminate form 1%, 0", ® - ® etc. by the techniques il-

lustrated in the following examples;
L 1.

Example 10.7. To find 1im (1 + x)x', let A= lim (1 + x)* . Then
X > 0 x =0

since the logarithm is a continuous function,

1 1
log A=log 1im (1 + %)%= 1lim log(l + x)* = 1lim ;L_g_g_(_l_xj_ﬁ
x—=0 x —= 0 x =0

= lim = 1.
% > 0 1+ x
L

Hence A= 1im (1 + x)* = e.

X — 0
Example 10.8., To find 1lim x, let A = lim x~. Then

' x—=0 x—=0
log A= log lim x* = lim log x> = 1lim x log x = lim lo:%x
x —=> 0 x => 0 x => 0 x>0 =
1
‘ x ; :
= lim T = lim (-x) = O.
B-FW -5 E-FE
X
i X

Hence A= 1lim x = 1.

x — 0

x3
- i 1 sin x - % X - 37 Ol
Example 10.9. lim (= - ——) = 1 = lim :
X gin x 0 Bin
XX = g sew
X
. "§T+ LRI
= lim 5 = 0.
l"'X_+ e 0w



- 3.79 -

Problems

10.1 Evaluate the following indeterminate forms.
4
(a) lim ———-—W . (£) 1lim .
x =0 X —> @
1
: log x - 1L + x . X
(b) 1im == (g) 1im (1 +x)*.
x =1 X ==
L
(¢) lim Sl: X, (h) 1im (1 - sin x)™ .
X = x =0
(@) lim (51n3x _ cosgx). (1) Tim log x , a>o.
x —> 0 X X X —> @ X
(e) 1im (2--D). (3) lim e
x—=—0 Vx X —w®
(k) s gin 2x - 2x cos X
x — 0 X3
1 1 1 1
Answers. = -2, 0, EL w, 1, 1, = 0, 0, - 3-

10.2 Discuss the following derivation of 1'Hospital's Rule.

10.3 Evaluate

(a)

10.4 Evaluate

\
e AT

x>0 x = 0

b d 3x 2x

o ein-3i (b) 40 = lu--ecos-xX
g e o P x —=> 0
Xx X2
(a) 1im x , (B) lim x
X—30 X¥—3 0

lim
x —=—> 1

(e)

YE-X -1

1-x
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CONVERGENCE OF SERTES

11l. Basic Facts about Series and Sequences.

Thus far in this chapter we have defined the notion of convergence
of an infinite series asnd have made certain statements, notably in con-
nection with power series, about the convergence or divergence of parti-
cular series and the sum of a series if it does converge. The time has
now come to examine the question of convergence more carefully and to
Justify our earlier statements.

We shall develop some technigues for:

(a) determining whether a given series converges or diverges;

(b) establishing bounds on the remainder after n terms of a con-

vergent series.

Before proceeding we recall scme results from Section 2 and some

other basic facts sbout sequences aml series.

@
(A) If g;i a, ~converges then a, —> 0,

(B) The harmonic series E: = diverges. One has the estimates:

loe
(C) The geometric series E: o converges il |r I <1, diverges
n=0

if |r| 2 1. The error after n terms is R = ==— - § =
n l-r n




v

(E)

(F)
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o0 co o
dini Zian:L and ) b =M then ¥ (an+bn)=L+M,
7= n=1 n=1

@
> (cah) = cL, where c¢ 1s any constant.
n=1

From the definition of convergence it follows that convergence
and divergence are not affected by the alteration of any finite
number of terms of the series. Of course, the sum of the series
will be affected by such a change, but when we are discussing

merely Whether a given series converges or diverges we are free to

alter any finite number of terms.
One property of regl numbers that we shall have occasion to use

is so basic that it is often taken as an axiom, known as the

*
Axiom of Contimuity :

If a sequence gaﬁﬁ has the property

() 8. 2 & W& Ly B s oo

~and if there is a number M such that

(ii) a_ <M, n=1, 2, «es ,

then Eaﬁé CONVETrges,
We express condition (i) by saying that %@5‘ is monotonic in-

creasing, and (ii) by saying that iah} is bounded above. Thus

the axiom of continuity can be stated: If a monotonic increasing

sequence is bounded above, it converges.

" ‘ .
See, for example C.B. Morrey, University Calculus, Addison-Wesley Publishing
Co., Reading, Mass., 1962.
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Example 11.1. The segquence

El, 13, L1, LI, sew 75

is monotonic increasing sand bounded above by 2. It converges to the limit

L 1 . I 10
- S e L = = =
L+ eg * 166. 108 1oL 9
10
Problems

11.1 Show that if there were no irrational numbers, the Axiom of Continuity
would not be true, i.e. find a bounded monotonic increasing sequence of
rational numbers that does not have & rational number as limit.

o @ @®

_ 1
11.2 If ) a =2 and b =3 evaluate ) (2a - 3b +==). Ans. -,
n=1 rel tiel. 2

12. Absolute and Conditional Convergence.

@ ;
If a series E: a, has the property that the corresponding series
n=1

formed by using the absclute values of the terms converges, then the

w
given series 1s said to be absolutely convergent. That is, z: a, is
' n=1

a

absolutely convergent if the series E: | an| converges. The choice
n=1

of words is Justified by the fact that an absolutely convergent series

does, in fact,converge, as we shall prove in the following section (Co-
00

rollary 13,1)u Of course the 1limits of the two series E} ELn and
n=1
- _
3 an] will be different unless a > O for n=1, 2, ...; but if
n=1 -
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o') )

z: | an| converges, then Z: &, converges. On the other hand,

n=1 n=1
o8] o0

it can happen that Z: a, converges, while }“ | an| diverges; then
n=1 n=1

ao)
the series 2: %ﬂ is gaid tc be conditionally convergent. That is, a
n=1

series is conditionally convergent if it is convergent but is not ab-

solutely convergent.

13. Comparison Test.

One way of telling vwhether a series converges or diverges is to com-
pare it, term by term with another series whose behavior we already know.
We first consider series with nc negative terms.

Theorem 13.1. (Comparison-Test.) Let g, >0 and b >0. Then

n

00
(a) 1If E: 'bn converges and if a <b_ for n=1, 2, ...,then
n=1 - B

n n
@®
2: a_  Cconverges;
n
n=1
2
(o) I 5 b =~ diverges anod if a >b for n=1, 2, ..., then
n=1
@
E: a_  diverges.
n
- n=1
n
Proof. (a) The sequence S, = E: a_~ is monotonic increasing. It is
m=1
n 00
ig alsc bounded, because Sn < bm < E: bm. Hence, by the Axiom of
T el T m=l

Continuity of Section 11 the series L, B is convergent.
=1

0
(b) We prove this by contradiction. Suppose z:ah were convergent.
n-1

Then we could apply part (a) of the theorem to b, since b <a and
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0
conclude that $: bn converged, contrary to the hypothesis. There-

n=1

®
fore E: 2 diverges.
n=1

|

Corollary 13.1. If a series e, is absolutely convergent then it is

)

. Lo A sa T i ST
convergent; i.e., if ) la | converges then /.8  converges.
f a | +a, @
roof. et b = —~——non—" Then b >0 and b <| a | . Since }j |a
e — I3 = n = n = n ]_’1“1‘ 4]

@
converges, by hypothesis, it follows from Theorem 13.1 that E: bn con-
=t

verges.
la | - a 50
- n n
Similarly let B = w="—r-——=" + then z: B converges. Conse-
n 2 n
n=1
g 2o
quently, by property (D), Secticn 11, the series (bn - Bn> = E: a_
B=i n=1

convergss,
Note that what this procf reslly does is to show that the series

congisting of only the positive terms of E:an, and the series consisting of only

the negative of the negative terms, each converge by the comparison test. Since
they converge their difference converges, and their difference is exact-
1y the given series,

Corollary 13.2. If I aq] < bn’ and if Ejbn converges then E:ah con-

_ m
verges absolutely, and the error after N terms ig bounded by E: bno
r=lFd

Proof’, From Tneorem 13.1 and Corollary 13.1 we conclude that Zlan coT-

verges. The error after N terms then satigfies
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o0 N 4») | w | { S%
Ry=| ) a_ - g | =| a | < ) la | & B
N =1 O égl 4 n2%+l S aSer % T nShel ¢
O (_l)n'—l
Example 13.1. The seriec N - , where a_ = ~——t—— converges absolute-
it n n n-1
= nlo
1 1 s
ly, since |a_ | = £ =b and ) b is the geometric
o nlon_“'l = g @ o=
series with r = %6 . For the error after N terms we have
o0 N o
o - L 1 1
| Y a - a | # T bomeeketad | = ;
A Z%. B = e B gl R 18 1L ~ f% B
Thus, for example, after 3 terms we have
00
T . ¥ - _ 143
Y, = Ll-35% 300+ R3=T50 * By o
n=1
(13.1) where |R,| < === = .001l... .
3" = 900

In Section 16 below we shall find a technique for obtaining a sharper es~

timate for the error after N terms for series of this particular form.

In this case we shgll see that - HS%G <R3 < 0 (see Example 16.2).

As a consequence of Property (E) of Section 11, the conditions

a <b  and a >b  in Theorem 13.1 (a) and (b) need hold only for

n larger than some chosen value N. Using this observation we can state
a form of the Comparison Test that i1s often more convenient than the ori-

ginal one.
®n
Thecrem 13.2. Let a, 2 @, bn >0 for sufficiently large n. If 1lim = L,
n-—aw n

where L 1is neither O nor oo, then §:an and EZ'bn either both con-

verge or both diverge.
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a

{ L
Proof. Apply Definition 2.1 to the sequence ?‘EE , teking € = 5 Then
Il

for n > N we have

or, since we can assume N large enough that 8, and bn are both posi-
tive,
8

1
-E—Lbn<an<§Lbn .

Now if E:bn converges soO does Z:% Lbn, by Property (D) of Section 11.
Hence from 2, < % Lbn we conclude from Theorem 13.1 that Z:ah con-

verges. 1f Z:bn diverges we use the inequality &, > % Lbn to prove

that E:ah diverges.

Qo
Example 13.2. Test the convergence of the series ;n a where
10
g i e B P .

% n2 + 15log n

First we try to get some egtimate of the behavior cf 8 for large

n., If n 1s large the term -27 is small compared with 5n, and 15log n

is small compared with n2. Hence &, behaves like 2% = %. We there-
N
Ej‘ z: . Using

B

fore take as a comparison seriesgs the harmonic series bn =

i
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1'Hospital's Rule and a little algebra we get

a 2
lin 2= 1 2220
n-—->00 n n—-=won + 1l5log n
-~ lim 10n - 27
n_>co2n+157n
= lim _10 = 5,

n—ma2 - %
n
Since an diverges so does Z an.

Problems

\ . ; ; 9 9 9 g
13,1 By comparing with the series 10 + 700 + 000 + .., show that the series

for the decimal expansion of any number between zero and one, namely

Q.2 %3
10 100 1000

the error efter N terms.

+ ... 1s absolutely convergent and find a bound on

13.2 By comparing with the gecmetric series 1 + -:-L- + —l + waw k L e
2 22 2n-l
. 1 i 1
show that the series 1+ =—=+ —— + ... + + ... converges
2.2 3°22 112n—l

end find a bound on the error after N terms. Compare with the result

@
of integrating the Maclgurin series for T:-l-;i . Evaluate Z —lﬁ 3
n=1 n2
1 . 1 S 1
Answer. €y é—m , in fact €y & v -1 ke log 2.
2 (N+1)2 n=1 n2
13.3 ©Show that the series %+ i_+ < + oa. * o + ... diverges.
V2. V3 Vn

Answer. Compare with harmonic series.
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. X l 5 1.
13.4 Using the fact that s * 53 "_ﬂ' we # SEy + ... converges to
T 1
1 (see Problem 2.5) show that the series E] — converges and find a
n=1 n
bound on the error after N terms. Answer. € < % o

13.5 Prove that the harmonic series is divergent on the basis of the fact that

its terms are greater than or equal to those of the divergent series

1 1 ,14+1 1,1 1
PYETRYL BTBYEYE e
14, Ratio Test. .
®n+l

Theorem 1%.1. (Ratio Test) If 1im | | <1 then the series

n —>aw “n
= fnel
E: a, is absolutely convergent. If 1lim I = [ > 1 then the series
n=1 n—->o n
2 “n+l
2: a ~1s divergent. If lim | | =1, or does not exist, then
n=1 n —>am n

the series might or might not converge and further investigation is re-

quired.
Sl
Proof. If 1im I iz [ = r <1 choose a number p such that r < p< 1,
n —w %
8,
Then there is an integer N such that, for all n > N, | arl I <P
s}

Hence
| gy | < Loy le,
lopup | < Loy o< [aylo%
|a1\1+3l < oy le < IanfD3, ete.
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The terms on the right are the terms of the geometric series times
the constant | aN{ o; i.e. | aNI o(1l +p + p2 + +vs)e Since p <1
this series converges, and by the Comparison Test the series E:ah is

"nr1 -
| | >1 then the condition

absolutely convergent, If lim
n —om n

lim = O does not hold and by property (A) the series must diverge.
n —>

To clarify and illustrate the last part of the theorem consider the

four series

1. 1 1
(a) l+§+"§+ ...+E+ cee 3
s 1 1
(b) l+—§+—2—+...+—2+..-,
3 n
(c) 1+-;-+L3+ll:+-%‘+...+ ln+1+""
3 5 ,2+(-1)
(a) 1+%+—%+—%+-—l§+...+ L —
2 & B 5 gati-L)
an+1 n
For series (a) lim | | = 1im —= = 1. The series is the har-
n+l
n—m n n —> o
Snt1 2
monic series, which diverges. For series (b) lim l | = lim -—E——§ iy
n —>m n n —> oo (n+l)
Tt will be shown below (Corollary 15.1) that this is a convergent series.
a,
(Or see Problem 13.4 above.) For series (c) the ratios ]%%l are al-
i :
n . n3 Sntl
ternatively of the form ———= and =1 and so the limit lim l !
(nt+1)~ n = o %

does not exist. In fact, the series diverges, as may be seen from the

1 1 1 ai q 1
fact -mnbered +e =] tee) = = = = ..
act that the even terms are (2 tptgt ) 2(1 33 # 5w
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and the last factor is the divergent harmonic series, while the remaining
; a .

terms are all positive. For series (d4), Lim | === | does not

exist. This series converges, because 1ts terms are less than cor equal

to those in (b).

In carrying out the ratioc test we may well find ourselves trying to

evaluate limits,

a
m |2,
n— n
where a, —> 0 or 'ah | —>® as n —> ®. We may then avail our-

selves, il necessary, of l'Hospital's rule, prcvided that there is a con-

tinuous function f(x) of the real variable x such that

£(n) = |a | ;

for, in that case,

&

(14.1) lim £ (5l = 1im | rl+~L| "
fix a,
n —co n

X —> @

£ x+1)

e (if it exists) we

Equation (14.1) asserts that to evaluate 1lim
X —> @

may allow x to tend to infinity through integer values.

n
; ; 5 n"p s 30
Consider for example the series E: - ;s where b 1is a positive

constant. Then

iféil, ni (1) ™™t z &
#n (nt1) tn™o™ n
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i
. - - ) 1.
Noew  1lim (1 + i)n = lim (1 + i)x = 1im (1 + y)¥ , (setting y = =)
n - b3 X
n —> X —>® y =0
= e (Example 10.7) .
%l 1
Thus | o | —> eb and sc the series converges if b < P and diverges
n
if b > t .
e

The fcllowing theorem provides the proof of the facts about power

series stated in Section 5.

0
Theorem 14.2, The power series ) ahxn either
n=1

(a) converges for all values of x, or

(b) converges for no values of x other than x = 0, or

(c) there exists a number R (the radius of convergence) such that
the series converges absolutely for , x| <R and diverges

for | x| >R.

® _n
Proof. That (a) is possible can be seen by considering the series %7
n=1 "

which, as we saw in Problem 7.2, converges to e® for all values of x.

<8
That (b} is possible can be seen by considering the series E: nlxe,
' n=1

For any specified velue of x other than zero the terms nix do not
tend to zero and so the series does not converge.

If neither (a) nor (b) holds let b # O be a value of x for which
the series converges and ¢ a value of x for which the series diverges.
Let x be a number such that [ x[ < |b |. Since the series g% anbn

n=1

converges anbn —> 0 and so there is an N such that for all n > N,
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i n & . i X : n ¢ — ;
| a b | < Ls  deags l a | < . Hence ax | < j.nl =r where
n - n n ‘ :
r <1, By comparison with the geometric series it follows that 2: a X
- 1
converges absolutely. Hence E: a X converges sbsolutely for all x
n=1

such that f X! < | b| .

les
n
Next let x be any mmber such that |x| > |c|. If ) ax
=1
- Q0 7
were convergent it would follow by the previcus argument that Z: anc
n=1
£ n
would converge, contrary to assumption. Hence Ej ahx diverges for
n=1

all x such that | x| > | cl s
Let us draw a figure to illustrate the situation, taking b, ¢ to

be posgitive for convenience.

: B Figureolu .1 ’ )

Summing up so far, we have proved that 1f the serieg converges at any
point it also converges at every point nearer to the origin and that

if it diverges at any point it also diverges at every point further from
the origin. Moreover there is a point (b, say) not at the origin at
which the series converges and a point (c, say) at which the series di-

verges and, necessarily,]b\<[ch
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It is now possible to complete the argument perfectly rigorously,
0

using the Axiom of Comtinuity, t® show that the series E: anxn has
n=0

a radius of convergence.* We will not give the formal details; but, in-
tuitively, all we do is tu 'stretch' the interval -b < x <b uniformly
about O so that it alwayc continues to consgist only of points at which
the series converges. This process must stop by the time we reach the
intervel =-c < x < ¢, gince any larger interval contains a point { name-
ly c¢) at which the series diverges. Wherever we have to stop stretching,
say when the interval has been expanded to -R < x <R, we have reached

the interval of convergence.

a, ®
Theorem 14.3. If 1lim zfl = 0 then the power series E: anxn
n —>aw n n=1
converges for all values of x., If 1lim fnl] =L # O then the
n —> @ a,
n
; PR
radius of convergence is T
To prove this theorem we apply the ratio test:
n+l
a  .X a a

: ; by
Lim |2 - 1im =L (k] = x| 2 ml Lo
n-—=>mwl g & n = n n —> n

n

y a " Xn+l
A L. 0 then lim |_mHL =0 <1 for all x. If
n — @ a, n

n n—=aw a X
n
n+l
a a,

. + + )
lim = L , =L#0 then lim ofL ~—|= [x|L. This quantity
1 -2 00 n n —>w a X

is lesgs than 1 if [ Xl e % and greater than 1 if I xl > % . Hence

*
See, for instance, A.E. Taylor, Advanced Calculus, Ginn and Co. New York,
1955, 1e 606,
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Problems

1L.1 Use the ratic test to verify the radius of convergence of the power series

(7.7) to (7.12).

14,2 Use the ratio test to investigate the convergence or divergence of the

@
series -ngl 8 where & has the given value.
n 3
10 n
(El.) .—;IT . (b) ;‘E .
10
n (3n)!
(e) 57 - (a) ~5 -
(n!)
i 1
(e) f’_lfl%n_) . () Ognl’l .
n 3
n!
(g) o

Answers. €, C, ¥, D, ¥, C, C. *ratio test gives no information.

i1k.3 Where possible in Problem 14,2 find a bound for the error after n terms.

00 2. n
ih,b Find the radius of convergence of the series Z ni . Answer. 2.
n=0 2"

; o)
1k.5 Find the interval of convergence of the series Z % (x-3)"  and deter-

mine whether the series converges at the end points.

Answer. | x-3 | <—;E,- (1)
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15. Integral Test.

This test has already been illustrated for the harmonic series in the

story of the Generous Donor, (Section 3). More generally suppose the

@
gserieg ;: a, congists ol positive terms of the form B, = f(n) where
n=1

f(x) >0 and f(x) is a continuous monotonic decreasing function for

x >1; i.e. £(x) < £f(y) whenever x >y. Then, as indicated in Figure

15.1 we have the inequalities

f(x)
S //f<x) /1/
\ ~

1

B 1 2 3 N N+l b 1 2 35 N
(a) (p)
Figure 15.1
N+1 i N
(15.1) Mz € ¥ a <a + fx)dx .
1 b=l 1

0
From this it follows that the series E: an converges or diverges
n=1

o
according as f(x)dx converges or diverges. For testing whether the
1

series converges the lower limit 1 in the integral can be replaced, if de-

sired, by any positive constant.
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If the series converges, an estimate of the error after N terms is

given by

_ @ (e8] N Q0 @©

(15.0) F(x)ax < Z_l a, - 2, a | = I\;l a < f(x)dx,
N+ 5 = N

as may be seen from a similar sketch.

t

An important application of this result is to the so-called "p-series.’
w
Corollary 15.1. The geriesg E: 2 converges if p > 1 and diverges if
n=1 o

p<1.

This follows from the fact that for p > 1,
@ 00

_ -1 L

= — = e

dx
5 B (p-1)* |1

For p=1 +the p-series is the divergent harmonic series and for p <1

the integral

diverges. (The case p < 1 can also be settled by comparison with the
harmonic series.) The special case p =2 was shown in the discussion
following Theorem 1k4.1.

Example 15.1. To illustrate the error estimate, take the case p = 2.

) - N o0
: dx 1 1 - dx
(15.3) 25| 2 3" L P | WS\ =
X n=1i n n=1l n X

N+1 N
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Therefore

A
A
==

L <.
N1 N
From this it can be seen that the series converges fairly slowly.

There are various devices to sharpen this estimate, but we shall not be

going into them here. (See Thomas, p.780.)
Problems

15.1 Give an example of (a) a convergent series, (b) a divergent series for
which the ratio test fails to give a decision but the integral test

succeeds.

15.2 Give an example of (a) a convergent and (b) a divergent series where the

integrel test is not applicable but the ratio test succeeds.

03]

15.3 Show by the integral test that the series Z —--——~J—"--——~ diverges. Find '
o nlognn
100 1
a lower and an upper bound for ) —=—=——, i.e. numbers L and U
s B log n
100 1 ax
such that L 5 nz__,:e mg"ﬁ 5 U. [Note that S m = log log x + c.]

Answer. L = 1.896, U = 2.616.

0

15.4 Show that .78 < 12 < 1.3 by using equation (15.1).
n=1 1+n
|
15.5 Use (15.1) to estimate the sum Z = and compare the bound on the error
n=l n '

with thatfound in Problem 13.4 by a comparison test.



- 3.98 -

15.6 To sharpen the estimate in equation (15.3) the following method is some-
times useful. Suppose, for example, that N = 10, so that equation (15.3)

gives the estimate

@
1 1 1,1 1 1
= < ___(_'_|_+. +—+nnu+_) S_°
= | & 2 L 79 - 368 | =10

To obtain a slightly sharper estimate consider the series —;E + —;§-+ 000 T

at, 12

——5+§+ vee-y; and apply equation (15.1) (with N = co) to the function -
(n+10) (k00

. L I 1 . N
to obtain ii»g !RlO ] < T+ T This reduces the length of the uncertaint;
interval" from i%ﬁ to i%i . Notice how much better both estimateg are than
the direct estimate : o

1 1 dx 1
N = g * 7 wse 3 271
(N+1) (N+2) .

which in this case would give €0 = %EP which is too conservative by

in the present case.

1
a factor of T

15.7 Determine whether or not the series % & % A con-

verges. Find an estimate for the sum of 100 terms.

16. Alternating Series with Decreasing Terms,

The comparison test, ratio test and integral test establish absolute

convergence. They are essentially concerned with series whose terms are
O

positive, Now the harmonic series }: 5 diverges, whereas, as we shall
n=1 : '
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@ (_l)n-l
see below, the series 2: = converges. Thus there is need for a
n=1

test which detects those series which are convergent but not absolutely
convergent. We now consider one such test which can be used for
series whose terms are alternately positive and negative.

Definition 16.1. A series whose terms alternate in sign is called an

alternating series. That is, an alternating series is of the form

= n-1
> (-1)""a_ where each a_ > 0.
n=1 R n

A sequence whose terms do not increase is called a monotonic de-

creasing sequence., That is {ar;g is monotcne decreasging if for each

n=>1, & .1 < 8 .

Theorem 16.1. If the sequence Earlg is monotonic decreasing and converges

@
to zero then the series Z, (—l)n-lan converges; and the remainder RN
n=1

after N terms lies between 0 and (-l)Na.N_l_l, i.e. between O and the

first term omitted.

Proof. The sequence of partial sums of an even mumber of terms is given
By S, = 8 - &,

Sh = (aE - 33) -8y,

Bg = oy ~ (85 - a3) - (& - &) - 2,

Son= 81 - (8 - a3) - (g - a5) = e = (B - Ay g) -y

Since all of the terms in parentheses are non-negative we see that

the sequence %SE, SM" 86’ .“} is bounded from above by CE it is mono-
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- a ) & 0.

tonic increasing sequence, since 8 - 8 = (a &
g 9 4 Pon+2 2n ( 2n+l 2n+2

Hence by the axiom of continuity, it converges; say 8,, —> 5. Since

the s 3 eoe 1 gi = .
e sequence Sl, b3, 85, is given hy SEn+1 S2I1 T o8y 0y and
841 —> 0, we have alsc 52n+l —> 5, so thet Sn —> 8. Hence the
s 7,
series E: (wl) a CONVETEES
n
n=1
For the remainder after N terms we have
0 - N @
pia n-1 n-1 n-1
Re= Yy (-1)"a - ¥ (-1 = Y (1)
- n=l n=1 n=N+1

An argument similar to the one given above shows that RN lies between

0 and (—l)NaN+1,

The reader will find it instructive to follow through the proof of
the theorem while interpreting the partial sums as points on the real
number line. (See Figure 16.1.) He will notice how the partial sums

S ..o all exceed S and decrease to 8, while the partial

l’ 83} 5’
sums SQ, SA’ 86, ses a8ll Tall short of S5 and increase to &S,

S

~ a’2
3
3y
—e; ——>
e 86 p—
82 SH 86 35 S3 Sl=al
3
Figure 16.1

Example 16.1. The harmonic series with alternating signs




- 3.101 -

(_l)n+l

+ + LU ]

-

y

Wik

_%'I' uot+

; L
converges. The error after two terms, for example, is between O and + 3
The error after three terms is between O and - %. [Compare the Note fol-
lowing equation (8.5).]

Example 16.2. In Example 13.1 we mentioned that a sharper estimate of the

error could be made. By virtue of our present knowledge we can say that

. 1
R3 is between 0 and - o0 °

Problems

et 8§ = Cf g_'];zfj}
i A
(a) Show that S 1lies between 197/216 and 1549/1728.
(b) WVrite an appropriate program and use it to compute S to 5 decimal
places.
Compare the error estimate obtained from Theorem 16.1 for the remainder

® n
after N terms of the series z: ﬁi&l— with the estimate ¢

<
© n=l n o=
° 1 ax 1
E: =3 < =5 ="z - How many terms would be required to ob-
n=N+1 n” ~ N X 2N2
tain 6 decimal place accuracy using each estimate?
Answer. \ ; 1253 1000.

1
< 3
(N+l)3 Eﬁi’

Investigate the convergence of the given power series at the end points of

the interval of convergence.
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( COXIl () a n
a —_— . d .
)r;l‘lﬁ IZ;J_HX
o0 n a n
0 ¥ % (&) 3, =2
n=1 n=1
@ § 2. (o) § (DG

n:l un+l

Answers. (a) (C:D)J (b) (C7D); (C) (C;,C); (d) (D;’D)S (e) (C:D)i (f) (DJC)”

i
=
B

17. Uniform Convergence.

In treating the convergence of power series we are concerned with the
limits of sequences {SO(X)J Sl(x)gnn,,Sn(x),nan}- where Sn(x) is the
n

n-th partial sum Sn(x) = E: %ﬁﬁma More generally, we can congider the
: m=1

sequence {fo(x), fl(x),.u.,fn(x),,a,§ where each term is a furnction of x.
For each fixed value of x this sequence either converges or it does not.
For those wvalues of x for which the sequence converges we can define a

funection f(x) to be the limit of the sequence:

f(x) = lim fn(x) .
n —m

In considering the convergence of the sequence §fn(x)} we first
N 2
fix a value x. Then € > 0 1is given, and we must find an N such that
(27+1) lfh(x) -f(x) | <&

for all n > N. Note that the value of N may depend on the value of x
selected as well as on €. The idea of uniform convergence is that N

can be chosen, dependent on €, but independent of x for all =x in some
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set S. The set S will always in practice be some interval a < x<b

or a<x<b. More precisely:

Definition 17.1. The scgquence of Tfunctions

i (x)% converges uni-

B ey

n
formly te f(x) for x in the interval a < x <b if, for each
€ > 0 there exists an ¥ such that for all n > N

ffn(x) -fx)| <

for all x in the interval a < x b.

A

A geometric interpretation of uniform convergence is the following.
Suppose 8 1is the interval a < x < b. (See Figure 17.l, in which we al-
so sketch the sequence of functions fn(x), and the limit function £(x).)
To say that the seguence -gfn(x)} converges uniformly for x in the in-

: J
terval a <x<b is to a;sert that for any € > 0, there is an N large
enough such that, for all n 5 N, all of the curves fn(x) are contained
in a strip of 2¢ centered around f(x) and running from x = a to
xl= b. That ig, for all 1 sufficiently large, all of the curves fn(x]

are contained in the strip.

1)

Figure 17.1
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As an example of a non-uniformly convergent sequence of functions

congider the sequence fn(x), ne=1, 2, 3,...; Where

1

fn(x) = nx for 0 < x < 7
- n(2 1 :

= n(n - %) for = <x< = ¥

il

O otherwise,

ag illustrated in Figure 17.2.

=
rno

O
wl= [
el r = =

Figure 17.2
Here we have

lim £ (x) =0
n
n—ae

for all x, but for any specified n one can find an x such that
fn(x) =1 > e, The sequence does not converge unifermly on any inter-

val containing the origin.

@
If Sn(x) is the n-th partial sum of an infinite series E: um(x},
m=1

n
i.e. S (x) = zﬁ um(x), we say the series converges umiformly in a set
m=



- 3.105 -

S whenever the sequence %Sn(x)} converges uniformly in S. The impor-
A
tance of the concept of uniform convergence stems from the following

three theorems:

Theorem 17.1. Let I be an interval |x - a| < r on which all of the
e9)

functions un(x) are continuous. If the series E: un(x) converges
n=1

is a continu-

18
o
®

uniformly for x in I then the sum f(x) =
n=1

ous function for all =x in I.

Theorem 17.2. ILet I be an interval l X - a] < r on which all of the
@

functions u(x) are continuous. If the series E: un(x) converges
n=1

uniformly for x 1in I +then the series may be integrated termwise in

I; i.e.
X X
(00
f(t)dt = E;l un(t)dt, for |x - al <r.
a

Thecrem 17.3. Let I be an interval ] X - a! < r on which each of the

functions un(x) has a continucus derivative. If the differentiated

e
series ) u'n(x) converges uniformly in I then the series ) un(x)
n=1 n=1

converges in I to a differentiable function f(x), and
@

£i(x) = % u'n(x) for |x - al] <r.
n=1

The following test for uniform convergence is called the Weilerstrass

M-test.

: @
Theorem 17.k, If there exists a convervent series of constants 2: Mn
n=1




7.4

17.2

17.3
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such that, for all x in an interval I,

|u (x) | sM

n
o)
then the series E: up(x) converges absolutely and uniformly for x in
n=1 ; '

We shall not prove these theorems here. (Reference, A.E. Taylor,

Advanced Calculus and R.C. Buck, Advanced Calculus.)

Problems
Show that the geometric series 1 + x + x2 + wew <+ «e. COnverges
uniformly for x in the interval lx , < % .

Show by use of the Welerstrass M-test that if R 1is the radius of con-

@
vergence of the power series E: ahxn and O < p <R then the power
n=0

@O
series E: anxn converges absolutely and uniformly for |x [ < p. Show

n=0 -
®

also that the differentiated series z nanxn_l converges uniformly
n=1

for [x [S p. Apply Theorems 17.2 and 17.3 to show that a power series
can be integrated or differentiated termwise inside its interval of

convergence as in equations (4') and (5') of Section 5.

Show that the series (1-x)x + (l-x)x2 + wwe * (l-X)Xn + ... has for its

sequence of partial sums Sn(x) = x - ¥'. Hence show that the series

(0]
S (x-1)x" converges for all x such that -1 <x <1, Let £(x) =

n=1
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o)
3. (x-1)x" for -1<x<1. Graph f(x). Show that the series does not
n=l, B

converge uniformly in the interval O < x < 1. Graph Sl(x), SE(X), 53(X)

+
and compare the behavior with the strip f(x) - € described in the text.



