CHAPTER 4

Complex Numbers

1. Introduction. The complex numbers are ordinarily introduced into

mathematics as a means of solving certain equations that have no real
roots; for example, the eguation xe + 1 =0 or, more generally, the
equation axg + bx + ¢ = 0 where b2 < hac. In many applications of
complex numbers, such as the analysis of oscillatory phenomena, certain
geometrical properties are more significant than the the fact that they
are solutions of algebraic eguations. With such applications in mind
we will emphaéize the geometrical features of complex numbers.

The relationship between complex numbers and real numberslis much
like that between fractions (rational numbers) and integers. A frac-
tion is specified by a pair of integers, written in the form % or
m/n, and the basic arithmetic operations on fractions are defined in

terms of the specifying integers, thus:
(m/n) + (p/a) = (mq + np)/(nq), (m/n)(p/a) = (mp)/(nq).

Similarly, a complex number is specified by a pair of real numbers, general-
ly written a + bl or some cbvious modification of this, and the arith-

metic operations are defined by

(a+Dbi) + (c+di) = (a+c) + (b+a)i, (a+bi)(c+ di) = (ac - bd)
+ (ad + be)i .

As far as these definitions are concerned, the + and the i in a + bi

have no more significance than the / in m/n. However, we shall soon
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see that + and 1 can be interpreted in a way to give a convenient
Vmechanism for the algebraic manipulation of complex numbers; and this, cof
course, 1s the reason we use them.

In one important respect the above analogy breaks down. Different pairs
of integers can determine the same fraction, for example 1/2 = 2/k = 10/20,
but a given complex number uniquely determines the two real numbers that

specify it.

2. Basic Properties of Complex Numbers.

Definition 2.1. A complex number is an expression of the form a + bi, where

a and b are real numbers and 1 1s an arbitrary but agreed-ufon symbol.
Equality, addition, and multiplication of complex numbers ard defined as follows:

A(.l) a+bi:c‘+di if and only if a=c¢ and b= d;

(2) (a+Dbi) + (c+di) =(a+ c)+ (b + d)i;

(3) (a+ bi)(ec + di) = (ac - bd) + (ad + be)i.

From these definitions the following basic properties of complex num-
bers, u, v, w, are easily derived.

(4) Closure: u+ v and uv sare complex numbers.

(5) Commutative laws: u+ v = v + U, uv = vu.

(6) Associative laws: (u+ v) +w=u+ (v+ w), (u)w= ulvw).

(7) Distributive law: u(v + w) = uv + uw.

(8) Zero element, O + 0i, such that (0 + 0i) + u = u.

(9) DNegative: if wu = a + bi then for (-u) = (-a) + (-b)i we

0 + 0i.

have u + (-u)

10) Unity element, 1 + 0i, such thet (1 + Oi)u = u.
2 2

(l‘l) Inverse: i = a e bi fé 0 then fOI‘ ‘Ll_‘l = 2 2 ) % E-b ) i
- a + b a +b

we have uu-l =1 + 01,

Flectrical engineers, who often use 1 for an electric current, usually
prefer to write a + bj for a complex number. Mathematicians define a
cemplex number simply as an ordered pailr of real numbers (a,b) but
quickly introduce the a + bi notaticn (cf. Thomas, Section 17-1).
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An algebraic system with propérties (4) to (11) is called a field.
Other examples of fields are the real numbers and the rational numbers.

Since the complex numbers form a field, the complex field, all the tech-

nigues of the algebra of real numbers that are based on the "rational
operations" of addition, subtraction, multiplication, and division can
be applied to complex numbers. In particular we can define u - v as

u+ (-v) and u/v as o,

Consider the set of complex numbers of the form x + 0i. There is

an obvious one-to-one correspondence between these complex numbers and

the real numbers, namely
(2.1) x + 01 <—> x.

This correspondence is preserved under the basic operations of addition

and multiplication, for if we also have

y+ 0i<—>y
then from.(E) and (3) we find

(x+0i) + (y+0i) = (x+y)+0i<—>x+y
and

(x + Oij(y + 0i) = (xy) + 0i <—> xy.

Hence the algebraic properties of the real numbers are exactly the same

* .
as those of these special complex numbers. There is therefore no rea-

*
Just as in Section 8 of Chapter 2, where an isomorphism between two vector
spaces was defined as a one-to-one correspondence preserved under the ba-
sic operations ofvectors, so (2.1) defines an isomorphism between the set

of real numbers {X} and the set of complex nunbers {x + 01 } .
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son for distinguishing between them and we can regard the real number x
as simply a shorthand form of the complex number x + Oi. In particular,
the zero and the unity elements of Properties (8) and (10) are the famili-
ar O and 1.

For additional shorthand we write bi for O + bi, and i for 1i.
Then a + bi may be considered to be the indicated algebraic combination
of a, b, and i, thus justifying our original notation for a complex num-
ber. Any rational operation with complex numbers can be carried out by
the ordinary processes of algebra, with the additional simplifying iden-

tity 4° = -1,

Example 2.1, (a) Instead of trying to memorize Definition 2.1(3) we

éimply use

]

(a + bi)(c + di) = ac + adi + bei + bdi®

(ac - bd) + (ai + be)i.

il

(b) & bi _(a+ bi){c - di) _ac + bei - adl - bai"
¢+ dai  (c+ di)(c - di) 2 _ §24
_ (ac + bd) + (be - ad)i
- 2
c2 + d?

provided, of course, that ¢ and d are not both 0.

By Definition 2.1(1) the relation
(2.2) a + bi <> (a,b)

is a one-to-one correspondence between the set of complex numbers and the

vector space V,. Definition 2.1(2) tells us that this correspondence is
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preserved under addition; and since, for any real number ¢, we have
c(a + bi) = (ca) +(cb)i,

it is also preserved under multiplication by real numbers (scalars). The

correspondence ig therefore an isomorphism, and so the complex numbers can

be regarded as elementé of a 2-dimensional vector space, and all the vec-
tor space concepts and techniques can be applied to them. In particular,
the complex numbers 1 and i can be taken as a basis {;i,gé} of this
vector space. We then have x + yi = x;i % y;é, and so x and y are
the components of the vector x + iy with respect to this basis. We

can represent the vector space

l

|

I

gecmetrically, as in Figure 2.1, / s = 1 |
i

|

e

\.A
2 ¥
and in the next Secticn we shall
X
exploit this aspect of complex 2 i
.=
numbers. Figure 2.1

The complex field can now be regarded asg a 2-dimensional vector space
in which a multiplication has been defined that satisfies the field pro-
perties (4) to (ll), It is naturasl to wonder if a similar mWtiplica-
tion can be introduced into an n-dimensional vector space with n # 2.

For n =.l this is easy, for the real numbers, with their ordinary mul-
tiplication, form a l—dimenéional vector field. On the other hand, it
.has been proved that no n-dimensiénal vector field exists for n > 2.
For example, for n = 3, the dot and the cross products that are used in
mechanics do not meet the regquirements. The dot product gives a scalar,

not a vector, and so does not satisfy (4). The cross product is not
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commutative and there is no unity element. The closest one can get to
a field is in the cese n = i; there is a system known as "ouaternions.”
which satisfies all the field properties except the commutative law of
multiplication. Quaternions were very popular at one time, but their
use has declined in recent years and we shall say no more about them.
Some special terminology used in connection with complex numbers

must be noted. In the complex number z = x + yi, where x and Yy are

real, x is called the real part of z and y the imaginary part of z.

We write x = Re(z) or R(z), and y = Im(z) or I(z). The length

Vx2 + y2 of the vector z (see Figure 2.1) is called the absolute value
or modulus of =z and written ] z| . The conjugate of 2z is 2= x - iy.

Example 2.2. R(2 - 3i) =2, I(2 - 3i) = =3, |2 - 3i|=Y13, 2 - 31 =2 + 3i,
Problems

2.1 Reduce each of the following to the form a + bi.

(a) (2 - 33W(2 +21) = {3 +21)i.
(b) (3 +hi)(3 - 4i).
(c) (1 +1i)(2+ 1)(3 + i)(4 + 1).

(d) 5% (1 + ni)e.

n=0

(e) ni (1 + ni)™

3 - 24
() $%3% -
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(i) 322 + 7z - (3+ i) when z =1 - 2i.

2.2 Use the binomial theorem to express (1 - i)il‘L in the form a + bi.

K}

+ =1 1s a root of XE - x4+ 1=0.

2.3 Show that >

-

2.l Show that 1 - 2i is & root of X - Ox + 5 =0 and.of R, 2(2 + i) = ¢

2.5 Solve the following equations for real numbers x and y:

a(x + iy)g + b(x+ iy) + ¢ = 0, (a) for a, b, ¢ real, (b) for
a, b, ¢ complex.

| (e) %—é—% + (2 + 51)2(x - 2iy) = 2x - iy.
1-i  ,54 i\2 ;
B == iy = (5—¢)° + 2%

2.6 (a) Show that the matrices of the form

-b a

where a and b are real numbers, are, under the correspondence

a b
<> a + ib, iscmorphic to the complex numbers. (Cf. Problem
-b a

12.7, Chapter 2.)

(b) Compute the inverse matrix
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n

2..dd

2.12
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and show that it corresponds to (a + bi) "l ag defined in Property (11).
Prove the associative law of multiplication by showing that

[(a+ bi)(c + ai)](e + fi) = (a + vi)[(c + di)(e + fi)].

For each of the given values of z determine R(z), I(z), z, |z]:

e b+ 85, 1~ 4, =% &i, 0.

Show that u + v = u + v; that Iu [ = l—u] = |u i

| = 2
(a) Show that uu = [u[ 4
(b) Show that %: I uvl - » by using part (a).

v
(¢) Reduce to the form a + ib by using part (b) R P P
e I~V 8¢ LaBl"
1,31 4,8 |

Answer. §+2,5+5.

Cemplete the lower line of the table

wil -4 -8 -2 -1 09 I 2 3 4 § 6 T B

l
i R A |

Formulate a genersl rule for determining the value of i° if n is an

3 1-3243?

integer. What is 1 4

Show that a+ b [ b [ a] + {b [ for any complex numbers a and b.

(Hint: Interpret geometrically.]
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For z =2+ 3i plot the points =z, z, -z, -z. For any
geometrical relation between =z and E; between 2z and
For what values of =z is Iz | = 7 Z = z?

Prove that (a) z + z = 2Re(z).

(b) z - z = 2iIm(z).

(e)

(@) Tuv) =uv.
(&) B
(£) |uv|
& -1  (z40.
(n) if z:ZE then z 1is real.

(1) |Re(z) | < |z].

Solve for =z.

B o 7 ol

z describe the

=2

3« The Polar Form. In the complex plane it is often convenient to associ-

ate a complex number =z = x + iy
(x and y being real) with the
point (x,¥) rather than with

the vector from the origin to

(x,¥). Accordingly, we speak

"

of "the point z." Consider Figure 3.1
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the polar coordinates of =z. Since (see Figure 3.1)

(3.1) X = r cos O, y = r sin 6,

we can write 2z as

(3.2) z=r1r {cos © + 1 sin @) .

This is called the polar form of 2z, and is sometimes abbreviated to
z =1 cis B,
As is well known for polar coordinates, r and © are not uniquely

determined by the point z. We sghall exclude negative wvalues of 1r; then

r is uniquely determined by %, and in fact r = lz . Angle © 1is
called the angle of =z or the argument of =z and written arg z. It
can be taken positive or negative, and is multiple-valued.

Passage from the polar to the rectangular form is effected by equa-

tions (3.1). To pass from rectangular to polar form we determine r

from the equation:

2 2 2
(3.3) rm=x +y
and © -from the equations: cos @ = % , sin @ = % . Cne is tempted to
use
(3.4) 6 = arctan % F

but this is not sufficient, since thic equation gives extraneous values for 6.
If additional information is given-such as y > 0, or [8I<i m/e, ete. -
cquation (3.4) can be used.

Example 3.1. Reduce 1 - i to polar form. Here x = 1, vy = -1, (see

Figure 3.2) and so from (3.3), r = 42. Then (3.1) gives



so that © 1s an angle in the

fourth quadrant; © = 315°, 675°,
oo, =45°, -LOS°, ...; or more

specifically © = -45° + k . 360°,

where k 1is any integer. In ra-

dian measure, © = - %} + k(270).

Picking one of these valueg, we have

sin 6 = - £ ¢
\z
1
e
\2
=
Figure 3.2

1-1=V8 (cos (- )+ 1ain (- ) .

Note that, if we had carelessly used (3.4) instead of (3.1) to de-

arctan (-1) = 135°, and 135°

termine 0O, one of the values would be 0O =

is not one of the values of arg (1 - i).

Theorem 3.1. lzw | = |Z I Fw [, arg zw =
Proof. Let
) z = r(cos © + i sin 0), w = s(cos

arg z + arg w.

¢ + i sin @).

Then

(See Figure 3.3.)
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zw = rs[{cos 6 cos P - sin © sin $) + i(cos © sin $ + sin © cos 8)]

= (rs)lcos(0 + §) + 1 sin (6 + BT,

which proves the theoremn.

Since the argument is a multiple-valued function we must be careful
about the meaning of an equation involving arguments. The meaning to be
assigned to "arg zw = arg z + arg W' 1is evidently "Given a value of
arg z and a value of arg w, the sum of these two values 1s one of the
values of arg zw.".

. Arg 2/w = arg z - arg w.

Corollary 3.1. Iz/w ] = ’z |/ |w

Corcllary 3.2. If n dis an integer, fzn | = ]z ]n, arg 2% = n arg z.

This property of complex numbers is known as DeMoivre's Theorem.

Corollary 3.3. Multiplication by cos 6 + i sin @ rotates a vector

throuvgh the angle 8, since |eiS e = L
By virtue of Theorem 3.1 and its corollaries, multiplication and di-

vision of complex numbers in polar form is particularly easy. For example,

EC]‘.S% E

4 cis Egi 3

is an easgier process than evaluating the same gquotient in the form

L

cis (-

L+t _ (i) (20321) _ Ly _y3) - 2+ VI

2\3 + 21 12+ 4
Similarly
(V2 cis 9% = 16 c15 2T = 16

is much to be preferred to
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B

- b, 3% -

(l+i)8

1+ 81+ =i + T3 it

1+ 81 - 28 - 561 + ...

]

16 s

Il

However, one must not infer from this that the best way to multiply

or divide two complex numbers in rectangular form is first to put them
in polar form. In general the passage from rectangular to polar form,
and vice Versa, involves the use.of tables of sines and cosines, which
introduces further computations. (See Problem 3.5.) But often in the-
oretical work, or if the factors are already in polar form, one can teke

advantage of this simple way to multiply, divide or raise to powers.
Problems

(a) Find all values of arg z for each of the given values of 2z, Ex-
press the values in radians, either as multiples of TF or to three
placeg of decimals.
z=1, 4, -2, =51, 1+ i, L - i, Y3 -4, 1 -V3, -2 - 34i.

(b) Reduce each of the above numbers to polar form.

Is there any relation between arg z and arg z? State the relation
very carefully, remembering that the argument is a multiple-valued func--

tion.

3.3 What can you say about arg 0%
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3.5

3.6

3.7

3:8

3:9
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3 ; L 3 iii to polar form. Answer. |2 cis |[/k.

Reduce the complex number

Find (2 + 31i)(1 - i) and (2 + 3i)/(1 - i) by reducing to polar form,

using Theorem 3.1 and Corollary 3.1, and returning to rectangular form.

(a) By Corollary 3.2 squaring a number squares its absolute value and
doubleé its argument. Show how to work this backward to find the
number whose square is 1. How many such numbers are there?

(b) Give a general method for finding the square root of a complex number.

(c) Solve the equation X +2ix -2 + 1= 0. Anewer. x = 1;09869 -

1.455091 or -1.09869 - 544911,
Prove Corollary 3.1.

Describe the curve which is the locus of the points 2z satisfying each

of the following conditions:

() |2z] =2, (@) |z]| 54
(®) [z-1] =g, (e) lz-@+1)] 29
(@ |z-1] + |z+1] =3.(8) R(z) >1,
(g) -1 <1I(z-2) < 3.
Verify that
2 _ "
|z2 - 27y | © = (z, - 29) (55 - 27) = [z2 |2 - 2%y = 258 + [zl ]2
= |z2 [2 + [zl |2 - ER(zlgéj
= |z2 fg + !Zl ’2 - 2121 | |ZD | cos (Ql - 9,)
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‘ 2 2 2
Interpret this as a proof of the law of cosines: a =Db + c - 2bec cos A.

(cf. Figure 3.4.)

S

Figure 3.4

3,10 Prove that the sum of the squares of the four sides of a parallelogram
is equal to the sum of the squares of the diagonals by verifying the
following algebraic steps and interpreting the result appropriately.

(Cf. Figure 3.5.)

2 2 2 —
|zl + z, = ‘|z;L | <+ |22 | < + ER(zlze) 5
2 2 2 —
|Zl -z, ] = Izl ' + [22 [ - ER(ZIZE) i
and adding,
2 2 2 2
z + 2, | + ]zl - 2z, f = 2([21 | + 'z2 ] T

Figure 3.5
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4, Complex Algebra. In Section 2 we remarked that the rational operations

of elementary algebra can be extended from the real field to the complex
field. We mention here a few of the more useful aspects of this process.

A polynomial in one variable, x, is an expression of the form
P(x) = a.x + U L
0 e ' n-1 n’

the a's being numbers. We can of course allow the a's to be complex
numbers. A zero of P(x), or a root of the equation P(x) = 0, is &

number 1r such that

n n-1
= +co- = .
P(r) ayr toar Tt +a r+ta =0
The polynomial
= .n , = _n-l = =
aox o alx T oeww F an_lx + an

ig called the conjugate of P(x) and is designated by P(x).

Theorem 4.1. For any number q,

Pa) = P(q) .

Proof. We have gseen that

a+b=a+b and ab=18ab .

By successive spplications of these two properties we can reduce

n n-1
Piqi = an + alq + wea B ah_lq + an
to
— ;=1 — ,—n-1 —_ —_ — —_——
agla)” + & (a) T+ weo 3 ja+a = Paq) .
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Example 4.1. If P(x) = (2 + i)x2 + (1 - 2i)x + (3 + 2i), then P(x) =
(2 - i)x2 + (L +2i)x+ (3 -2i). If x=1+ 1, then P(x) = (2 + i)(1 + 1)2

+ (1L -2i)(1+4i) + (3+21) = 4 +5i; also x=1 -1 and P(x) =
L - 5i, That is, P(x) =

1l

(2 - i}(1 - 1)2 + (1 + 2i)(1 - i) + (3 - 2i)
4 - 51 = P(x).

Corollary Lk.l. If r is a root of P(x) = O then r is a root of

Example 4.2. Continuing Example 4.1 we see that x =1+ i is a root of

the equation (2 + i)x2 + (1 -2i)x+ (3+2i) = 4 + 5i, i.e. & root of
the equation (2 + i)x? + (1 - 2i)x - (1 + 3i) = 0. Corollary L.l asserts
that x==1 ~1 dsaroot of (& - i)xe + (L + 2i) - (1 - 3i) = 0. This

can also be verified from the evaluation of P(x) computed in Example L4.1.

Corollary 4.2. If P(x) has real coefficients and r is a root of

P(x) = 0, then r 1is a root of P(x) = 0.

L 4= i,

Example 4.3. The equation x> - 3x2 + 4x -~ 2 =0 has a root x
By virtue of Corollary 4.2 it follows that it also has a root x =1 - i.
This fact is easily verified. Thus (1 - 1)5 - 3(1 - 1) + L(1 - 1) - 2 =
-2(1+ 1)+ 3(2i) + 4(2 - 1) -2 = 0.

Corollary 4.2 is a well-known and useful result. Note the condition
that the coefficients be real. For example, i is a root of x - i =0
but -i dis not.

The so-called Fundamental Theorem of Algebra says that every polyno-

mial equation (with n >1 and 3 # 0) has a root. Many different proofs
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of this theorem have been found in the past 165 years but noﬁe of them is
simple enocugh tc present here. Nor will we give the proof of the follow-
ing theorems; these are faifly easy end can be found in a good high school
algebra text or a "college algebra.”

Theorem 4.2. If r is a root of P(x) = O then x - r is a factor of
P(x); that is,there is a polynomial @Q(x) such that P(x) = (x - r)Q(x).

This is known asg the Factor Theorem.
Example 4.4, In Example 4.3 we saw that x =1 - 1 was a root of x3 -
3x2 + bx - 2 = 0, According to Theorem 4.2 it follows that x - (1 - i)
is a factor of x3 - 3x2 + 4x - 2. The student may carry out the required

long division to verify that this is so. (See also Example 4.5 below, how-

ever.)

Corollary 4.3. Given

n-1

P(x) = g o+ a X + oee. B

0

with &, # 0, n > 1; there is a set of n numbers Ty, Tpy vy T, NOE

necessarily distinct, such that

(4.1) P(x) = ao(x - rl) (x - rg) g oy LB - rn)

We sometimes express this theorem by saying that an equation of
degree n has n roots.
Example 4.5. Continuing Examples’%3 and 4.4 we know that the equation
x3-3x2+4x-2=0 has roots x=1+ i, x=1 - 1. It also has
the root x = 1. Consequently, it follows from Corollery 4.3 that
- 3x2 +hx - 2=(x-(1+ i))(x - (1L~ 1))(x - 1). The student can

verify this identity by direct multipliceation.
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Corollary 4.k. If P(x) has real coefficients and & + bi 1is a root,

where a and b are real and b £ 0, then (x2 - Zax + a2 + bg) is a
factor of P(x).
Example 4.6. Corresponding to a pair of roots a z ib we have the pair
of factors [x - (a+ ibjilx - (a - ib)] = [(x - a) - ib][(x - a) + ib]
= (x - a)2 2R . Dax + &° + b2, as asserted. For example from the

) . ) ; 2 2
factorization in Example L.5 we obtain (a=Db=1) x° - 3x° + 4x - 2 =
(X2 - 2x + 2)(x - 1), which the student may also verify by direct multipli-

cation.

Corollary 4.5. Any polynomial with real coefficients can be factored into

real factors each of which is either linear or quadratic.

The numbers r r ~ appearing in (4.1) might not be distinct.

10 Tor eves

In that case the equation P(x) = 0' is said to have multiple roots; the

number of times a given root appears in the list Tys Tps cees r. is

called the algebraic multiplicity of the root. Thus if the distinct roots

are s 8 with multiplicities D), Doy oeve; B then the fac-

l} 82, LR

torization in (4.1) can also be given in the form

(4.2) P(x) = 8 (x - sl)nl(x - sg)ng...(x ’ sm)nm

m
where z: = I,
k=1 nk

Example L4.7. The equation b3 + PO 4 105 = 36 = 0 has the roots

-3, =3, 1. Hence we have the factorization

b + 20%° + 12% - 36 = 4b(x + 3)2(x -1) .
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In many preﬂtical problems it is necessary to determine the roots of
a polynomial equation numerically. Newton's method (Thomas, Sec. 9-3)
will still work, since the analytic derivation can be extended to the
complex case. The algebra involved in computing f(x) and f'(x) when
x is complex is somewhat messy, but the flow diagrem remains the same.
Newton's Method has the advantage of working even if thergiven
polynomial has complex coefficients. If the coefficients are real
there are somewhat simpler methods available. Those due to Bainstow
and to Lin are the most common; they can be found in books on Numerical

Anglysis (see, for instance, F.B. Hildebrand, Introduction to Numerical

Analysis, McGraw-Hill Boock Co., New York, 1956, pp. 468-476).
" Problems

Show that (1 + 71)2 - -48 + 14i. Solve the equation (1 - i)z2 = (9 = 53)%
+ 26 = 0. [Each solution should be expressed in the form z = a + 1ib,

L_—2+3i,zez5_-7_]

with a, b real.] [Ans. Zq

The roots of

A 6w i)l - Bl b
are to be found among the numbers

-1, 2, -i, 21, 1 + i, 1 - 21 .

Find them.
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4.3 Some of the roots of

F(x)=x6+2x3+x2+2x+2=0

are to be found among the numbers
wly By -4, B, 1 1,0 -84,
Find them and factor F(x) into real linear and quadratic factors.
L4 (a) Using the initial value x = .5 + .51 carry out one step of Newton's
Method for the solution of x3 -x+1=0. Answer. .691 + .538i.

(5) Program Newton's Method for this equation and solve to six decimal

places with the above initial value. Answer. .662359 + .562280i.

5. Complex Anglysis. We define the limit of a sequence of complex numbers

in exact analogy to the definition of the limit of a sequence of real num-
bers. That is, the complex number A i1s the limit of the segquence

-ﬁﬁf By wrey By e } if, for any given positive (real) number e,

we can find an integer N such that

Iak - A] < € whenever k > N .

Roughly this means that as k
gets larger the points & are

confined to a shrinking circle

about the point A (Figure 5.1).

Figure 5.1
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Theorem 5.1. The sequence {%k} converges if and only if the two se-
quences %ﬁ(ak)g and §I(ak)i conferge. (Cf. Thomas, Sec. 17~6.)
Proof. |a - &]% = [R(e) - R(&)I® + [1(a,) - 1(A)1°. From this
the theorem follows readily.

Similerly if w = f(z) is a function of the complex variable 1z, we

say

lim f£(z) = L
7 —> &

provided that for each given positive number € there is a positive num-
ber ¢§ such that

| £(z) - L| <e whenever |z - a| < § .
Note that both 2z and w may be complex., Figure 5.2 illustrates the
condition; whenever 2z is within §of a, f(z) must ﬁe within e of

L.

z - plane ‘ : W - plane

Figure 5.2
The basic theorems regerding sums, products and guotients hold for
limits of complex quaentities Jju-t as for real quantitieg. Continuity of

a function can be defined ss follows: £(z) 1is continuous at z = a if
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lim f(z) = f{a) .
7 —> g,
Similarly, the derivative, f'(z) or dw/dz, of the function w = f£(z)
is defined by

F(z+h) - f(z)
h . ’

£'(z) = 1lim
h —= 0

where h 1is a complex variable., The chain rule and the standard for-
mulas for differentiating polynomials and rational functions can be
proved in the same manner as for real functions. From these follow
the corresponding properties of indefinite integrals (or "antideriva-
tives")s It can also be shown that the only function whose derivative
is ddentically zero is a constant, and hence that two indefinite inte-
grals of the same function differ at most by an additive constant.
Definite integrals of real functions, on the other hand, depend
strongly on the l-dimensionality of the real number system, and their
theory must be changed considerably when we pass to the complex case.

We shall do nothing with them in this course.

('s]
Since we can handle sequences we can also handle series; E: ay
k=1
is defined to be
n
lim 7. ;
n—w k=1 x
From Theorem 5.1 we get the corollary,
@ 00
Corollary 5.1. E: a, converges if and only if two series E: R(gk)
1 : 1

®
and E: I(ak) converge.,
1
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@®
A zeries of complex constants }: a is said to be absclutely con-
‘ k=1

®
vergent if the series of absolute values, E: | §K| , 1s.convergent. It

can #150 be proved thet if a series is absolutely convergent then 1t is con-
vergent. (See Problem 5.1.)

@

We can also cousider power series E: an(z-c)n. Similarly to the
n=0

real case there are three possibilities for the convergence properties
of such a series. The proofs of the following two thecorems are similar
to those of the corresponding theorems of Chapter 3. (See alsc Problems
5,85 508, Salke)

Thecrem 5.2. If c, 8qy 895 8y, +e. 8TE complex numbers the infinite

series

ay + a(z-c) + ay(z-¢)% + ...

either

(i) converges for every value of z;

(ii) converges for every -Z within a certain circle with center

c and.diverges for every 2z outside this circle;
(iii) diverges for every 2z not equal to c.

In case'(ii) the circle is called the "circle of convergence."” Case
(i) can be included in case (ii) by allowing an "infinite" circle of con-
vergence. Case (iii) is of no interest ﬁo us in this course, and we shall
assume that we have a circle of convergence whose radius is greater than

zero and may be infinite.
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The next theorem is egsentially a restatement for complex power series
of the properties of real power series stated in Section 5 of Chapter 3.
The proofs are the same in both cases.

Theorem 5.3. Let

n
f(z) = aO + 8, Z Fowss ahz F s LOT Iz ] < Rl’
‘ n
g(z) = bO + blz + oee. + bnz + .,. for Iz | < RE'
Then
n
(1) £(2) + &(2) = (ay + D o) *(a +D )z taeo k(8 +Db )2+ ...

for lz | < min (Rl’RE);
(2) cﬂz)=c%)+c%¥-+.u +C%Fn+ o Tor |z <Ry;
(3) f(=2)e(z) = a5bg + (a b, + a by ) + oee. + (aobn tab oo+ ahbo)zn
+ ... for |z| <min (Rl’R2)5
(4) £'(z) = & + 28,z + ...+ (n+l)an+lzn ¥ owww For- B8] £ R ;

1 n
(5) 'Si(z)dz =C+ayzt+s alz ...+ Z 8 07 + ... for lz]| < R, .

The series for the derivative and the integral have the same radius of con-

vergence as the original series.

Cofollary 2:2. Throughout the circle of convergence the function w = £(z)

has an n-th derivative

f(n)(z) = (:n’)la.n o {ord)t 8 l(z-c) + LEigli (z- c) TR

2 n+2

obtained by termwise differentiation of the series.

Corollary 5.3. f(n)(c)/ni = &, and so

£(z) = f(c) + £'(c)(z-c) + %_ f_"(c)(z..cF —



In short, the usual properties of real Taylor Series hold for the com-
plex case, with the interval of convergence replaced by the circle of con-
vergence.

Note that we have sgaid ncthing about what happens if the point 2z
lies on the circle of convergence. This case can be very complicated,
and we shall not pursue it further here.

In the preceding discussion we started with a power series and then
examined the function to which it converged. Next, just as in Chapter 3,
let us turn things around and start instead with a given function, f(z),
and consider the possibility of expanding it in a Taylor series about a
given point, c.

We need two definitions. We say that £f(z} is regular, or hclomorphic,

at ¢ if there is some circle with center at ¢ such that the derivative
f'(z) exists at every point 2z within that circle. If f£(z) is not

regular at the point ¢ then ¢ 1is called a singular point of f(z).

For example, il f(z) = %ﬁi' then f(z) is regular at every point
except 2z = -1. That is, there is precisely one singular point, z = -1,
Theorem 5.4%. If £(z) is regular at ¢, then

\
(i) A1l derivatives f(r’(c) exdet, n=1;, 2y 3; ¢35
(1ii) The Teylor series of f(z) at ¢ converges to f(z) at all

points inside the circle of convergencs, which has a radiug

greater than zerc (and is possitly infinite) (i.e., case (iii)
of Theorem 5.2 cannot occur).
(iii) If f£(z) has no singular points the Taylor seriées converges for

all values oi . (T,c,, sase (1) of Theorem 5.2 holds).
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(iv) If f£(z) has one or more singular points then the radius of
convergence cof the Taylor series 1s the distance from c¢ to
the nearest singular point. Consequently the circle of con-
vergence passes through at least one singular point of f(z),
but has only regular points in its interior.
Theoren 5.4 is one of the most basic parts of the theory of functions
of a complex variable. Its proof can be found in any-thorough treatment

of this thecry.

Example 5.1. In Chapter 3 we found that the Maclaurin Series representa-

. tion of the function

b
l+x2
1 =1 - X2 + X =X + ...,
1+x

shows no

converged only for f X [ < 1, although the function
L

peculiar properties at any real value of x. Now we can see what is

(which coincides with 12 when =z is
1+z 1+x ‘
+

happening. The function

real) is undefined at z = - i and is singular at these points. At all

other points it is regular. It follows that the circle of convergence

: @
is: |z | = 1. Hence the series . (_l)nz2n diverges for all |z | > 1.
n=0

e
Consequently the real series E: (_l)nXEn diverges for |x i > 1, even
n=0

though the real function is well behaved in this region. Similar-

1
1+x2 .
ly from Figure 5.3 we can see that the Taylor series of l/(l+ze)

zbout the voint 2 + 2i, vhich looks like
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1 2(2421) o (z - (2421)) + v

1+ (2+2i)2 - (1 + (2+2i)

converges for |z - (e+ei) | <5.

Figure 5.3

Problems

Theorem. An absolutely convergent series is convergent.

Partial Proof. Let Z| an[ converge. Since IR(an) | < [ a.n[ » (why?),

it follows that ZR(an) converges, (why?). Similarly 3 I(a) converges.
Hence 2. a, ~converges (why?) .

Fill in all the gaps in this proof.

a
n+1

Theorem. If Llim

exists and is less than 1, then Zan
n—>w :

n

converges ghsolutely.

Prove as for Theorem 1k.l of Chapter 3.
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Theorem. If E:ahzn converges for =z ='z1 then it converges absolutely

for z = Zy if [ze l < Zq e

Prove as for Theorem 14.2 of Chapter 3.

a,
Theorem. If lim ——2% = R, then z:ahzn converges for |z | <R
n - !+l

(including the case R =).

Prove as for Theorem 14.3 of Chapter 3.

In Problem 5.5 of Chapter 3 we showed that the generating function of the

00 :
Fibonacei numbers, F(t) = ) fntn, was (1 - t - tg)"l. Interpreting
n=0 '

t as a complex mumber, use Theorem 5.4(iv) to find the radius of con-

vergence of F(t). Then use the theorem in Problem 5.4 to show that if

t
exists then this 1imit is (VE.- l)/E. Check this by com-

lim
n— o n+l
puting the same limit from the formula for fn derived in the earlier

problem.

6. Elementary Functions. Functions of complex variables frequently arise

by "extending" functions of a real verisble. This is easily done for ra-

*
tional functions; for example the function

SO
xE + 1

of the real variable x can be extended to the function

22 -1

22 + 1

* Recall that a rational function is the quotient of two polynomials.
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of the complex variable =z, Similarly any rational function of the real
variable x can be extended to the corresponding rational function of the
complex variable z. In general, by an extension of a function y = f£(x)
of a real variable we mean a function w = F(z) such that if z takes
any real value x we have F(x) = £(x). If £(x) is a function with
interesting properties -- say f£(x) is differentiable, or satisfies some
interesting identities -- we would like F(z) to have similar properties.
For instance, what shall we mean by sin z and cos z? Whatever defini-
tions we give, the values should reduce to the customary ones for sin x
and cos x (if 2z = x is real) and for any complex 2z we should have

d . 2 2
Iz Sinz =cos 2, sinz+ cosz= 1, etc,
z

If sin x and cos x could be expressed as rational functions
the extension would be straightforward., It is not possible, however,
to represent sin x and cos x as rational functions. Let us express
them instead as power series.‘ This will be owr method of attack on the
elementary functions.

It is most convenient to start our investigations with the exponen~

tial function ¥y = e®. For resl x we have

2 3
e B % X
2 - +X+§"i’+'3'i+;oo,

and the series converges for all values of x. Hence if we define

2

2o
N

+ e

%

(6.1) ef =Bt

]

1
®

n
L
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the function w:eﬁ has the following properties:
(8) e is defined for every complex velue of z. The circle of

convergence of (6.1) contains the entire real axis, hence case(i) of

Theorem 5.2 applies.

(B) é%—ez = e’. This follows at once on differentiating (6.1). The
usual "chain rule" then gives
4 u_ uwau
dz == 5
(@) «%’ = ¥, in Example 5.7 of Chpater 3 we established this
identity for real values of u and v by multiplying power series. The

same proof holds if u and v are complex.

Important special cases are

e®™® =1, or €% = (ez)-:L

(ez)2 _ eEZ’ (eZ)S _ (ez)Q(ez) _ eEZez B e3z

and in general (ez)n = enZ for any positive integer n. From these it

m mz 5 S .
) = e for any integer m, positive, negative or zero.

follows that . (eZ

(D) e is never=ro, for any value of z. This follows from the

fact that, since e%e 2 cannot have e = 0,

I
\.l“—'
=
0]

We now define cos z and sin z in a similsr manner:

22 ZLL 26
COSZ:l-EL__}-i_I-I-.'.’
(6.2)
3 5. 7
sin z = 2z = %T + %T - %T o a

Here also the series converge for every value of z.
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(E) e'% = cos z + i sin z. This is proved by substituting iz for
z in (6.1) and comparing with the sum of the two series cos z and
i sin z.

This unexpected relation between the exponentisl and the trigono-
metric functions is one of the most striking results in elementary func-
tion theory. It is generally known as Euler's Formula.

-iz) iz e-iz)

sin z = s (e -
’ 24, '

(F) cos z = % (e™® + e

To get these we First note that from (6.2) we have

cos(-z) = cos z, sin(-z) = - sin z.
Then from (E),

g ei(-z) = cos(-z) + i sin(-2z)

cos z - 1 sin z.

I

Solving this simultaneously with (E) gives the desired result.
Many of the identities comnecting trignometric functions can be

derived from (F). For example

cos U cos v+ sin u sin v

iu, -iu iv, -iv in _=-iu iv _=-iv
_ & +e , & _te & B8 L, & -e
2 2 21 2l

. % {ei(u+v) + ei(u-v) i ei(-u+v) " ei(-u-v)

B ei(u+v) + ei(u—v) + ei(-u+v) _ ei(—u-v)]

= %_{ei(u-v) + e—i(u-v)] = cos(u-v).

r

For other useful applications see Problems 6.2, 6.3 and 6.10 below.
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(@) If © 1is a real number, cis 6 = ¢°°. Therefore we can dis-
pense with the function c¢ils © and use elG instead. Thus the polar
form of =z becomes relg, where r = |z | and © = arg z. From this

Theorem 3.1 follows at once, since
(reig)(sei¢) = rs el(g+¢).

(H) As special cases of (E) we have

R P £ JMi/z2 _

22T i

I

From the first of these, and (C), follows e ez, or, more generally,

ez+2n7i1 = eZ for any integer n. That is, eZ is a periodic function

of periocd 2T 1.

(I) If z=x+ iy, where x and y are real, then

Z X o 3K R
e” = e cos y + ie” sin y.

Since exJ sin y, and cos y can be looked up in tables this enables

us to evaluate eZ for any complex 2.

(7) cos(iz) = & (* + ™), sin(iz) = 3 (e” - e7%).

These follow from (F). It is useful to introduce the so-called "hyper-
bolic functions" for the combinations of exponentials that occur here;

that is,

(e - e7%).

noJ

(e + &77), sinh z =

nojH

cosh z =

("Cosh" is read as "hyperbolic cosine"; "sinh" is read as “hyperbolic

sine”. There is a comnection with hyperbolas, but it is of historic
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interest only.) Then (J) becomes
cos(iz) = cosh z, sin(iz) = i sinh z.

Any identity connecting trignometric functions can be made into an

identity comnnecting hyperbolic functions. For example, from

cos(u-v) = cos u cos v + sin u sin v

we get

cos(iu-iv) = cos{iu) eos(iv) + sin(iu) sin(iv),
or

cosh(u-v) = cosh u cosh v - sinh u sinh v,
vy (J). i

(K) If z=x+ iy, where x and Y are real, then

cos z = €cos X cosh y - 1 sin x sinh y,

g8in z = sin x cosh ¥ + 1 cos x sinh y.

These equations enable us to evaluate sin z and cos z for any complex

value of =z.

Problems

6.1 Evaluate to three decimal places

(a) e &7

(b) sin i, sin(l+i) .
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6.2 . Derive

Seax sin bx dx = o (a sin bx - b cos bx)
2 2
a + b

by first expressing sgin bx in terms of imaginary exponentials.

6.3 By expressing sin x in terms of exponentials and using the binomial

theorem show that

- . .
sin’x = 7% (sin 5x - 5 sin 3x + 10 sin x).

6.4 Graph carefully y = sinh x, y = cosh x, and y = tanh x (= sinh x/cosh x),

on the same set of axes, from x = -2 to x= 2,
6.5 Prove the following relations

(a) coshz - stah 7, = L,

(b) cosh 2z = coshgz + sinhgz.
(c) sinh 2z = 2 sinh z cosh z.

5l . 3 d —
(d) v sinh z = cosh z, = cosh z = sinh =z,

(e) cosh iz = cos z, sinh iz = i sin z.

6.6 (a) By meking the substitution x = a cosh u show that

dx 2%
————— = arccosh ¥ o
2 2
“x -3
(b) Evaluate e, by a similar substitution.

X2+ a2
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6.7 Derive the series expansicns in powers of z for cosh z and sinh z.

6.8 If z = x+ iy, where x and y are real, show that

sin z | = Vsinzx + sinhgy.

6.9 (a) Show that if n is an integer

ol 20 ifn=0

0 0 if n # 0.
(b) What do we get if n is a real number not an integer, in particuler,

if n = 1437.72°

6.10 (a) Evaluate S sin mx sin nxdx,

2T
(1) Eva.luate‘\ sin mx sin nxdx if m and n are integers.
0

6.11 (a) Prove that in any of the function spaces Cn, the pair of functions

{Ea.x’e—a.x} span the same subspace as the pair %sinh ax, cosh ax } .

n

% -2x
e

(b) Illustrate by expressing e” + 3 in the form A sinh 2x + B cosh 2%,

ocnd by expressing 2 sinh 3x + cosh 3x in the form AE3X + Be-SX.
(c) Similarly prove that any linear combination of the functions

{ eia.x’e-—iax} can be expressed as a linear combination, with com-

plex coefficients, of the functions {sin ax, cos a.x} , and con-

versely.

These facts will be useful in Chapter 6.
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6.12 Show that cosh z, + cosh z. = 2 cosh L2 cosh =2
i 2 2 2
6.13 Let C=1+ COS g + COSEEQ + COS339 + e EQEEEE + ..
2 2 2
and
: A . .
3 ='81g e i 51n2LQ " 51n339 B ok 51nnn9 L
2 2 2
(a) Show that
61@ eiEQ eiB@, ean
C+iS=l+2+ 2+ 3+...+ 1’1+....
2 2 2

(b) Sum the series on the right in part (a) tco obtain

C+ 18 = —E—
2 - e
(c) Equating the real and imaginary parts on each side of the equation
given inpart (b), find the formulas for C and 8.

N -

6.14 Find a real formula for 2£ cos n® by noting that cos né = R(elng),
=
2 d ino
hence E: cos ne = R e , summing the geometric series and separating
n=1 n=
N
real and imaginary paerts. Similarly find a formula for E: sin n®.
n=1

o sin NQ/2 i sin No/2
Answer. g;i cos ne = cos(N+l)G/2 EIH—_5§§ s £Z£ sin n@ = sin(N+1)e/2 T o5 "

6.15 Prove the identity

sin Lo

5 E cos 6 + cos 36

by expressing the trignometric functions in terms of exponentials.
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6.16 In each of the following problems, t is a real number. Find two forms

for each answer, as indicated in (a).

L 21t 1 :
(a) R(E"ETEEQ ) . Angwer. ] (3 cos 2t + 2 sin 2t).

1 cos (2t - ©), tan @ = 2 9 in guadrant I.

3)
54 2it) “ig

®) Ik

(&) R(gZ 3T,

. T Mualtivalued Functions. To find the n-th root of a non-zero complex

number gz, where n 1is a positive integer, we must sclve the equation
n ' 5 ] io
w =12z for w., Let =z have the polar form 2 = ae and w the form

W o= relg. Then we wish to find r and © eso that

aeia = (re

= ®

ig\n n ine
= Be

This means that rn = a, so that r = QSfE; there is no ambiguity here
since a and r are both positive real numbers. Hcwever, from % =
e ye canmot conclude that nd = @ but only (see (H) of Section 6)

that n6 = o + 2ﬁrk, where k 1ig an integer. That 1sg,

1oy + oMk} /
(7.1) ve= 3 Al + MTTﬂ},n’
The values k=0, 1, 2, ..., n-1, all give different values for w, but
k = n gives the same w as k = 0, and similarly for other values of
k. Hence the complex number =z has n distinet n-th roots, given by

(Tel) for =0, 1, 2, ..., n-1 (or asny other n consecutive velues

ot - X},
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Example 7.l. Evaluate (1 + 1)1/3.

i(—i—‘l + 2KT)
We first write (1 + i) = V2 e (See Figure T.l.)
i (1+1)
\2
gn
0 L
Figure 7.1

Next

; 2
(1 + i)l/3 = é/g el(j’%+ ?§1) .

This gives,

for k 1+ 1)Y/3 2 6\/121 o112,
for k=1, (l & i)l/3 - éJg ei9'W/12;

for k=12, (1+ 1)1/3 = Qfg ALT /12,

(See Figure T7.2.) Other integer values of k yield these same roots.

i
o
%

5 i(%““&r") 6~ iw/12
For example if k = 3, we get =/2 e 37, 2 e y
: (X, St
1(12 + )

for k=4 we get -E/E e -E/E el91v/12 and so on. In

fact increasing k by unity advances the point in Figure 7.2 by an
angle of ggl around the circle of radius Eiﬁg. Thus only three

distinct points are ever reached. These are the three cube roots of

(L + i), i.e. the three values of (1 + i)l/3.
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gz oN/12

17T /12 T/12

\6/—2 LT T/12

Figure 7.2

Since the power of any non-zero number is never zero it is evident
that the n-th root of zero is zero and nothing else.
A gimilar argument works for logarithms. By log z we mean a number
W

w such that e = z. Write =z 1in polar form and w in rectangular form

w=1x+ iy. Then

i x+i o R
z = ge %= & o VY

This requires that a = ex, or x= log a. If =z # 0, a 1s positive
: : : iy ia

and has a unique real logarithm x. To get y we solve e¥ = e,

or, as before,, y = a + 21Tk for any integer k. Here, however, each

k gives a different w, and the logarithm is an infinitely multiple-

valued function,
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(7.2) w = log a + i(a + 2N k), k = 0,

Because of this one must be careful in interpreting such identities as
log(uv) = log u + log v. If each of the three terms can have an infinite
number of values just what can such an equation mean? Perhaps the best
way to interpret it is to say that if any two of the terms are assigned
specific values there is a value of the remaining term for which the equali-
ty holds.

Since e" 1is mever zero (see (D) of Section 6) the logarithm of
zero does not exist.

Since the trigoncmetric functions are expressible in terms of the ex-
ponential we might expect that the inverse trigonometric functions are ex-
pressible in terms of logarithms. This is easily established. Suppose
we wish to find w so that sin w = z. We have then

iw ~-iw

, -8 _-¢
B 24 :

Multiplying both sides by EielW and transposing gives

e2:LW - 2]‘.2e1W -l = Oy

S s ' ) . i iw . .
This is a quadratic equation in e”, whose solution is

iw .+ 2
a iz ~\V1l - =z :

Hence
(7.3) W = % log(iz T\1 - ze)

is the expression for arcsin z.
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Problems

T.1 Compute each of the following:

(a) 3, YL VI
(b) log(3+hi), log i, 1logl-1).

(c) arcsin 2.

7.2 Bhow that the values of e)z are equally spaced around the circumference

of a circle with center at the origin. (n is a positive integer). What similar

statement can be made about the values of log z7?

- - & l i b
<hz:§__lf u and v are complex numbers we define u' to be p¥ SRER )

e ——p———— i S =

Find the values of i .

Wl Derive the formulas

log(z : ng-l),

2

]

(a) arccos z =

(b) arcsinh z = log(z * \z2°+1).

1 141z
(c) arctan z = 53 log(ifzg).

7.5 Using the formula (7,3) for =z = show that one gets the customary values

Moy

for arcsin (%).

7.6 (a) Obtain a power scries expansion for log(l+z) by expanding 1/(1+z)
by long division and integrating.

(t) Use this result to get a power series for arctan z from



T
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7.9

arctan z = £ lo li}i
= 231 %8 1737

]

g% [log(1+iz) - log(l-iz)].

(c) Expand arctan z in a power series by integrating the series for
l/(l+22). Compare with (b).

W -W
S e

By solving the equation =z = ———%———— for w, show that

arc cosh z = log (z i'\]-ze—l).

Use the fact that R(log z) = log|z| to obtain R (arc cosh i).

(a) Compute the four fourth roots of -1 and show them graphically.
(b) Wwrite o 4y polar form r(cos @ + i sin 0).

(c) Compute log(l -\3 i) and show the result graphically.

(a) Compute the values of (-16)]'/LL

, put them in ‘the form
a + ib and show them graphically.

(b) Do the same for (-16)%5, (-16)M/6.

(¢) Do the same for (1-1)Y2, (1-1)Y/3, (1-1)V/*,

(@) Do the same for (-1+\3 1)¥/3,

1/2.

(e) Do the same for (2+3i) (Use two decimal place accuracy.)

8. Applications.

Example 8.1. Linkages. The design of machines, computers, engines,
instruments and many other devices requires the study of the motion

of likages, cams, gears and combinations of these components. Many
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interesting and important mechanisms are obtained by using components

which are constrained to move in a plane,
Shown in Figure 8.1 is rigid

link 1 which is pinned to a fixed

support &t A and is thus free to

rotate in the plane. Its instan-

taneous angular position is given

by © and its instantanecus an-
+ a0

gular velocity by —iE = él = @

The position of any point B on Figure 8.1
the link is given by the vector Zq which originates at point A and

extends to B; thus
(8.1) 7. =1 € .

The velocity vector of point B relative to point A 1s given by the
time rate of change of the position vector Z) - When (8.1) is differen-

tiated it yields
(8.2) —= = v, = ir.©6,e

because for a rigid link the distance between points, Ty is constant.

Equation (8.2) can be written as

(8.3) v, = izg®)
for € =w and z =Te . Equation (8.3) shows that the velocity
vector v, has a magnitude r O and a direction given by a +90° rota-

Bt i il
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of the position vector zZy (see Section 2). This result is to be ex-

pected for in a rigid link having

angular velocity ., point B

i

moves on a circle of radius rl

and thus has a velocity of mag-

nitude rrwl directed along the

tangent to the circle. The in-
A

stantaneous position and velo-

clty vectors are shown in Figure L

8.0, Figure 8.2
In addition to the determination of positions and velocities pre-

sent in links and mechanisms it is often necessary to know the forces

which act so that the components may be proportioned to be sufficient-

ly strong. Through Newton's Second Law the forces depend on the accelera-

tions. Thus, a knowledge of the forces requires an investigation of the

accelerations. The acceleration vector of point B relative to point

A 1is given by the time rate of change of the velocity vector vy . Dif-

ferentiation of (8.3) gives

dv dz dwd
1 B 1 . 1
(8.4) ax - & = ) —sF t iz o -
' aw, a9
If the the angular acceleration —= = —= is denoted by ai and if
dt dte
dzl
(8.3) is used for —% » then equation (8.4) becomes

= j% w = + 1
oA s H B N
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‘or

_ 5 . \
. (8.5) ay = 2@+ 12,0 .
Equation (8.5) shows that the acceleration vector of point B has two
. 2 : ;

components. The first, -?lee, has a magnitude r 0y end a direction

L
given by a 180° rotation of the position vector Zy5 this is the centri-
fugal component of acceleraticn
of a point moving on a circle.
The second component, izqai, has
a magnitude rlal and a direc-
tion given by a +90° rotation of

the position vector z,; this isg

lJ

the tangential acceleration com-

ponent of a point moving on a
circle. Figure 8.3 shows these
vectors. ' Figure 8.3

Example 8.2. 8Slider - Crank Mechanism. A simple and widely used mechanism
which can convert rotationel moticon to motion along a straight line is the
slider - crank mechanism shown in Figure 8.4. Crank AB rotates about

A and is linked to the

necti d
slider by connecting rod B rzlider
BC. The slider, the pis-

- - )
ton in an internal combus~ '

tion engine, is constrained \

.

to move along a -straigh!

W, ;//,/f
line. Smooth bearingzs atb S~

A, B and C permit the Figure 3.4
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ilinks to freely pivot at these points.

Assume crenk AB rotates with constant angular velocity W, = Gl

and that it is required to find the position and velocity of the slider.
Using the notation of Exsmple 8.1, denote the position of B by vector

z the position of C with

l)

respect to B by vector Zs,

and the position of the slider

by vector =z See Figure

3°
8.5,

The position vectors are

related by the vector equation

(8.6) . & B ¥ Z

Figure 8.5

which when written in terms of complex numbers becomes
(8.7) re S=re + r.e 7.

Radii ry and r, are the known lengths of links AB and BC; Ql and

92 are the angular positions of links AB and BC with respect to the
real axis direction AC. Angle ©, = O because of the constraint on the

3
slider. Taking the real and imaginary parts of (8.7) gives the two equa-

tions
(8.8) ry = T cos e, + 1, cos &, ,
(8.9) 0=r sin 6, + r, sin S -

In equation (8.9), r, and 1, are of known length and 6, = wt so that

(8.9) is a transcendental equation for the angular position 6, of link BC
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r.

; L
(8.10) sin 6, = - ;; sin @t .

With sing, determined bty (8.10), equation (8.8) gives the position of

the slider as

(8.11) ¥ o= P cos. L + T

(The negative square root is ruled out by the physical situation.) Now,
the crank snd comnecting rod are frequently proportioned so that rl/r2 S l/h.

As crank AB rotates, the sin wlt varies in magnitude between O and 1,

so that (8.10) gives the sin 6, varying in magnitude between O and 1/k.

Thus, equation (8.11) for slider position ry can be simplified by re-
placing the radical by the first two terms of its series expansion. We

obtain

5

1
(8.12) r, =T, cos At +T L 5 (

Further, we observe that the mechanism can to a first approximation pro-

7%
duce simple harmeonic oscillation of the slider if the % (;l) sin%blt
2

term is negligible. Thus, if we proportion links AB and BC so that

Tl/f2 << 1 then (8.10) shows that 6, remains small and (8.12) gives

2

— N T

g = Iy A

cos wlt p

The velocities of the mechanism are determined by differentiating

(8.7) with respect to time. We obtain



) e i@l i6.
(8.13) ry = ir 0,e + ir,6,e
Using the ncotation él = wl and ég = Wy, the real and imaginary parts
of (8.13) give
(SQ}QJ £3 = - r,o8in 6 - rw,sin 9, ,
(8.15) 0= w©,wcos @ + rW,c08 S,

With 6, determined by (8.10), equation (8.15) is an expression for the

instantaneous angular velocity w, of link BC. Equation (8.14) then

giveg the vélocity of the slider. Approximations sgimilar to (8.12) can
be found when rl/r2 << 1. Another differentiation would yield the ac-
celerations of the mechanism which, when used in Newton's Law, give the
forces present.

Example 8.3. Response of Linear Systems to Harmonic Excitation. First or-

der differential eqﬁations with constant coefficients of the type

- ' g
(8.16) T+ oy = gy ()

were golved in Chapter 1 by adding the complementary solution Ce"pt to

a particular solution, yb(t)n

When qi(t) = E cos wt, equation (8.16) is the mathematical descrip-
tion of simple mechanical or electrical systems which frequently arise in

engineering. Equation (8.16) becomes
(8.17) - + py = E cos wt .

If we replace the function E cos wt by £ then equation (8.17)

becomes the new differential equation
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(8.18) c_l% + py = Be .
It is seen that the qj(t} = 8™ of equation (8.18) contains the right

hend side of (8.17), E cos wt, as well as an imaginary term iE sin wt.

To obtain a particular solution of (8.18) assume a form

(8.19) yp(t) = pe®®”

When solution (8.19) is substituted in (8.18) and the undetermined coef-
ficient A adjusted so that (8.18) is satisfied, we obtain

(iwtp) BtBY oy I

so that

(8.20) A= .

The particular solution, yl(t), of equation (8.18) becomes

(8.21) yi(t) _ % St g ei(wt—@)

where Z ig the complex ccnstant

(8.22) Z=io+ p

and

(8.23) 2] = Vo 4 ;E ;. tan © = % , 6 in first quadrant .

Particular solution (8.21) is scen to be = complex function which can be

written in terms of a real and an Imaginary part in the form

(8.24) y (£) = By (t) + 15, (%)



where
(8.25) R, (%) = Fy cos (08-9) ; 8. (t) = o sin (wt-0) .
25) By (t) = g 580 - g
If solution (8.24) is substituted into equation (8.18) we obtain

dR.l dSl
(8.26) T pRl @ T + pSl = Ee .

Equating real and imaginary parts on both sides of (8.26) gives R, as

the sclution to the differential equation

dR

1
(8.27) 4% * IR, = E cos wt

and SIL as the solution to the differential equation

ds

(8.28) il

+ psl = B sin wt .

We conclude that if the function ql(t) is simple harmonic either
E cos wt or E sin wt, it is possible to replace it by Eeﬂbt and the
real end imeginary parts of the solution, (8.24), are the solutions to
the original equation having ql(t) either E cos wt or E sin wt.
Consider the electric circuit shown in Figure 8.6 which has resis-
tence R, inductance L, and is ex- L
cited by an oscillatory voltage

E sin wt. Kirchhoff's Law for the <+ Ssin ot

circuit gives L

(8.29) L %—% ¥ B = B aluat Figure 8.6 -
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where I is the instantaneous current. If we replace the applied voltage

E sin wt by the vector voltage V = EelwG and seek a particular solution
of the form
Yitas
(8.30) T BB
then (8.29) becomes
(8.31) il + BRI = V = Ee®% .

The differential equation has become an algebraic equation. The vol-
tage drop across the resistor is RI. The voltage across the induc-
tance is iwLI and is seen to "lead" the drop across the resistor by
00° . Equation (8.31) states that the sum of the vector voltages RI
and iwlI equals the applied ve.ctor voltage V. These voltages are
sﬂown in Figure 8.7 as vectors
rotating with angular velocity iwLI

w. The anslysis of complicated

electrical circuits excited by

oscillatory disturbances is

Figure 8.7

grestly facilitated by this approach.

To obtain the amplitude A of the vector current, substitute
(8.30) in equation (8.31) and solve for A. The results are clearly
the same as those obtained previously in equations (8.20), (8.21),

(8.22) and (8.23) only with L replacing w. Hence, the.particular
solution (8.30) is

(8.32) L Bl
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where
'z I = \ (a)L)2 - R2 3 tan 6 = %% , © in first quadrant.

Vector Z is called the impedance of the circuit and clearly 2ZI = V.
To find the actual steady-state current in the given circuit, the parti-
cular solution of equation (8.29) must be obtained. The imaginary part

of (8.32) gives the particular solution (8.29) as

B
(8.33) I = sin (0t-0) .
[z]
Problems
The slider - crank of an internal combustion engine has a crank length

AB = 2.0 inches and a connecting rod length BC = 8.0 inches. The

crank speed of the engine is constant at 3000 rpm (314 radians/sec.).

. When the crank angle is €, = 30°, determine (a) the angular position

1
of connecting rod BC, (b) the angular velocity w, of the connecting

rod, (c) the displacement of the slider from its position when 8, =8, =0,

and (d) the velocity of the slider.

In the slider - crank mechanism of Example 8.2, determine the eguations
for the angular acceleration dme/dt = ob of connecting rod BC and the
acceleration of the slider in terms of known or rreviously determined

guantities.

An offset slider - crank mechanism is one in which the axis of siiding of

the slider is not through the crank axis A as shown in Figure 8.8. De-
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8.5

- }_|.°5)+ -

termine general equations

for (a) the anguler posi-

tion of connecting rod n g ——

AR VA

BC, (b) the horizontal

position of the slider, offset

(¢) the angular velocity,

w, = @2, of the connect-

ing rod, and (d) the velo- Figure 8.8

city of the slider. Assume the crank rotates with constant angular velo-

city, Wy =.Ql,
If AB = 10 inches, BC = 30 inches, w; =1 rad./sec., 8, = 180°,
and the offset is 12 inches, determine the quantities (a) - (d) for

these conditions.

If the circuit of Figure 8.6 ig excited by an oscillatéry voltage

E cos ot, determine the differential equatlon for the current I.

Find the vector voltage drops across R and L and draw the vector
voltage diagram similar to Figure 8.7. Show ot and © on this
diagram. Find the expression for the actual steady state current in the

circuit.

Analyze the low pass filter circult of Example 7.4 of Chapter 1
using the complex number approach of Example 8.3. Thus, verify egqua-
tion (7.39) of Chapter 1. Draw the vector voltage diagrams similar to

*

Figure 8.7 and show its form for low and high frequencies.
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8.7
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If capacitor C is put in the circuit of Figure 8.6 in place of induc-
tor I, determine the steady state current by an analysis similar to that

given in Example 8.3. Include a vector voltage diagram showing drops V,

i

RI and - o0 I, and angles ot and 6.

The motion of a point in a plane can be described by the vector z = re -,

where r and ©, and hence z,
are functions of time t.
z = reig
(a) Show that the accelera- -
tion of the peint is
Yo (F - 162)et® & (10 + 270)1e1C | Figure 8.9
-2 10 o ms 10 . -
(The two terms, -ro e and 2reie”, that involve only first

derivatives are known respectively as centripetal acceleration and
Coriolis acceleration.)
(b) For a particle moving under the action of a central force only, we must

s0

have 10 + 2r6 = 0., On multiplying this by r show that it can be

L G 2“ ; ¥ 1 =Ty iea 1k oanony d
integrated to give r © = h, a constant. The constant h 1is the angular
momentum of a2 onarticle of unit mass about the czrlzrs

" . ; ; -2
(c) Assume the central force is an attraction of magnitude kr -, i.e.

gravitation. Then

(8.34) L
To simplify this we let r = v gnd eldmineke t, using O = ny 2
= hug, thus:
i*—g"—u“e%—-u;ggﬁé—-h%‘.
T T at ~ de - de ’
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s
w d du d duy, 2 .22 du
wlrg =gt o 1w —5 -

Tt

Show that (8.34) becomes

2
(8.35) Thiu- 5
de h

A particular solution of (8.35) is wu = é%, and the general solution
2 h
&4, 4 =0 is given in Problem 5.6

of the homogeneous equation 5
de
Hence (cf, Section 11 of Chap-

of Chapter 1 as u = A sin (0 + B).

ter 2) the general solution

of (8.35) is

= £ ¢ A sin (6 + B),

T
hE
and so
‘\\ﬁ —
. .M‘-‘—-——‘/
,
(8.36) r = = . Figure 8.10
~— + A sin (© + B)
2
h
%% . Choose axes (see

r has its minimum velue when © + B =

Figure 8.10) so that this minimum occurs when © =T . Then

|

\

mr‘

and (8.36) becomes

"

T T ccoso”

B= -

—_
&)
~—

e with the

il
Lad

By Thomas, Section 11-3, this is a conic of eccentricity

focus at the center of attraction.
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Absolute convergence, 3.82
of complex numbers, %.24
Absolute value, 4.6
Addition of vectors, 2.25
associlative law for, 2.26
commutative law for, 2.27
Additive (function), 2.78
Adjoint, 2.145
Algebra, Fundamental Theorem of, 4.17
Algebraic multiplicity, 4.19
Alternating series, 3.99 _
Angle (of a complex number), 4.10°
Argument, 4.10
Associative law for addition of vectors, 2.26
Augmented matrix, 2.106
Axiom of Continuity, 3.81

Basis, 2.59

finite, 2.59
Boundary conditions, two-point, 1.42
Bounded above, 3.81

n

c, 2.38
c®, 2.38
Clgy 410
Cofactor, 2.139
Column space, 2.99
Combination, linear, 2.L6
nontrivial, 2.46
Commutative law for addition of wvectors, 2.27
Comparison Test, 3.83

Complex field, L.p
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Complex number, 4.2
Component, 2.35
(of a vector with respect to a basis), 2.72
Conditional convergence, 3.83
Conditions, boundary, two-point, 1.42
initisl, 1.38
Conjugate (of a complex number), 4.6
(of a polynomial), 4.16
Continuity, Axiom of, 3.81
Convergence, absolute, 3.82
absolute, of complex numbers, L.oL
conditional, "3.83
interval of, 3.39
(of a sequence), 3.11
(of a series), 3.16
radius of, 3.39
uniform, 3.103
Cosh, 4.33
Cramer's Rule, 2.146

Decreasing, monotonic, 3.99

Dependent, linearly, 2.5l

Dependent variable, 1.37

Derivative Form, Teylor's Formula with Remainder, .56
Determinant, 2,124, 2.133

Diagonal, main, 2.11L4

Diagonal metrixz, 2.11h

Difference operator, 2.157

Differential equation, first order, 1.l10
Differential equations, 1.1

Dimension, 2.60

Dimensional, finite-, 2.60

infinite-, 2.60
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(of a series), 3.16

Divergence to infinity (of a sequence), 3.12

Echelon form, 2.14
reduced, 2.1k
Elementary row opérations, 2.97
Elimination procedure, Gauss, 2.1
Equation, differential, first order, 1.10
homogeneous, 2.16
Equations, differential, 1.1
Euler's Formula, 4.32
Euler's method, 1.12

Factor Theorem, 4.18
Field, 4.3
complex, 4.2
Finite-dimensional, 2.60
Formal Taylor series, 3.70
Formula, Euler's, 4.32
Function, generating, 3.47
Fundamental Theorem of Algebra, 4.17

Gauss elimination procedure, 2.1
Generated (subspace by a set), 2.46

Generating function, 3.47

Harmonic series, 3.20

Holomorphic, 4.26

Homogeneous equation, 2.16

Hospital's Rule, L', 3.76

Hyperbolic cosine, 4,33
sine, h.33
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Tdentity matrix, 2.11k
Tdentity operator, 2.155
Image, 2.154
Tmaginary part, 4.6
Inconsistent equations, 2.1
Increasing, monotonic, 3.81
Independent, linearly, 2.51
Independent variable, 1.37
Infinite-dimensional, 2.60
Infinite sequence, 3.9
Infinite series, 3.9
Inherited error, 1.18
Initial conditions, 1.38
Initial value problem, 1.38
Integral Form, Taylor's Formula with Remainder, 3.55
Integral Test, 3.95
Interval of convergence, 3.39
Inverse (of a matrix), 2.116
(of a transformation), 2.155
Inversions, number associated with an integer, 2.132
number in a permutation, 2.132
Isomorphic, 2.70
Isomorphism, 2.69

Laplace's Expansion, 2.140

L'Hospital's Rule, 3.76

Linear (function), 2.79, 2.154

Linear combination, 2.46 .
non-trivial, 2.46

Linear mapping, 2.154

Linear operator, 2.15k

Linear transformation, 2.154
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Linearly dependent, 2.51
Linearly independent, 2.51 .
Lower triangular matrix, 2.138

Maclaurin series, 3.51
Main diagonal, 2.114
Mapping, 2.82
linear, 2.154
Matrix, augmented, 2.106
diagonal, 2.11L4
mxn, 2.39, 2.77
Minor, 2.139
Modulus, k4.6
Monotonic decreasing, 3.99
Monotonic increasing, 3.81
Multiplication {(of matrices), 2.87
Multiplicative (function), 2.78
Multiplicity, algebralc, 4.19

Non-singular, 2.116
n-th term (of a series), 3.9
Null space, 2.99

Number, complex, 4.2

Operator, 2.82
difference, 2.157
linear, 2.154
transilation, 2.157
Order (of a differential equation), 1.37

n

B, 2437

BT magk
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Parity, 2.132
Part, imaginary, 4.6
real, 4.6
Permutation, 2.132
Polar form, 4.10
Power series, 3.38
Product (of matrices), 2.87
Proper subspace, 2.44

Radius of convergence, 3.39

Rank, 2.10k

Ratio Test, 3.88

Real part, 4.6

Reduced echelon form, 2.1k

Regular (function), 4.26

Remainder'after n terms (of a Maclaurin series), 3,54
(of an infinite series), 3.17

Remainder in Derivative Form, Taylor's Formula, 3.56
in Integral Form, Taylor's Formula, 3.55

Root, 4.16

Row operations, elementary; 2,97

Row space, 2.99

Rule, Cramer's, 2.146

Rule, L'Hospital's, 3.76

Rule, Simpson's, 1.50

Rule, Trapezoidal, 1.50

Sequence, infinite, 3.9
of partial sums, 3.15

Series, elternating, 3.99

infinite, 3.9

Maclavwrin, 3.51
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Series, continued
power, 3.308
Taylor, 3.65
Taylor, formal, 3.70
Similar matrices, 2.166
Similarity transformation, 2.166
Simpson's Rule, 1.50
Singular, 2.116
point, L.26
Sinh, 4.33
Solution (of a differential equation), 1.10, 1.37
trivial, 2.16
Space, column, 2.99
mill, 2.99
row, 2.99
Spanned (subspace by a set), 2.46
Steady state, 1.96
Subspace, proper, 2.44
vector, 2.40, 2.43
Subtraction of vectors, 2.34

Symmetric (matrix), 2.93

Taylor series, 3.65
formal, 3.70

Taylor's Formula with Remainder in Derivative Form, 3.56
in Integral Form, 3.55

Test, Comparison, 3.83

Test, Integral, 3.95

Test, Ratio, 3.88

Test, Welerstrass M-, 3,105

Theorem, Factor, 4.18

Theorem of Algebra, Fundamental, 4.17
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Transform, 2.15k4
Transformation, 2.82
linear, 2.154
similarity, 2.166
Transient, 1.96
Translation operator, 2.157
Transpose, 2.90
Trapezoidal Rule, 1.30
Triangular matrix, lower, 2.138
upper, 2.138
Trivial solution, 2.16
Truncation error, 1.17
(of a series), 3.17

Uniform convergence, 3.103
Unknown function (of a differential equation), 1.37
Upper triangular matrix, 2.138

Vandermonde determinant, 2.138
Variable, dependent, 1.37
independent, 1.37
Vector space, 2.33
over the real numbers, 2.33
Vector subspace, 2.40, 2.43

Vectors, subtraction of, 2.3k
Weierstrass M-Test, 3.105

Zero (of a polynomial), 4.16



