
where x = 1 + O(l), and where the amplitude A is given by the Hopf bifurcation formula:

A2 ¼ �8

S
l ð4Þ

where

S ¼ 3d4 þ d2 þ 3b1 þ b3 þ 2a3c3 þ a2ða1 þ a3Þ � 2a1c1 � c2ðc1 þ c3Þ ð5Þ
In Eq. (4), A is real so that A2 > 0, which means that l must have the opposite sign as S.

In this work, we present a comparable formula for the differential-delay equation (DDE):

dx
dt

¼ axþ bxd þ a1x2 þ a2xxd þ a3x2d þ b1x3 þ b2x2xd þ b3xx2d þ b4x3d ð6Þ

where x = x(t) and xd = x(t � T). Here T is the delay. Associated with (6) is a linear DDE

dx
dt

¼ axþ bxd ð7Þ

We assume that (7) has a critical delay Tcr for which it exhibits a pair of pure imaginary eigenvalues ±xi cor-
responding to the solution

x ¼ c1 cos xt þ c2 sin xt ð8Þ
Then for values of delay T which lie close to Tcr,

T ¼ T cr þ l ð9Þ
the nonlinear Eq. (6) may exhibit a periodic solution which can be written in the approximate form:

x ¼ A cos xt ð10Þ
where the amplitude A can be obtained from the following expression for A2:

A2 ¼ P
Q

l ð11Þ

where

P ¼ 4b3 b � að Þ b þ að Þ2 �5b þ 4að Þ ð12Þ
Q ¼ 15b4b

6T cr þ 5b2b
6T cr þ 3ab4b

5T cr � 15ab3b
5T cr þ ab2b

5T cr � 15ab1b
5T cr � 22a23b

5T cr

� 7a2a3b
5T cr � 14a1a3b

5T cr � 3a22b
5T cr � 7a1a2b

5T cr � 4a21b
5T cr � 12a2b4b

4T cr � 3a2b3b
4T cr

þ 6a2b2b
4T cr � 3a2b1b

4T cr þ 12a23ab4T cr þ 37a2a3ab4T cr þ 30a1a3ab4T cr þ 7a22ab4T cr

þ 19a1a2ab4T cr þ 18a21ab4T cr þ 12a3b3b
3T cr þ 2a3b2b

3T cr þ 12a3b1b
3T cr þ 4a23a

2b3T cr

� 20a2a3a2b3T cr � 16a1a3a2b3T cr � 12a22a
2b3T cr � 26a1a2a2b3T cr � 8a21a

2b3T cr � 8a4b2b
2T cr

� 4a2a3a3b2T cr þ 8a22a
3b2T cr þ 8a1a2a3b2T cr þ 5b3b

5 þ 15b1b
5 � 15ab4b

4 þ ab3b
4 � 15ab2b

4

þ 3ab1b
4 � 4a23b

4 � 9a2a3b
4 � 18a1a3b

4 � a22b
4 � 9a1a2b

4 � 18a21b
4 � 3a2b4b

3 þ 6a2b3b
3

� 3a2b2b
3 � 12a2b1b

3 þ 26a23ab3 þ 19a2a3ab3 þ 30a1a3ab3 þ 11a22ab3 þ 33a1a2ab3 þ 12a21ab3

þ 12a3b4b
2 þ 2a3b3b

2 þ 12a3b2b
2 � 8a23a

2b2 � 32a2a3a2b2 � 12a1a3a2b2 � 14a22a
2b2

� 18a1a2a2b2 � 8a4b3b � 8a23a
3b þ 8a2a3a3b þ 4a22a

3b þ 8a2a3a4 ð13Þ

In Eq. (11), A is real so that A2 > 0, which means that l must have the same sign as P
Q.

Eq. (13) depends on l, a, b, ai, bi and Tcr. This equation may be alternately written with Tcr expressed as a
function of a and b. This relationship may be obtained by considering the linear DDE (7). Substituting Eq.
(10) into Eq. (7) and equating to zero coefficients of sin(xt) and cos(xt), we obtain the two equations:

b sinðxT crÞ ¼ �x; b cos xT crð Þ ¼ �a ð14Þ
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