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Evolutionary dynamics combines game theory and nonlinear dynamics to
model competition in biological and social situations. The replicator equation is
a standard paradigm in evolutionary dynamics. The growth rate of each strat-
egy is its excess fitness: the deviation of its fitness from the average. The game-
theoretic aspect of the model lies in the choice of fitness function, which is de-
termined by a payoff matrix. Two well-known replicator systems are the three-
strategy Rock-Paper-Scissors game and the two-strategy Hawk-Dove game. In
this work, we analyze the dynamics of replicator systems with three different
types of modifications.

The first generalization of the replicator model is given by considering al-
ternate growth functions. We find that in the Rock-Paper-Scissors game with a
logistic growth function, there are several fixed points that do not exist in the
standard replicator model. The system exhibits both periodic motion and con-
vergence to attractors.

We also analyze replicator systems with delayed interactions between strate-
gies. We consider a symmetric delay model, in which the fitness of each strategy
is its expected payoff delayed by a time interval; and an asymmetric model, in
which same-strategy terms appearing in the fitness of a given strategy are not
delayed. In both cases, limit cycles arise that cannot occur in the usual replicator

model.



Finally, we examine Rock-Paper-Scissors systems with quasiperiodic forc-
ing of the payoff coefficients. This model may represent systems in which the
competition is affected by cyclical processes on different time-scales. We find
that the stability of the equilibrium state depends sensitively on the two forcing

frequencies; in fact, the region of stability has fractal boundary.
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CHAPTER 1
INTRODUCTION: THE REPLICATOR EQUATION

Evolutionary game theory models the evolution of competing strategies
within a population by combining the classical economic tools of game the-
ory with differential equations [5]. The most common approach focuses on the
relative frequencies of different strategies in a population using the replicator
equation,

;= zi(fi — @), i=1,...,n (1.1)
where z; is the frequency of (fraction of the population using) strategy ¢,
fi(x1,...,x,) is the fitness of strategy i, and ¢ = > f;z; is the average fitness

across the population.

Hofbauer and Sigmund [5] have shown that the replicator equation can be
derived from the Lotka-Volterra equation, the classic predator-prey model of
species abundances (rather than frequencies). The n-strategy replicator equa-
tion is equivalent to the Lotka-Volterra system with n — 1 species. The deriva-
tion, however, requires a rescaling of time, and the correspondence between

species and strategies is not one-to-one. See section 1.1.

Furthermore, it has been shown [14, 15] that the replicator equation can be

derived from the exponential growth model

fi :&gi, 1, = 1,...,% (12)

where ¢; is the abundance of strategy i, and g; (&, . .., &,) the fitness of strategy
i. The equivalence simply uses the change of variables z; = ;/p where p is the
total population, with the assumption that the fitness functions depend only on

the frequencies, and not on the populations directly. See section 1.2.



The game-theoretic component of the replicator equation lies in the choice
of fitness functions. Take the payoff matrix A = (a;;), where a;; is the expected
fitness gain for strategy ¢ when it interacts with strategy j. Then the expected
total fitness f; is the expected payoff of strategy i when interacting with each

strategy, weighted by the other strategies’ frequencies:
fi=(A-x);. (1.3)

where

X = (x1,...,2p). (1.4)

In this work, we analyze the dynamics of two- and three-strategy replicator

systems with three different types of generalizations.

The class of three-strategy systems considered here is Rock-Paper-Scissors
(RPS) games. In RPS games, each strategy is neutral versus itself, has a posi-
tive expected payoff versus one of the other strategies, and a negative expected

payoff against the third. They are characterized by payoff matrices of the form

0 —a9 bg
A= b1 0 —an (15)
—das bg 0

where a4, .. ., bs are all positive.

The first generalization of the replicator model (Chapter 2) is given by con-
sidering alternate growth functions. We find that in the Rock-Paper-Scissors
game with a logistic growth function, there are several fixed points that do not
exist in the standard replicator model. The system exhibits both periodic motion

and convergence to attractors.



We also analyze replicator systems with delayed interactions between strate-
gies. We consider a symmetric delay model, in which the fitness of each strategy
is its expected payoff delayed by a time interval;, and an asymmetric model, in
which same-strategy terms appearing in the fitness of a given strategy are not
delayed. In Chapter 3, we analyze Rock-Paper-Scissors systems with symmetric
delay. In Chapter 4, we analyze two-strategy systems under a linear homotopy
between symmetric and asymmetric delay. In both cases, limit cycles arise that

cannot occur in the usual replicator model.

Finally, we examine Rock-Paper-Scissors systems with quasiperiodic forcing
of the payoff coefficients (Chapter 5). This model may represent systems in
which the competition is affected by cyclical processes on different time-scales.
We find that the stability of the equilibrium state depends sensitively on the two

forcing frequencies; in fact, the region of stability has fractal boundary.
1.1 Derivation of replicator equation from Lotka-Volterra
We present the proof given by Hofbauer and Sigmund [5] that the n-strategy
replicator equation

;= x;((Ax); —x - Ax), i=1,...,n (1.6)
is orbitally equivalent to the n — 1 species Lotka-Volterra equation

n—1
?Jizyi<7“i+zbijyj)7 i=1...,n-1 (1.7)
=1

where A = (a;;) is the payoff matrix, and where the coefficients in Eq. (1.7) are
given by

Ty = Qin — Qpp, bij = Qjj — Qnj- (18)



That is, there is a differentiable, invertible map between the orbits of the former

and the orbits of the latter.

It is reasonable that such an equivalence exists because the n — 1 species
Lotka-Volterra dynamics occur in R’} ', and the n-strategy replicator dynamics

occur in the n-simplex, which is an n — 1 dimensional manifold.
Proof:

First, define y,, = 1, and consider the mapping y — x given by

Yi

Z?:l Y

That is, x is a normalized version of the augmented y vector.

i=1,...,n (1.9)

xTr; =

Notice that for any ¢, k

A (1.10)
Tk Yk

so in particular (since y,, = 1 identically)

Z;

y= 2= 2 (1.11)
Yn  Tn
This gives an inverse mapping x — y.
Now, by the quotient rule (assuming i # n)
dy; o d [ x; o Tpds — Tidy,

dt — dt (xn> B 72 (1.12)
_ i ((Ax); — x - AX) —zxixn((Ax)n —x - Ax) (113)

xn

Li

= (2] 10, - (a0, (114)



Using the identity y; = z;/z,, this can be written as

Ui = Y (Z(%‘ - anj)%) (1.15)

7j=1

(Z Aij — Qpj yja:n) (1.16)

=Y (7",- + Z bijyj> T, (1.17)
j=1

where in the last line we have written the j = n term separately and used the

hypothesis that y,, = 1.

It remains only to apply a change in velocity. Specifically, introduce a

stretched time variable 7 such that
dr = x,dt (1.18)

We know that 0 < z,, < 1, so the rescaling of time is monotonic. Then we have

dy; o dy;
. dr"

(1.19)

SO

d
yz i(n+§:%%>, i=1,....n—1 (1.20)

This shows that Eq. (1.20) is equivalent to Eq. (1.6) under the differentiable,
invertible change of variables given by Eq. (1.9). Comparing this to Eq. (1.7), we
see that the only difference is that (1.7) has a derivative with respect to ¢, while
(1.20) has a derivative with respect to 7. Since 7 is a monotonic rescaling of ¢,

the orbits of the two differential equations are identical.

This shows that the n-strategy replicator equation is orbitally equivalent to

the n — 1 species Lotka-Volterra equation.



1.2 Derivation of the replicator equation

Consider an exponential model of population growth,

& = &9 (i:L---,”)

(1.21)

where ¢; is a real-valued function that approximates the population of strategy

i and g¢;(&1, ..., &) is the fitness of that strategy. The replicator equation [14]

results from equation (1.21) by changing variables from the populations ¢; to

the relative abundances, defined as z; = ;/p where p is the total population:

p(t) =3 &)

We see that
p= Zfz = Zfz’gi
—pZ%gi :pzﬂﬁigi

= po

where ¢ = ) . x;¢; is the average fitness of the whole population.

By the product rule,
b
p PP
_ &, &p
p”" pp
= Ty (Qz‘ - 925)
Therefore

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)
(1.27)

(1.28)

(1.29)

(1.30)



So, using the fact that

Sai= 2 _P_ (1.31)
- p P
equation (1.30) reduces to the identity
> i =0. (1.32)

The fitness of a strategy is assumed to depend only on the relative abundance
of each strategy in the overall population, since the model only seeks to capture
the effect of competition between strategies, not any environmental or other
factors. Therefore, we assume that g; has the form

& &

Gi(Ers 6 = f (p ) p) e 1), (1.33)

Under this assumption, equation (1.28) is the replicator equation,
& = xi(fi = ¢), (1.34)
where ¢ is now expressed entirely in terms of the z;, as
0= wifi (1.35)

Mathematically, ¢ is a coupling term that introduces dependence on the abun-

dance and fitness of other strategies.



CHAPTER 2
ROCK-PAPER-SCISSORS WITH ALTERNATE GROWTH FUNCTION

2.1 Introduction

Consider a biological or social system in which the rate of change of a given
strategy’s frequency is described by a natural growth function g, scaled by the

excess fitness of that strategy.

In this chapter, we generalize the replicator model by replacing the base
model &; = z;f; by &; = g(x;)f;, where g is a natural growth function. The

replicator equation for each strategy becomes

& = g(x:)(fi — ¢), (2.1)
where ¢ is now a modified average fitness, again chosen so that ) | z; = 1.

The game-theoretic component of this model lies in the choice of fitness func-
tions. Take the payoff matrix A, whose (i, j)-th entry is the expected reward for
strategy ¢ when it competes with strategy j. The fitness f; of strategy i is then
(A-x);, where z € R" is the vector of frequencies z;. In this work, we use a pay-
off matrix representing a game analogous to rock-paper-scissors (RPS): there are
three strategies, each of which has an advantage versus one other and a disad-

vantage versus the third. Each strategy is neutral versus itself.

Analysis of the resulting dynamical system is presented. We find that for the
logistic model

g(z) = v — a2’ (2.2)



with appropriate choices of the parameter a, there are multiple fixed points of
the system that do not exist in the usual model g(z) = z. We will show that
when A is chosen so that the RPS game is zero-sum, there are 13 equilibria:
one neutrally stable equilibrium with all three strategies surviving; three saddle
points with all three strategies surviving; three saddles with only one surviv-
ing strategy; and three attracting and three repelling fixed points where two
strategies survive. The system exhibits both periodic motion and convergence
to attractors. We analyze the symmetries of this system, and its bifurcations as

the entries of A vary.

This alternate formulation may be useful in modeling natural or social sys-

tems that are not adequately described by the usual replicator dynamics.

2.2 Derivation

Let us review the usual replicator dynamics. We have f; = f;(z), where
fi(x) = (A-z), where A is the payoff matrix. The average payoff is thus
¢ = >,z f;, and the change in frequency of strategy i is given by the prod-
uct of the frequency z; and its payoff relative to the average. In this model,
all population-dependence of the effectiveness (hence growth rate) of strategy i
is accounted for by f;. However, we wish our fitness functions f; to represent
the game-theoretic payoff of individual-level competition. We therefore include
some of the population dependence in a growth function g (z;); this represents
the growth rate of the raw population using strategy i, in the absence of com-

petition. Thus the expected population-level payoff of strategy i is ¢ (z;) f;, and



the average population-level payoff is

We require that in this model, ¢ (and hence ) is only defined for growth func-

¢ = (2.3)

tions g such that the denominator does not vanish for any x in the region of
interest. With that caveat, using this definition of ¢, the replicator equation be-

comes
fi=g(x) (fi—9), i=1,....n. (2.4)

We can verify that
Z% = Zg(xi)(fi—ﬁb)
= T ;) 29 @) fi
= 2 9@ fi=) 9o i

-0 (2.5)

so the total population over all strategies is constant, and it is valid to say that
each x; represents the frequency of strategy i. We will use the term relative abun-
dance for z; whenever there is ambiguity between z; and the time-frequency of

any periodic motion in the dynamics.

2.3 Rock-Paper-Scissors

We consider the game-theoretic case in which n = 3 and f; is given by f; (z) =

(A - x),, where A is the payoff matrix

0 —1 +1
A=1 41 0 -1 |, (2.6)
~1 +1 0



Figure 2.1: A curvein ¥ and its projectionin 7.

representing a zero-sum rock-paper-scissors game. That is, writing (z1, z2, z3)
as (z,y, 2),

h=z—-y, fi=r—2 [fz=y—mx (2.7)

We note that this model has been shown to be relevant to biological applications
[8], [7], and to social interactions [11]. Note that the dynamics of the 3-strategy

game takes place on the triangle in R? (in fact, the three-dimensional simplex)

Y={(z,y,2) eR* v +y+z=1landz,y,z >0} . (2.8)

Therefore we can eliminate z using z = 1 — x — y. This reduces the problem

11



to two dimensions, so that (2.4) becomes

.- 9@ (A-3y)g(l-2—y)+(2-3z—3y)g(y)) 2.9

g@)+gy)+9(l—2—y)
o g (A —=3z)g(x)+(2—-3x—-3y)g(1—z—y))
V- g@)+9y)+g(l—z—y) 210

where we have used ¢ as defined in Eqn (2.3). This vector field is defined on the

projection of ¥ onto the x — y plane. We will refer to this region as

T={(z,y): (z,y,1 —x—y) € X}. (2.11)

Note that since >, the region of interest for the three-dimensional flow, is con-
fined to a plane in R?, the projection down to 7' loses no information. See Fig.

2.1.

2.4 Choices of Growth Function

24.1 Taking g (z;) = z;/(1 + az;)

T

First, consider the case where the growth function is given by g (z;) = %

This growth function increases monotonically in z;, leading to dynamics that
are qualitatively similar to the standard ¢ (z;) = z; case. We find that Eqns. (2.9)
and (2.10) become

: —o(=1+242y)(=1+3ay(=1+z+y)
i = (2.12)
—1+3a2ry(—1+ 2z +y) +2a(22 + 2(=1+y) + (=1 +9)y))

. y(—1+2x+y)(—1+3ax(-1+z+y)) (2.13)
v —14+3a2ry(—1+ 2 +y) +2a(2x? +z(—14+y) + (=1 +y)y) '

Solving # = y = 0, we find that the equilibria are located at the corners of T,
(z,y) = (0,0),(0,1),(1,0)

12



and at its center,

11
Evaluating the Jacobian at each of these points and examining its eigenvalues,

we find that the three corner points are saddles, with A; » = +1. The point (3, 5)

is a linear center, with \; » = i;‘g See Figs. 2.2 and 2.3.

As in the case of the standard replicator equation [7], when ¢g(z) = z/(1+4ax),
the linear center is surrounded by closed periodic orbits. (Although this claim
is presented without proof, we will prove it in the next case, g(z) = z — az®. The

proof in this case is largely identical.)

2.4.2 Taking g (v;) = x; — ax?
The previous choice of g (z;) did not generate qualitatively different behavior
from the usual replicator dynamics. However, it turns out that new behavior

occurs when we use ¢(z) = = — az? obtained by truncating the Maclaurin series
g y g

T o0
= —ax)" 2.14
RO 19

after the 22 term.

Thus we consider the case where the growth function is given by g (z;) =

r; — ax?. This represents the assumption that in the absence of competition,

population x; would experience logistic growth. In this case, Eqns. (2.9) and

(2.10) become

izxmx—U@wﬂy—wwﬂ+ﬁwy—?+x@y—w%*> (2.15)
a(@+y+(1—z—y?) -1

y:_y(ay—1)(y+2x—1)(a(1+3$(x_i)‘f‘y(?’x_1))_1> (2.16)
a(@+y+(1-z-y)?) -1

13
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Figure 2.2: Vector field in T" for the standard replicator equation g(z) = =.
The horizontal axis is x and the vertical axis is y.

The denominators vanish when
PP+ (l—z—y)P’=-. (2.17)

We reject values of a for which Eqn. (2.17) holds for any (x,y) € T This happens

for a € [1, 3], so we stipulate that 0 < a < 1 or a > 3. Geometrically, the vector

1
a

field in T is undefined for values of a such that the sphere 2% + y* + 22 =

intersects ¥, Eqn. (2.8).

This system has 13 equilibrium points:

14



1.0 -

1.0
= 100. The axes

0.8

0.6
Figure 2.3: Vector field in T for g(z) = z/(1 + ax) with a

0.2 0.4

0.0

are as above.

(:L', y) = (07 0)7 (07 1)’ (17 0)
15

(i) The corners of T’
(i) The center of T’



(iii) Two points on each of theedgesz =0,y =0and 2 =0
1 a—1
(I7y) - (07 a) ) <07 a )
1 a—1
(I,y) - (570> ) < a 70)
1 a—1 a—1 1
(l’, y) = (_’ ) ) ( ) _)
a a a a
(iv) Three points on lines that pass through the center of 7'

o= (33) G (543)

Figure 2.4 shows the location of the equilibria. For 0 < a < 1, only the

corners and the center point lie in 7', Eqn. (2.11), and the dynamics are qual-
itatively similar to the Rock-Paper-Scissors game with standard replicator dy-

namics. Evaluating the Jacobian of [#,7] at each equilibrium and computing

11

the eigenvalues, we find that (3, 1) is a linear center and the corner points are

33
saddles.
When (z,y) = (5, 3),
— 1 2 +i(a —
joa=3 = Ay = — (a—3) (2.18)
9\ 2 1 3v/3
and when (z,y) = (0,0),
1 0
J = = )\172 =+1. (219)
0 —1

The stability calculations for the other two corner points are similar. Figure

1

2.5 shows the vector field and equilibria for a = :.

For a > 3, the dynamics are more interesting. All 13 equilibria lie in 7". By

symmetry, the three equilibria which lie on lines through the center must be of
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Figure 2.4: Location in the (z, y) plane of the 13 equilibria for g(z) = z—az?

as a varies from a = 0.1 to @ = 10. As discussed in the text, for
a > 3 all 13 equilibrium points lie in the region of interest 7.

the same type; similarly, the two equilibria on the edge + = 0 must be of the
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Figure 2.6: Vector field in 7" for a = 5.

Thus the interior equilibria are saddles, and there is a source and a sink on each

edge.

Figures 2.6 and 2.7 exhibit another feature of this system: in addition to the
boundaries of 7', the lines z = 1, y = L and z + y = 1 — 2 are also invariant,

and for a > 3, portions of these lines fall within 7". Substituting = = < into Eqn.
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Figure 2.7: Equilibrium points and invariant lines of the system for a = 5.

(2.15), we obtain
z =0 (2.23)
y = (2.24)

Similarly, taking y = é gives y = 0. Tosee thatz +y =1 — % is an invariant
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line, we take y = 1 — = — 1, so that

o _ w@=3)(+a(@—1)@2+a(—1)) (a1 (2.25)

a<x2+(1—x—%)2+(%)2>—1

j - z(a=3)(1+a(x-1)2+a(z—1))(ax —1) (2.26)

a(a?+(1-2-1)"+(3)") -1

and ¢ +y = 0.

Notice that there appear to be periodic orbits about the equilibrium (3, 3),
moving in the opposite direction from before. We will examine this phe-

nomenon more thoroughly in the next section.

2.5 Further examination of the g (z;) = z; — az? case

We have observed that the (3, 5) equilibrium is a linear center, and the orbits

about it appear to be periodic. To verify this, we show that there is a degenerate

Hopf bifurcation in the more general system

i =g (i) (fi = ¢ () = g (2:) (A~ 2); — ¢ (2)) (2.27)

where the payoff matrix is

0 —a9 bg
A= by 0 —aq (228)
—das bg 0

and ¢ (x) is defined as before. We substitute this choice of A into Eqn. (2.27),

take the Jacobian, and find that when (z,y,2) = (3,3,3) and a; = --- = by = 1,
the eigenvalues are
i(a —3)
Mo =+ S V— 2.29
12 373 3 (2.29)
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Thus there is a Hopf bifurcation at this point in the parameter space, as we might

expect from the standard replicator equation [5].

To show that the Hopf bifurcation is in fact degenerate, we follow [2]. First
we project the system into the (z,y) plane as before, and make the coordinate

translation
1 1

(z,9) = (u+ 3V + 5) (2.30)

to move the bifurcation to the origin. We then write the system as

U U U, vV
=J + flu,v) (2.31)
) v g(u,v)
Then we make a coordinate transformation u = 2r, v = —r — sv/3. This gives
the normal form
T 0 —w r h(r,s)
= + (2.32)
$ w 0 s k(r,s)

where w = (a — 3)/3v/3, and h and k are not listed for brevity. Finally, we
substitute the resulting nonlinear parts into the equation for the cubic stability

coefficient (see [2] pp. 150-155)

1
c = 1_6[hrrr + hrss + krrs + ksss] + (233)
1
Ts hrs hrr hss - krs krr kss - hrrkrr hsskss
(B ) = s (b + ) + ki

and find that ¢ = 0. Thus the bifurcation is degenerate.

Generically, as the parameters a4, . .., b3 pass through the critical value a; =

L, 1) changes from a stable

.-+ = by = 1, the equilibrium point at (z,y) = (3,31

focus to an unstable focus. In what follows we will show that this happens
without the appearance of a traditional limit cycle. The family of periodic orbits
associated with any Hopf bifurcation will be shown in this case to occur at the

critical value, so that the space is filled with closed orbits.
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2.5.1 Further symmetries

We have seen that the Hopf bifurcation is degenerate to at least third order.
However, it is possible to show by a symmetry argument that the degeneracy
extends to all orders, and the orbits inside the region bounded by the invariant

lines are periodic.

Note that the flow in Fig. 2.6 appears conservative in the central region (i.e.
all integral curves are closed). However, it is not conservative, as shown by the
existence of attracting fixed points. The occurrence of periodic orbits is due to

symmetry, not conservative dynamics, as we will now demonstrate.

To show this, we define (%, 7, 2) using Eqn. (2.4) with the usual zero-sum

RPS payoff matrix and g(z) = = — az®. We do not eliminate z, but instead define

coordinates
u O
v | = 0 —\/% \/% y |- (2.34)

This is an orthogonal linear transformation such that the plane containing ¥ is
orthogonal to the w direction, as shown in Figs. 2.8 and 2.9. In these coordi-

nates, the point (z,y,2) = (3,4, 1) is (u,v,w) = (0,0, \/ig), and v = 0, so the

dynamics can be analyzed in terms of v and v only with no loss of information

or symmetry.
Next, we transform (u, v) into polar coordinates (r, #) via
u=rcosf, v=rsinf. (2.35)

Applying the two successive coordinate changes Eqns. (2.34) and (2.35) to Eqn.
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Figure 2.8: The unit vectors z, y, z, u, v and w shown with a curve in ¥.

(2.27) and solving for 7 and 0, we obtain

ro= ~5 (32;;2_(?;9)_ 3 <\/§(a —3)(2a — 3) + 3V3a*® cos(39)> (2.36)
0 = — s (3(17"21—1— Y (9\/§a2r4 cos2(30) + V/3(a — 3)(9ar? 4 2a — 6)
+3rv2(2a — 3)(3ar? + a — 3) 008(36)) (2.37)

Since 6 appears only in terms of cos(36) and sin(3¢), we see that the vector field
is periodic in  with period %*. Figures 2.10 and 2.11 show the boundaries of

and the vector field in the (6, r) plane.

Finally we show that the central region of X is filled with periodic orbits.
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Figure 2.9: Polar coordinates (7, #) on 3. The w direction is out of the page.

Notice that 7 is odd, and 6 is even, considered as functions of 6. So, if we let

b=—0, T——t (2.38)
then
3_7” _ ddr _ 2_’" (2.39)
Tl r) (=D lp—gy g
dpl - _ d=o)) o _dop (2.40)
A7 {4 ) A=) gy (g

Thus if there is a trajectory (Trajectory A) that starts at (r,0) = (19,0) att = 0
and goes through (r,0) = (7“1, %”) at t = t;, then there is a matching trajectory
(Trajectory B) that starts at (r,7) = (r0,0) at 7 = 0 and goes through (r,7) =

(7“1, %’r) atT =1;.

25



Figure 2.10: Boundary of ¥, invariant lines, and equilibrium points for a =
5,1in the (0, ) plane.

By the definitions of ¢ and 7, Trajectory B in terms of 6 starts at (r,§) =
(r1,—%) at t = —t; and goes through (r,6) = (ro,0) at ¢t = 0. (A schematic of

these trajectories is shown in Fig. 2.12.)

Since 7 and 6 are autonomous (hence invariant under translations in time)
and % -periodic in 6, there is a trajectory (Trajectory C) that starts at (r,0) =

(r1,0) att = 0 and goes through (r,0) = (ro, &) att = t,.

In order for this to occur, if ry # r;, Trajectory A and Trajectory C must cross.
This cannot happen since 7 and 0 are well-defined functions. Therefore ry = ry,
and we see that all trajectories that pass through both = 0 and # = #* are in

fact closed orbits.
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Figure 2.11: Vector field in (0,r) plane for 0 < # < 2F and « = 5. Bound-
aries of ¥ and invariant lines shown.

2.6 Conclusion

We have investigated the dynamics of certain systems of the form

& = g (2:) (fi — @)

where fi(x) = (A - x);. For g(z) = z — ax?, and the zero-sum RPS choice of
A, we find that the system has several fixed points that do not exist in the usual

replicator model. It exhibits both periodic motion and convergence to attractors.

27



ry

Il L L L L Il L L L L L L L L Il L L L L Il 0
-2 -1 0 1 2

Figure 2.12: If ry # rq, then Trajectory A and Trajectory C must cross.

This alternate formulation may be instructive in modeling natural or social
systems that are not adequately described by the usual replicator dynamics. In
particular, this model may apply to systems that exhibit both monotonic and

periodic responses depending on initial conditions.

28



CHAPTER 3
ROCK-PAPER-SCISSORS WITH DELAY

3.1 Introduction

In the standard replicator equation, interactions are assumed to occur instanta-
neously: the fitness of a given strategy depends on the frequency of each strat-
egy at the given moment. In many real-world contexts, however, the fitness
consequences of interactions are not immediate, but instead experience some
amount of delay. In this chapter, we explore the consequences of such delay.
Specifically, we consider the Rock-Paper-Scissors replicator system, generalized
to models in which the fitnesses are functions of the strategy frequencies de-

layed by a time interval 7.

In this chapter, we consider systems in which the fitness of each strategy
depends only on the expected payoffs at time ¢t — T, as in [6, 16]. If we write
Z; = x;(t — T') and define

X = (I‘l,...,.fn) (31)

fi=(A-%);. (3.2)

The use of delayed fitness functions makes the replicator equation into the delay

differential equation (DDE)
& = xi(fi — P) (3.3)

where

¢ = Zmifi = Z%(Ai)z (3.4)

7 %
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As a system of ODEs, the standard replicator equation is an (n — 1) - dimen-
sional problem, since n — 1 of the z; are required to specify a point in phase
space, in view of the fact that ) z; = 1. The delayed replicator equation, by
contrast, is an infinite-dimensional problem [1] whose solution is a flow on the

space of functions on the interval [T, 0).

A concrete interpretation of this model is that it represents a social-type time
delay [6]. There is a large, finite pool of players, each of whom uses a particu-
lar strategy at any given time. The population is well-mixed, and one-on-one
contests between players happen continously. Each player continually decides
whether to switch teams, based on the latest information they have about the

expected payoff of each strategy. This information is delayed by an interval 7.

Previous works on replicator systems with delay [6, 16] have examined two-
strategy systems which have a stable interior equilibrium point (i.e. both strate-
gies coexist) when there is no delay. It has been shown that for such systems,
there is a critical delay 7, at which the interior equilibrium z* changes stability;

for delay greater than 7. solutions oscillate about z*.

In this work, we prove a similar result for RPS systems. Moreover, we
use nonlinear methods to analyze the resulting limit cycles” amplitude and fre-

quency.
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3.2 Three-strategy games: Rock-Paper-Scissors

3.2.1 Derivation

Recall the form of the replicator equation (3.3) with delayed fitness functions
(3.4),
& = zi(fi = ¢) (3.5)

where f; = (A - X); and
6=> mifi=) mi(A %) (3.6)

where the bar indicates delay.

We analyze a subset of the space of three-strategy delayed evolutionary
games: those known as Rock-Paper-Scissors (RPS) games. RPS games have
three strategies, each of which is neutral vs. itself, and has a positive expected
payoff vs. one of the other strategies and a negative expected payoff vs. the

remaining strategy. The payoff matrix A thus has the form

0 —bg aq
A= as 0 —bg (37)
—bl as 0

where the a; and b; are all positive. For ease of notation, write (21,23, 23) =

(x,y,z). Then
& =az(mZz — by —¢) (3.8)
y = y(axZ — bsz = ¢) (3.9)
z = z(aggj - bl.f — (b) (310)
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where

¢ = x(a1Z — bay) + y(as® — b3z) + z(asy — b1T). (3.11)

Now, since z,y, z are the relative abundances of the three strategies, the region

of interest is the three-dimensional simplex in R3
Y={(r,y,2) ER* v +y+z=1andz,y,z > 0}. (3.12)

Therefore we can eliminate z using z = 1 — z — y. The region of interest is then

S, the projection of X into the z — y plane:
S={(z,y) eER*: (v,y,1 —x —y) € T} (3.13)
See Figure 3.1.
Equations (3.8) and (3.9) become

i =a(ar(l -7 ) — by — ¢) (3.14)

v =ylaZ —b3(1 =7 —9y) — ) (3.15)

where

¢ =x(a1(1 —2 —y) — bay) + y(azZ — b3(1 — T — y))

+ (1 =z — y)(asy — b17). (3.16)

3.2.2 Stability of Equilibria

The system (3.14)-(3.15) has seven equilibria: the corners of the triangle S,

(x,y) - (an)’ (ﬂf,y) = (07 1)’ (I,y) = (170) (317)
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Figure 3.1: A curve in X and its projection in S

one point in the interior of 5,

(2,y) = ( bs (as + ba) + aqa3
’ a (as + az + by) + as (ag + ba) + bs (az + by + ba) + byby’
aj (ag + by) + b1bs
aj (ag + az +by) + as (az + b)) + b3 (as + by + by) + b1b2>

bs
=10
(z,9) (,%_%>,
a1
(al—bl’())’
bg a9
bQ—a27a2—b2 ’
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and three other points:

(z,9)

(z,9)

(3.18)

(3.19)
(3.20)

(3.21)



Note that since the payoff coefficients a;,. .., bs are positive, the non-zero co-
ordinate(s) of the last three equilibria are either negative or greater than 1. In

either case, these points lie outside of S and we will not consider them further.

We linearize about the three corner equilibrium points to determine their sta-
bility. In all three cases, the linearization is independent of the delayed variables
7 and y; that is, the linearized system about each corner point is an ordinary dif-
ferential equation. Therefore, the stability of each corner point is determined by

the eigenvalues of the Jacobian.

At the point (z,y) = (0, 0), the eigenvalues and eigenvectors of the Jacobian

are

)\1 = a;, Vi = [1, 0] (322)

/\2 = —bg, Vo = [0, 1] (323)

Similarly, at the point (z,y) = (1,0), the eigenvalues and eigenvectors of the

Jacobian are

A o=as, vi=[—1,1] (3.24)

)\2 = —bl, Vo = [1, O] (325)

Finally, at the point (z,y) = (0, 1), the eigenvalues and eigenvectors of the Jaco-

bian are

Al =az, Vvi= [07 1] (3.26)

)\2 = —bg, Vo = [—1, 1] (327)

Therefore, as in the non-delayed RPS system [1], each corner of S is a saddle

point, and its eigenvectors lie along the two edges of S adjacent to it. (Since the
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lines containing the edges of S are invariant, these lines are in fact the stable and

unstable manifolds of the three corner equilibria.)

Next, consider the interior equilibrium (3.18). Let (z*, y*) be the coordinates
of the equilibrium point. It is known [7] that in the case of no delay (7" = 0), this

point is globally stable if
det A = a1a20a3 — blbgbg > 0. (328)

All trajectories starting from interior points of S converge to (z*, y*). Similarly,
if ' = 0 and det A < 0, the equilibrium point is unstable and all trajectories
starting from other points converge to the boundary of S. If ' = 0 and det A = 0,

then S is filled with periodic orbits.

If T > 0, however, then in contrast to the corner equilibria, the linearization
about (z*, y*) depends only on the delayed variables, and it is reasonable to ex-
pect that its stability will depend on the delay 7. So, we analyze the system for

a Hopf bifurcation, taking 7" as the bifurcation parameter.
Define the translated variables u and v via
u=x—12", v=y—y" (3.29)

Then the linearization about (u, v) = (0,0) is

I~
Nl

1 a f
0 v 0

Il
<

(3.30)

]
]

where the entries («, 3,7, ) of the matrix J are rational functions of the payoff
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coefficients ay, . . ., bs. These are given by

a=a"((ar—b)(a* — 1) — (az + by + b3)y") (3.31)
B =a" ((ar + az + bs)(z* — 1) + (az — by)y*) (3.32)
v =y"((ax = by)a" — (az + b1 + bs)(y* — 1)) (3.33)
§ =y (a1 + as + bo)z* + (a5 — bs)(y* — 1)) (3.34)

where z* and y* are the coordinates of the interior equilibrium point, given in

Equation (3.18).

Set u = re’ and v = se to obtain the characteristic equations

M= e M (ar + Bs) (3.35)
As = e M (yr +ds). (3.36)
Rearranging, we obtain
A—ae X —Be T - 0
= . (3.37)
—ve AT X = e s 0
For brevity, write
A—ae M —Be AT

M= . (3.38)
—ye AT X = e

Then for a nontrivial solution to Equation (3.37), we require
det M = 0. (3.39)

This occurs when

By = (a - /\e”\T) (5 — )\e’\T) ) (3.40)

At the critical value of delay for a Hopf bifurcation, the eigenvalues are pure

imaginary. So, we set T = T and \ = iw,. Substituting this into Equation (3.40)
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and separating the real and imaginary parts, we obtain

By = —ad — wj cos(2wyTy) + (a + 6) sin(woTp)

0 = wp cos(woTp) (e + & + 2wy sin(wTp)).
In terms of the matrix J, these equations are

det J = wg cos(2weTy) — (tr J) sin(wTp)

0= Wo COS(ono)(tI' J+ 2&)0 Sin(ono)).
Solving these equations for det J and tr .J, we get
det J = wj, trJ = —2wqsin(weTp).

Thus, wy and T are given by

1 trJ
wo = VdetJ, Tp= sin-l( d )

vdet J 2vdet J

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

We have found the critical delay and frequency associated with a Hopf bi-

furcation. In the next subsection, we use Lindstedt’s method to approximate the

form of the limit cycle that is born in this bifurcation.

3.2.3 Approximation of Limit Cycle

Recall that we have the system
@ =a(a(l -2 —7g) = by — ¢)
y=ylaz —bs(1 -2 —y) —¢)

where

¢=z(a1(1 — 7 —y) — boy) + y(ax® — b3(1 — 7 — 7))

+ (1 —2x—y)(asy — b17)
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with the interior equilibrium point

(.CL’* y*) _ b3 (CL3 -+ bg) —+ aijas
’ ay (a2+a3+b1)+a2(a3+bg)+b3(a3+b1+b2)—i—blbg’

aq (CLQ + bl) + b1b3
. (3.50)
aq (CLQ + as + bl) + ao (CL3 + bg) + bg (a3 + b1 + b2) + blbg

We have introduced the translated coordinates v and v, defined by

* *

u=x—1x° v=y—y (3.51)

and we have determined in Equation (3.46) the critical delay 7j, and frequency

wp associated with a Hopf bifurcation of the point (u,v) = (0, 0).
Substituting in v and v, the system (3.47)-(3.48) can be written as

U= au + B0+ cutl + couv + c3vt + c4v0
+ dyuta + dou®v + dsuvt + dyuvt (3.52)
U = U 4 00 + hyut + houv + hgvu + hyvv
+ 1020 + §o0*0 + Jauvl + juuvv (3.53)
where o, 3,7, ¢ are as in the linearization Equation (3.30). The other coefficients

c1,...,Ja are also rational functions of the payoff coefficients ay,...,bs. These
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are given by

c1 = (a1 — b)) (22" — 1) — (az + by + b3)y”
co = (a1 +ag + by)(22" — 1) + (ag — bs)y”
cg = —(ag + by + bg)x”

cq = (a3 — b3)x”

di =a; — by

dy = a1 + az + by

d3 = —(ay + by + b3)

ds = a3 — b

hy = (a1 — b)y*

ho = (a1 + asz + by)y”

hs = (a1 — by)x" — (ag + by + b3)(2y™ — 1)
hy = (a1 + asz + be)x™ — (a3 — bs)(2y™ — 1)
g1 = —(az + by + b3)

J2 =a3 —bs

Jz=a1—b

j4:a1+a3+bg.

(3.54)
(3.55)
(3.56)
(3.57)
(3.58)
(3.59)
(3.60)
(3.61)
(3.62)
(3.63)
(3.64)
(3.65)
(3.66)
(3.67)
(3.68)

(3.69)

Now we use Lindstedt’s method to approximate the form of the limit cycle

generated by this bifurcation.

We are looking for periodic solutions with delay close to 7j and frequency
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close to wy. First, we rescale time via 7 = wt, so

du  dudr du
dv  dvdr dv

and, considering u and v to be functions of 7,

u=u(r—wl), v=uv(r—wT). (3.72)

Next, expand the delay and frequency in e:

T= TO + 62/,61 + ESIUQ (373)

w = wy + €€k, + €k (3.74)

Note that there is no O(e') term in 7' or w because of the presence of quadratic
terms in Equations (3.52) and (3.53). Removal of secular terms at the appropriate

order of e will require any O(e') terms in Equations (3.73) and (3.74) to vanish.
We expand the functions v and v similarly:

u = euy + €uy + Suy (3.75)

v = evg + €2vy + s, (3.76)

Then, we substitute the expanded functions and parameters into Equations

(3.52) and (3.53) and collect like orders of €. This includes expanding « and v
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in Taylor series:
u=u(r —wl)
= eug(T — woTp) + ur (T — woTp)
+ € (ug(T — woTo) — (Toky + wopn Jup(T — woTp)) + - .- (3.77)
v=v(r —wl)
= evo(T — woTy) + v (7 — woTp)
+ € (va(T — woTp) — (Tokr + wopn (T — woTp)) + ... (3.78)

Since the only remaining delayed terms are of the form u(7—wy7p) or v(7—w1p),

we introduce the notation

u= U(T — WQTU), V= U(T — ono). (379)

O(e') 1 woupy = atip + B (3.80)
Wouy = Ylig + 00 (3.81)
O(?) 1 wou)| = afiy + B0 + Tig(crug + c3vp) + To(catig + c4vp) (3.82)
Wy = Yy + 001 + to(hiug + have) + Do (hatig + havo) (3.83)

O(*) 1 woulh = aiiy + By + Uy (crug + c3vg) + 01 (catip + c4vp)
+ Gig(cruy + e3v1 + dyug + dsugug)
+ T (coug + cqvy + daug + dyugug)
— kyug — a(Toky + wopn )t — B(Toks + wopt1); (3.84)
Wolly = Ylg + 002 + Gy (haug + havg) + 01(hatg + havg)
+ Go(hyuy + havy + j1vf + Jauovo)
+ To(hauy + havy + j2vj + Jauguo)

— kyvy — y(Toky + wopnr )t — 6(Toky + woptr)0p. (3.85)
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We must solve the equations for each order of e successively, substituting in the

results from the lower-order equations as we proceed.

Solve for 1y and vy

As seen above, the ¢! equations are linear:
wolly = alip + By (3.80)
wovy = Yiig + 07p. (3.81)
Up to a phase shift, the solution has the form
ug = Apsint (3.86)
vg = Ao(rsinT + scos ) (3.87)
for some constants r and s. We substitute these solutions into Equations (3.80)
and (3.81) and use the angle-sum identities to obtain
wo cos T = (sf cos(woTp) — (o + rB) sin(wyTp)) cos T
+ (spsin(woTp) + (o + 78) cos(woTp)) sin 7 (3.88)
wo(rcosT — ssinT) = (sd cos(weTp) — (7 + rd) sin(weTp)) cos T
+ (s0 sin(woTp) + (v + r6) cos(woTp)) sin 7. (3.89)

Setting the coefficients of cos 7 and sin 7 equal to 0 in both equations gives us
J—« 8_\/—4ﬁ7—(oz—5)2

- TR 27 (3.90)
Thus

ug = Apsint (3.91)

= AO% <(5 —a)sinT + /=48y — (a — 6)2 cos 7‘) : (3.92)

(Note that the coefficient of cos T above is real for the values of «, 3,7, 0 given in

Appendix B.)
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Solve for u; and v,

Next we solve for u; and v; using the solutions for u, and v, above. Recall that

they satisfy the equations

wou’l = Oéle + ﬁ’l?l + fbo(Clw) + Cg?)()) + ZN)()(CQUO + C4U0) (382)

wgz/l = 7&1 + (5’271 + ﬁo(hlu() -+ hgvo) -+ ﬁo(tho + h41}0>. (383)

Using Equations (3.91) and (3.92), and the values of the various coefficients

given in Appendix B, these become

wou) = adiy + 301 + A3 (By sin 27 + By cos 27) (3.93)
wov} = Yliy + 09y + AZ (Bssin 27 + By cos27). (3.94)
The constant coefficients By, ..., B, are given in by
B, = % [s (2¢4T + 2 + ¢3) cos(woTh)
— (ca(r —s)(r+s) + (c2 + c3) r + 1) sin(woTp)] (3.95)
By — % (=5 (2exr + ¢3 + cg) sin(woT)
— (ea(r —s)(r+s) + (c2 + ¢3) r + ¢1) cos(woTp)] (3.96)
B; = % [s (2har + ho + h3) cos(woTh)
— (ha(r — s)(r + s) + (ha + h3) r + hy) sin(woTp)] (3.97)
By = % (=5 (2har + hy + h) sin(woTy)

— (ha(r — s)(r + s) + (ha + h3) 7 + hq) cos(woTp)] (3.98)
where r and s are as in Equation (3.90).

Note that there are no resonant terms to eliminate, and the homogeneous

solutions are unnecessary because they will have the same form as u, and .
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Thus we expect solutions of the form

uy = A3(ry sin 27 + s; cos 27) (3.99)

v = Ag(rg sin 27 + s5 cos 27). (3.100)
Substituting into Equations (3.93)-(3.94) gives

[By — sin(2Towo) (ary + Bra) — 2riwo + cos(2Towo ) (asy + [s2)] cos 27
+ [B1 + cos(2Towy ) (ary + Bra) + sin(2Towo) (as1 + Bsa) + 2s1wp) sin 27
_0 (3.101)
[By — sin(2Towo) (yr1 + 012) — 2rawp + cos(2Towo ) (ys1 + ds2)] cos 27
+ [Bs + cos(2Towo) (yr1 + 0rg) + sin(2Towo) (781 + d82) + 289w sin 27

~ 0. (3.102)

We set the coefficients of sin 27 and cos27 equal to 0. This gives four linear

equations in 71, 75, 51, and s,, which can be solved easily:

T By
r B
l=c| 77 (3.103)
S1 Bs
S9 B4
where
Qv COS [ cos 2wp + asin [ sin
—2wp — asin —[sin Qr COS [ cos
O = 0 (3.104)
Y €oS d cos vy sin 2wy + dsin
—~ysin —2wg — 0 sin v cos 0 cos

where the argument of each sin and cos is 2wy 1. However, the expressions for

r1,...,S2 are cumbersome and are omitted here for brevity.
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Use the u; and v, equations to find A, and £; in terms of ;i

As in the previous steps, we substitute the solutions found above for ug, vo, u;

and v; into the equations satisfied by u; and v,. Recall that

Wolly = iy + By + g (crug + c3v) + 1 (caug + c400)

+ Gig(cruy + csvr + dyud + dsugvg)

+ T (couy + cqvy + daug + dyugvo)

— kyug — o(Toky + wopr )y — B(Toky + wopn) Ty (3.84)
WoUy = Ylig + 00g + U1 (hiug + havg) + 01 (haug + havg)

+ g (hyur + havy + j1vg + Jauevo)

+ T (houy + hyvy + Jov3 + jatiovo)

— kv — y(Toky + wopnr )ty — 6(Toky + woptr)0g. (3.85)

Using Equations (3.91), (3.92), (3.99) and (3.100), these become

Wolly = vy + B9 + Ky cosT + KysinT + Ly cos 37 + Ly sin 37 (3.105)
WUy = Ylig + 009 + K3cosT + KysinT + Lz cos 37 + Ly sin 37. (3.106)
The coefficients K7, ..., L, are omitted for brevity.

The sin 37 and cos 37 terms are non-resonant, so the L; will not give any
information about A, or k;. The sin 7 and cos T terms are resonant, so we use the
method detailed in the next subsection to eliminate secular terms. The existence

of a periodic solution to Equations (3.105) and (3.106) requires

Ki(0 — a) — Kon/—(a— )2 — 4y

K = % (3.107)
K, = v —(a -0 ;;57+K2(5—0‘>_ (3.108)
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We find that the K have the form
K; = Ao(qin Af + qink1 + qizpnr). (3.109)

Substituting (3.109) into Equations (3.107) and (3.108) gives two simultaneous

equations on Ay, k; and y;. We solve these for Ay and k; in terms of 1.

As expected, Ay is proportional to ,/j;. If the proportionality constant is
real, the limit cycle exists for p; > 0, and its stability is the same as that of the

interior equilibrium (z*, y*) when T" = 0.

Removal of secular terms in Lindstedt’s method with delay

Consider a system of differential delay equations of the form

d

wd—? =au+ pv+ Kysint + Ky cost (3.110)
d

wd_:f} =~u+ 0v + K3sint + K, cost. (3.111)

where @ = u(t — wT') and v = v(t — wT'), and where w and T are such that the

associated homogeneous problem,

du B B
Wy = ol + B (3.112)
w% = VT + 0T (3.113)

admits solutions of the form sin¢ and cost, or equivalently e*.

Substituting © = re and v = se into Equations (3.112) and (3.113), we

obtain the characteristic equations

irw = e “T(ar + Bs) (3.114)

isw = e “T(yr +ds). (3.115)
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Rearranging, these become

ae T — 4y Be~ T r 0
‘ ’ = . (3.116)
ye~wT dem T — s 0
Define
Ozefin — W ﬁefin
R= (3.117)
,ye—in 5€—in —iw

A nontrivial solution for r and s requires that det R = 0. Separating the real and

imaginary parts, this means that

Re(det R) = cos(2wT)(ad — By) —w((a + §) sin(wT) + w) =0 (3.118)
Im(det R) = — cos(wT)(sin(wT)(2ad — 267) + w(a + 4)) = 0. (3.119)

Equation (3.119) tells us that

sin(wT) = 2“(0‘ +9) (3.120)

(By —ad)’
(We neglect the alternate possibility that cos(w7') = 0.) Then, we substitute this

back into Equation (3.118) to obtain
w? = ad — B. (3.121)
Under the conditions (3.120) and (3.121), the solutions to Equations (3.110)
and (3.111) will in general have secular terms:

U = mycost + mysint + nitcost + notsint (3.122)

v =mgcost + mysint + nst cost + nytsint. (3.123)

We wish to derive conditions on the K; in Equations (3.110) and (3.111) such

that the n; are all equal to 0.
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We substitute the solutions (3.122) and (3.123) into Equations (3.110) and
(3.111), and set the coefficients of sint, cost, tsint and ¢ cost separately equal to

0 in both equations.

The coefficients of sint and cost give us a system of linear equations on the
m; and n;, of the form

M-m+N n=-k (3.124)

wherem = (my,...,mqy)T,n=(ny,...,ny)7, and k = (Ky,..., K;)7.

Similarly, the coefficients of ¢sint and ¢ cost give us a system of linear equa-
tions on the n,;, of the form

S-n=0. (3.125)

By row-reducing in Mathematica, we find that both M and S have rank 2.

To eliminate the n;, we proceed as follows:

e Without loss of generality, set ms = my = 0.

e Solve any two independent rows of Equation (3.125) for n; and n4 in terms

of n; and ns. The result is

now cos(wT') — ny(a + wsin(wT))

B
~mwcos(wT') 4+ na(a + wsin(wT))

B

(3.126)

(3.127)

e Substitute these expressions for ns and n, into Equation (3.124). This is
now a full-rank linear system of equations on my, ms, ny and n,. Solve this

system to obtain expressions for m;, ms, ny and n, in terms of the K;.

e Substitute the expressions for n; and n, from the previous step into Equa-

tions (3.126) and (3.127). Now we have all the n; in terms of the K.
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Set the n; expressions equal to 0. This gives a rank-2 system of equations
on the Kj, so it is possible to solve for K3 and K, in terms of K; and K.

The result is

~ Y(Ki(a+wsin(wT)) + Kyw cos(wT))
Ky = a? + 2awsin(wT) + w? (3128)
(K (a4 wsin(wT')) — Kjw cos(wT))
Ky = a? + 2awsin(wT) 4 w? ' (3.129)
Using Equations (3.120) and (3.121), these reduce to
Ki(6—a) — Kon/—(a —0)? — 4
20
Ki/—(a—9)?—4 Ks(6 —
K, = Kv—(a—9) 2ﬁ57+ 20— ) (3.131)

If Equations (3.130) and (3.131) hold, then there are solutions of Equations

(3.110) and (3.111) with no secular terms.

3.24 Example

with

Consider the RPS system
& = z(fi — @) (3.132)
where f; = (A - X); and
6=> wmifi=) wm(A-x) (3.133)
0 -1 2
A= 1 0 —1 |- (3.134)
-1 1 0
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Following Section 2.2, we see that in this case, det A = 1, so the interior equi-
librium point (z*,y*) = (3, 3) is stable when 7" = 0. The critical delay and

frequency are

1 /5 3 1
= 24/ 2 ~ 0.64550 Ty =24/=sin"! [ —= ] ~ 0.10007. 3.135
o 2\[3 ’ ’ \[5Sln (4«15) (3.135)

Using the method of Sections 2.3.1 and 2.3.2, we find that

ug = ApsinT (3.136)
v = Ag(—0.671875sin 7 — 0.72467 cos 7) (3.137)
and
uy = A2(0.235279sin 27 — 0.430682 cos 27) (3.138)
v; = A2(0.203199 sin 27 — 0.0397297 cos 27). (3.139)

Then, as in Section 2.3.3,

Wolly = vy + B9 + Ky cosT + KysinT + Ly cos 37 + Ly sin 37 (3.140)
wovy = Ylig + 00y + Kz cos T + KysinT + Lz cos 3T + Ly sin 37. (3.141)
where
az—%, B:—g, 7:%, 528 (3.142)
and
K, = A3(—0.957018 43 — k) (3.143)
Ky = A2(—0.146492 A2 + 0.0645946k; + 0.4166671;) (3.144)
K3 = A2(0.573076 A5 + 0.625065k; — 0.301946;) (3.145)
Ky = A2(—0.472711A2 — 0.768069k; — 0.2799481,). (3.146)

Therefore, using Equations (3.107) and (3.108), the condition to eliminate secular
terms is

Ay = 226293\ /i1, ki = —4.4683441;. (3.147)

50



02 04 06 08 10 02 04 06 08 10
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Figure 3.2: Limit cycle given by Lindstedt (dotted) and numerical integra-
tion (solid) for ¢ = 0.1 and varying values of j;. Recall that
T = To + €2M1.

This means that the limit cycle exists when y; > 0, so the bifurcation is super-

critical and the limit cycle is stable.

To evaluate the results of Lindstedt’s method qualitatively, we compute the
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average radius of the limit cycle (i.e. the radius of the circle with the same en-

closed area). For the limit cycle predicted by Lindstedt’s method, this is simply
w 27 Jw 1/2
TLind = | o= / (u(t)® +v(t)?) dt (3.148)
2 Jo
where u and v are as in Equations (3.136)-(3.139). Recall that 7 = wt where

w = wy + €k1, where wy is given by Equation (3.135) and k; by Equation (3.147).

We compare this to the average radius of the approximate limit cycle given
by numerical integration. To find this, we integrate the original system given
in Equations (3.132)-(3.134), using NDSOLVE in Mathematica. This is a versatile
method that can handle ordinary, partial, or delay differential equations, and
which adaptively chooses from among several solving routines. For 40 values
of 1 between -0.5 and 1.5, we integrated the system up to t = 3000, with the
assumption that the solutions were constant for ¢t < 0. We found that for ¢ >
2900, the numerical solutions were nearly periodic: in all cases tested, the peak-
to-peak times of the first cycle after ¢ = 2900 and the last cycle before ¢ = 3000
differed by less than one part in 10~". This gave the desired approximation to

the limit cycle.

Thus, the average radius for the numerical limit cycle is
1/2
1

to+p(p1)
Tnumer = [m/t ((x(t) — x*)Q + (y(t) — y*)Q) dt (3.149)

where p(/11) is the period of the limit cycle, obtained using FINDROOT in Math-
ematica, and ¢, is chosen large enough that the numerical solutions are close to

the limit cycle.

We compare the average radius given by Lindstedt’s method to that found
by numerical integration, and observe from Figure 3.3 that the two methods are

in relatively good agreement for small /.

52



amplitude
0.25
O.20f
0.15
O.lOf

0.05}

° ° ° °

~05 05 1.0 15 1

Figure 3.3: Average radius of the limit cycle given by Lindstedt (solid) and
numerical integration (dotted) for e = 0.1 as a function of 1

Conclusion

We have investigated the dynamics of Rock-Paper-Scissors systems of the form

where f; = (A - x); is the (delayed) fitness of strategy .

It is known that limit cycles cannot occur in non-delayed rock-paper-scissors
systems; the phase space is filled with either decreasing, increasing, or neutral

oscillations, depending on the determinant of the payoff matrix A.

In this work, we have shown using nonlinear methods that, by introduc-
ing a social-type delay in the fitnesses of the strategies, it is possible to find
rock-paper-scissors systems which exhibit non-degenerate Hopf bifurcations

and limit cycles. We have analyzed the resulting limit cycles using Lindstedt’s
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method, finding an approximation of their frequency and amplitude. We have
demonstrated a choice of parameters for which a Rock-Paper-Scissors system
undergoes a supercritical Hopf bifurcation and exhibits a stable limit cycle. For
this choice of parameters, the prediction of Lindstedt’s method is found to agree

with numerical integration for 7" close to Tj.

This generalization of the replicator model may be useful in modeling natu-
ral or social systems in which each player has a delayed estimate of the expected

payoff of each strategy.
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CHAPTER 4
TWO-STRATEGY GAMES WITH DELAY

4.1 Introduction

In the previous chapter, we investigated a replicator system in which the fit-
ness functions depended only on the delayed expected payoffs. In this chapter,
we consider a range of models in which not all interactions are equally subject
to delay. Specifically, we consider the two-strategy replicator system, general-
ized to models in which the fitnesses are functions of the strategy frequencies

delayed by a time interval 7.

For ease of notation, write

a b
A= 4.1)
c d
and
X = (z1,22) = (z,9). (4.2)

Two-strategy games with delay have previously been investigated by Yi and
Zuwang [16] and Miekisz [6]. These previous works considered cases that have
an equilibrium in which the two strategies coexist, and obtained conditions for
the instability of this interior equilibrium when all interactions are subject to
delay. They did not, however, analyze the bifurcations that occur at the change

of stability.

In the present paper, we extend this work in two ways. First, we include

nonlinear terms, which allows us to analyze the Hopf bifurcations that occur
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in these systems and their associated limit cycles. Second, we consider mod-
els in which not all interactions are equally subject to delay: interactions be-
tween agents with different strategies may be more likely to be delayed than
interactions between agents with the same strategy. Specifically, we consider a
range of models indexed by a homotopy parameter ~ that determines the rela-

tive weights of delayed and non-delayed terms in the fitness functions.

At one extreme is the case considered previously [16, 6], in which all inter-
actions are delayed by 7" time units. We refer to this as the full delay model: If

we write ; = x;(t — T') and define
x = (1,9) (4.3)
then the total expected payoff —i.e. the fitness — for strategy i is given by
fi=(A-x);. (4.4)

That is,

f1 = aZl + bg, f2 =cT + dg (45)

Thus each agent’s payoff at the current moment depends on the frequen-
cies of each strategy 7' time units ago (i.e. the expected payoff of that agent’s
strategy T' time units ago). This could represent a situation in which human
learners preferentially imitate those with higher payoffs, but information about
the payoff of each strategy is delayed by T'; or a situation in which organisms
evolving in a well-mixed population consume resources produced by other or-
ganisms to determine their fitness, and resources take 7" time to diffuse between

one organism and the next.

At the other end of the spectrum, only interactions between agents with dif-

ferent strategies are delayed, while interactions between agents with the same
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strategy are instantaneous. We refer to this as the off-diagonal delay model. In

this case, if we define

"= (z,y), x*=(zy) (4.6)

fi=(A-X"),. (4.7)

That is,
fi=ax+by, fo=cr+dy. (4.8)

Note that in this model, the fitness cannot be considered an expected pay-
off, as X is not a unit vector. This model may be interpreted as the result of a
certain form of assortment: human learners have immediate information about
the payoff consequences of interactions with those having their own strategy,
but information about the outcome of interactions with people using the other
strategy is delayed by T'; or resources produced by the other type of organism
take 7" time units to diffuse whereas resources produced by organisms of one’s
own type are immediately available (perhaps because of spatial co-localization

of agents of the same type).

In general, we can bridge the two extreme models by introducing a linear

homotopy between them: we define
X, =%+ (1—-7)x (4.9)
and consider the fitness functions
fi=(A-x));. (4.10)
That is,
fi=alyve+ (1 =7)2)+by, fo=cr+dlyy+(1-7)7). (4.11)
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When v = 0, we are in the full-delay case; when v = 1 we are in the off-diagonal
delay case. For values of v between 0 and 1, the system may be considered as
a stochastic combination of the two: interactions with agents using the other
strategy are always delayed by 7', but interactions with agents using one’s own

strategy are instanteous with probability v and delayed with probability 1 — ~.

For any value of v, the use of delayed frequencies in the fitness functions

makes the replicator equation into the delay differential equation (DDE)

where f; is given in (4.11), and

szzxzfz =zf1+yfo (4.13)

As a system of ODEs, the standard replicator equation is an (n — 1) - di-
mensional problem, because ) | x; = 1. This means n — 1 of the z; are required to
specify a point in phase space. In particular, the non-delayed two-strategy repli-
cator system reduces to a single autonomous ODE. The delayed two-strategy
replicator equation reduces to a single autonomous DDE which, by contrast,
is an infinite-dimensional system [1] whose solution is a flow on the space of

functions on the interval [T, 0).

4.2 Derivation

We will analyze the replicator equation (4.12) without specifying the homo-
topy parameter v — that is, the fitness is given by (4.11). The full delay and

off-diagonal delay models correspond to the special cases v = 0 and v = 1,
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respectively. Then

t=xz(fi—¢) and y=y(fr—9) (4.14)
where
fi=alya+ (1 —)7) +by and fo=cz+d(yy+ (1 —7)7), (4.15)
which means
p=zfr+yf
= zla(yz + (1 =7)7) + byl +ylez + d(yy + (1 = 7)7)]- (4.16)

Substituting in these values, and writing y = 1 — z, the system is reduced to the

single delay differential equation

t=xz(l—z2)b—d+(a—b—c+d)T+ (a+d)(x —T)7]. (4.17)

At this point, we note that the number of parameters may be reduced by

defining p, ¢, r as follows:

p=a-—c (4.18)
g=d—1> (4.19)
r=a+d=trA (4.20)

Then equation (4.17) becomes

t=2x(l—2z)(pz +q(T —1)+yr(z —2)). (4.21)
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4.3 Analysis

The equilibrium points of equation (4.21) satisfy # = 0 and # = x. There are
three equilibria:

T = Pt (4.22)
The first two are the endpoints of the interval of physical relevance, since we re-
quire that = € [0, 1]. The third lies in the interval (0, 1) if and only if p and ¢ have
the same sign. We will assume that this is the case. Notice that the equilibria do

not depend on the homotopy parameter 7. We examine the stability of the three

points.

Taylor expanding about v = 0 and = = 1, respectively, we obtain the lin-

earized systems

T = —qx about z =0 (4.23)

(x —1)=—p(z —1) aboutr =1 (4.24)

These two linearizations do not depend on z, so the stability of the endpoints
depends only on the payoff coefficients and not on the delay. The two endpoints
have the same stability, since by assumption p and ¢ have the same sign. If
p,q > 0, we find that both endpoints are stable; if p, ¢ < 0, then both endpoints

are unstable.

Now consider the third equilibrium. To determine its stability, we set

r=p— L (4.25)

p+q

In terms of z, equation (4.21) is

s E=D+a2)p ) +a)EP+q—ar) +9rz) (4.26)

(p+q)?
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We linearize about z = 0 to get

_pg(Z(p+q—r) +72)

(4.27)
(p+q)*
First, note that if delay 7" = 0, the linearization reduces to
i = PIE (4.28)
p+q

Under the assumption that p and ¢ have the same sign, we see that the stability
of the point z = 0 is opposite that of the endpoints. If p, ¢ > 0, we find that the

point z = 0 is unstable when T" = 0; if p, ¢ < 0, then it is stable.

In general, however, the linearization (4.27) has a non-zero z term, so it is
reasonable to expect that the stability will depend on the delay T'. Given that, we

analyze the system for a Hopf bifurcation, taking 7" as the bifurcation parameter.

Set 2 = e (and z = ¢**~1)) in equation (4.27) to obtain the characteristic

equation
pge T (p+q+r (M —1))
(p+q)?

At the critical value of delay for a Hopf bifurcation, the eigenvalues are pure

A= (4.29)

imaginary, so we take ' = T, and A = iw. Substituting this into the characteristic

equation and taking the real and imaginary parts, we obtain

YP*¢*r(p+q — )
(vpar)? +w?(p + q)*
paw(p+q)°’(p+q— )
(vpar)?* +w?(p+@)*

coswl, = —

(4.30)

(4.31)

sinwT, =

Squaring these equations and adding them, we can solve for the critical fre-

p—|—q—2 T
w=pg, 2L 4.32
P ) (4.32)
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r=1tr A r=1tr A

Figure 4.1: The Hopf bifurcation occurs in systems lying in the shaded re-
gions, i.e. below the curve p + ¢ = 2yr if p + ¢ > 0 (left) and
above the curve p 4+ ¢ = 2yr if p 4+ ¢ < 0 (right).

It can be shown that the frequency is real and non-zero if and only if (in addition

to p and ¢ having the same sign) p + ¢ — 2yr has the same sign as p + ¢. That is,

Pa<0,p+q<2yr} or {p,g>0,p+q>2yr}. (4.33)

Thus (4.33) is a necessary condition for a Hopf bifurcation to exist. See Figure

4.1. We will assume that this condition is satisfied.

Notice that in the full delay case v = 0, (4.33) is trivially satisfied whenever
p and ¢ have the same sign. That is, the Hopf occurs for any payoff matrix such
that the equilibrium point lies in the interval of relevance. In this case, (4.32)

reduces to

w=24_ (4.34)
Ip+q

For any nonzero value of v, however, there exist payoff matrices for which the

equilibrium point lies in the interval of relevance, but |r| is large enough that
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(4.33) does not hold and the Hopf does not exist.

Now, substituting (4.32) back into (4.30), we obtain the critical delay 7:
T, = cos™" (_—W) L[ pra® (4.35)
pta—r)pg\ptq=29r
This result agrees with the values of 7, and w given by Rand and Verdugo [9].
We also apply the results of [9] to obtain an approximation for the amplitude
of the limit cycle generated by the Hopf bifurcation. See the next subsection.

Equation (4.26) can be written as

b=z + BE4 a12’ + as2Z 4+ a7 4+ 0123 + by2° 7 4 bg2Z? + by 2 (4.36)
where
Ypqr
o= (4.37)
(p+4q)?
pa(p+q—r)
B = 4.38)
(p+q)? (
ay = (P —a) (4.39)
p+q
o — POt a=r) (4.40)
p+q
by = —rv, (4.41)
bo =—p—q+yr (4.42)
as = bg = b4 =0. (443)

If T'=T. + 11, the amplitude R is given by

R=+/pP/Q (4.44)
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where

_WGE+q) 9P ta—29r)(p+q—q7)°

P 4.45)
o+ 0 (
Q__p4q4\/%(p+q—7r)3 (pQ—QQ)Q(p—l—q—?)T) p+q—2yr
(p+q)® ! (p+q)°
+ [=3yr (20 — pa +2¢%) (p+ @) + (30" — pa + 3¢°) (p + q)°
_ yr
+3v*2%(p — )] cos™* (——)} . (4.46)
(b= a)’ ptq—nr
When « = 0, this reduces to
77
P:—Q%q7 (4.47)
(p+4q)
4 4 3 2 3 2 2 _ )2
Q= P4 TGy —pg+ QHP+?+ (r+a)p—a)F) (4.48)
2(p +q)

Since R is real, y© must have the same sign as P/(). This determines whether
the Hopf bifurcation is sub- or supercritical. In particular, if the point z = 0
is stable for delay 7' < 7. and i > 0, then the limit cycle is stable and the
bifurcation is supercritical. We will treat an example of this type in the next

section.

4.3.1 Hopf bifurcation formula for first-order DDEs

We present the formula for the radius of a limit cycle that is born in a Hopf bi-
furcation in a first-order constant-coefficient differential delay equation, derived

by Rand and Verdugo [9].
Consider a differential delay equation (DDE)
d_x = ax + BT + a1 2% + asxT + a3 + bz + box’T + byxz? + by (4.49)

dt
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where x = z(t) and z = z(t — T'). The associated linear DDE is

d
d—f = az + fz. (4.50)

Assume that equation (4.49) has a critical delay 7. for which it has a pair of pure

imaginary eigenvalues +wi corresponding to the solution
T = ¢1 coswt + ¢o sin wt. (4.51)
Then for values of delay T close to 7,
T=T +p (4.52)

the nonlinear equation (4.49) will in general exhibit a periodic solution that can
be approximated by
x = Rcoswt (4.53)

where the amplitude R satisfies

R? = uP/Q (4.54)
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where

P =48%(4a — 58)(8 — a)(a + B)? (4.55)
Q =5byT.3% + 15b,T.8% + 15b,3° + 5b33° — 4a3T,.5° — 3a3T,.53°
—22a3T.3° — Ta1a,T.3° — 14ayasT,3° — TasasT,B° — 15ab,T.53°
+ abyT.3° — 15absT.B° + 3ab,T.3° — 18a33* — a3p* — 4a3p?
— 9aqa8* — 18aya3B* — Yasas St + 3aby f* — 15aby 8 + abs 82
— 15ab,B* + 18aaiT.p* + Taa3T.B* + 12aa3T.5* + 19aaya,T,.B*
+ 30aa a3 T.0* + 3TaazasT.B* — 3020, T.8* + 6a°b, T, 3*
—3a*b3T.3* — 12a°b4T,3* + 12063 3° + 11aa3 8 + 260a3 5°
+ 33aayas3° + 30cayas e + 19aa2a353 — 12020, 8% — 3a2b253
+ 602b33% — 3a%b, 33 — SQQQ%TCBS — 12a2agT663 + 4a2a§Tcﬁ3
— 260%a1a.T.5° — 1602a1a3T.0% — 200 axasT.3° + 12036, T, 53
+ 2030, T, 3% + 120305 T.3° — 14a2a§62 - 8a2a§52 — 18a’%aja.5?
— 1202aya38° — 3202 asasf% + 120205 5% + 20°b3 5% + 120°b, 52
+ 8&3a§T6ﬁ2 + 8alara. T, 0% — 40’ azasT. 3% — 8atb, T, 52

+403a3B — 8aa2f + 8alazasf — 8atbsf + Satasas (4.56)

The critical delay 7, and frequency w may be expressed in terms of « and 3
by considering the linear equation (4.50). Substituting equation (4.53) into (4.50)

and setting the coefficients of sin wt and cos wt equal to zero gives
BsinwTl, = —w, PceoswT,=—a. (4.57)
Squaring and adding these, and substituting the result back in, yields

w=1/0%—a? (4.58)
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and
_ cosH(—a/B)

—— (4.59)

4.4 Example: Hawk-Dove games

As an example, consider the hawk-dove system described by Nowak [7]. There
are two strategies competing for a resource with benefit b: “hawks,” who will
escalate fights against other players, and “doves,” who will retreat from fights.
So, if a hawk meets a dove, the hawk always wins, receiving benefit b, while
the dove receives nothing. If two doves meet, each is equally likely to win the
resource, so the expected payoff is /2. If two hawks meet, they fight over the
resource; each expects to gain benefit b/2 and incur a cost of injury c/2, for an

expected payoff of -¢. Therefore the game is represented by the payoff matrix

b—c b
(4.60)

[a) w|
N

where b and c are positive numbers. (Note that b, c in equation (4.60) are not the

same as b, c in equation (4.1).)

In this case, we have

b—rc b c
P=—" 4= 75 r—b—§ (4.61)

and equation (4.21) becomes

i = %x(x —1)(eE — b+ (2b— o) (& — ). (4.62)

The equilibria of the system are

(4.63)



The condition for the third equilibrium to lie in the interval of physical relevance

(0,1), which is that p and ¢ must have the same sign, reduces to
0<b<e. (4.64)

Notice that this means there is an equilibrium point where both = and y are
nonzero (i.e. both strategies coexist), if and only if the expected payoff (b — ¢)

for a hawk versus another hawk is negative.

If we let
z=x— b (4.65)
&
then the linearization about z = 0 is
— 7 — (c—2b)(5 —
s bo—o)(ez — (e —20)(2 — 2)y) (4.66)
2¢?
In the case of no delay (7" = 0 and z = ) this becomes
s b=9z (4.67)
2c

Therefore, if (4.64) holds — that is, if the third equilibrium lies in the interval of

relevance — then the point z = 0 is stable for 7" = 0, for any value of 7.

If there is a Hopf bifurcation, its critical frequency (4.32) is

Me—h) g

From (4.33), we see that the condition for w to be real —i.e. for the point z = 0 to

have a Hopf bifurcation - is
(27 — 1)e < 4. (4.69)

If v < 1/2, then (4.69) is trivially true, so w is real for all hawk-dove games such
that (4.64) holds. If v > 1/2, however, w is real only if

4bry
2y —1

¢ < (4.70)
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It is instructive to define a new parameter k, such that
c = kb. (4.71)

Intuitively, & is the cost per unit of benefit that the hawks are willing to incur. We

can enforce conditions (4.64) and (4.69) by stipulating that £ > 1, and if 7 > 1/2,

4ry
k . 472
T (4.72)

Then in terms of b and &, the frequency w is

b(k — 1)VAy — 29k + &

w= S (4.73)
The critical delay (4.35) is
3/2
T G B
3/2
=i 1)% cos™ ((v—l)%% + 1) : (4.75)

and the amplitude of the limit cycle that is born in this bifurcation is given by
equations (4.44)-(4.46):

R =/1P/Q (4.76)

where yy = T — T,. The ratio P/() can be written in terms of b and & as
P ~5/2 3
0 (20K~ (k — 1)*(2v(k — 2) — k)(9v(k — 2) — 5k)]
V(= 2)? (=2 = 692k — 2)° + 5y (k — 2)k) +

VAY =29k + k (K*(k(Bk — 7) + 7) + 37*(k — 2)*—

3vk(k(2k — 5) +5)(k — 2)) cos™* ((’Y—U%Z'Y + 1)} (4.77)

In the full delay case (7 = 0) the critical frequency and delay become

b(k —1)
2k

(4.78)

w =
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and

(4.79)

and the ratio P/() reduces to

r_ 20b(k — 1)°
Q KBkBk—17)+7) —2(k—2)?) (4.80)

In the off-diagonal case (y = 1) these values are

WA —k(k—1)
W= 2k3/2

(4.81)

and
2k3/2 cos™ (1 — &
g, = A eos T(1-3) (4.82)
bvA — k(k — 1)

and

P_ —2b/A— Rk — 1)3(2k — 9)k~5/2
Q  (k—3)/—(k— 4)k(k — 2)2 + (24 — (k — 3)k(2k — 11)) cos~* (1 — &)

2
(4.83)
Note that in terms of b and £, for all values of v
1 P
w X b, Tcocg, éocb. (4.84)

Therefore, we can divide each of these quantities by the appropriate power of b

to obtain normalized versions that depend only on the parameter k.

Observe (Figures 4.2, 4.3, 4.4) that when k = 2, w, T, and P/() do not change

as v varies. In fact, for k = 2 they reduce to
w=7, T.=" P/Q=_. (4.85)

This is to be expected, since for this value of k the hawk-dove replicator equation

(4.62) does not depend on +. It reduces to

T = %b(a: —Dz(2z —1). (4.86)
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Figure 4.2: Normalized frequency w/b, at the Hopf bifurcation in the
hawk-dove system, as a function of & = ¢/b. Red: full type de-
lay (y = 0). Blue: off-diagonal delay (y = 1). Orange: v = 1/3.
Green: v = 2/3.

We see by plotting the normalized version of (4.77) (Figure 4.4) that P/Q >
0, so for the amplitude R to be real, 1 must also be positive. Thus the Hopf

bifurcation is supercritical, and the limit cycle is stable.

Finally, we compare the results of this perturbation method to those obtained
by continuation in DDE-Biftool for the particular case b = 1 and ¢ = k = 3,
fory =0,v = 1/3, v = 2/3, and v = 1. (The latter method is outlined by
Heckman, [3].) Note that the amplitude given by DDE-Biftool is the full width
of the limit cycle, twice the amplitude predicted by Lindstedt’s method, which is
the average displacement from the equilibrium point. We observe from Figure
4.5 that for all tested values of v the results of the two methods are in good

agreement for values of 7" reasonably close to 7..
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Figure 4.3: Normalized critical delay b7, for the Hopf, as a function of
k = c/b. Red: full type delay (y = 0). Blue: off-diagonal delay
(y = 1). Orange: v = 1/3. Green: v = 2/3.

Conclusion

We have investigated the dynamics of two-strategy replicator systems with de-
lay. We have considered a range of models indexed by a homotopy parameter v,
which determines the relative weights of delayed and non-delayed terms when
determining the fitness arising from interactions with agents having the same
strategy. (Interactions between agents with different strategies are always de-
layed). At one extreme (7 = 0) the model describes a full-type delay in which
the fitness of each strategy is the delayed expected payoff of that strategy. At the
other extreme (y = 1) only the opposite-strategy terms in each fitness function

are delayed.

It is well known that periodic motions cannot occur in non-delayed two-
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Figure 4.4: Normalized growth coefficient %, for the Hopf, as a function
of k = ¢/b. Red: full type delay (y = 0). Blue: off-diagonal
delay (y = 1). Orange: v = 1/3. Green: v = 2/3.

strategy replicator systems, since the phase space is one-dimensional. The in-
troduction of delay makes the system into a DDE, so the phase space is infinite-

dimensional.

In this work, we have shown that, for all values of v, there exist two-strategy
games for which non-degenerate Hopf bifurcations and limit cycles occur. In
the full delay case (y = 0) Hopf bifurcations occur for all two-strategy games.

For v > 0, there exist two-strategy games for which there is no Hopf bifurcation.

In particular, we have demonstrated a range of parameters for which Hawk-
Dove systems with delayed competition exhibit stable limit cycles which are
born in Hopf bifurcations. We have used Lindstedt’s method to approximate
the amplitude of the limit cycles, and we have shown that this approximation

agrees with the results of numerical continuation.
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Figure 4.5: Amplitude of limit cycle vs. 7" in the hawk-dove system with
b =1, c =k = 3 given by Lindstedt (upper curve, red) and con-
tinuation in DDE-Biftool (lower curve, blue), for various values
of 7.

This generalization of the replicator equation may be useful in modeling a
range of scenarios, given the ubiquity and heterogeneity of delay in real-world
applications. It is often the case that people have more accurate and up to date
information about those who are more similar to themselves, and that organ-
isms which have the same phenotype are located closer to each other. Thus it
may well be that delay plays a bigger role in interactions between agents with
different strategies than agents with the same strategy. The framework we intro-

duce here demonstrates the important consequences such heterogeneous delays
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can have on the system’s evolutionary dynamics.
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CHAPTER 5
ROCK-PAPER-SCISSORS WITH QUASIPERIODIC FORCING

5.1 Introduction

In this chapter, we generalize the replicator model to systems in which the
payoff coefficients are quasiperiodic functions of time. Previous work by Ru-
elas and Rand [11, 12] investigated the Rock-Paper-Scissors replicator dynam-
ics problem with periodic forcing of the payoff coefficients. We also consider
a forced Rock-Paper-Scissors system. The quasiperiodically forced replicator
model may find applications in biological or social systems where competi-
tion is affected by cyclical processes on different scales, such as days/years or

weeks/years.

5.2 The model

5.2.1 Rock-Paper-Scissors games with quasiperiodic forcing

Rock-Paper-Scissors (RPS) games are a class of three-strategy evolutionary
games in which each strategy is neutral vs. itself, and has a positive expected
payoff vs. one of the other strategies and a negative expected payoff vs. the

remaining strategy. The payoff matrix is thus

0 —bg aq
A= as 0 —by |- (5.1)
—bl as 0



We perturb off of the canonical case, a; = --- = b3 = 1, by taking

0 —1—F(t) 1+F(t)
A= 1 0 -1 (5.2)
—1 1 0

where the forcing function F'is given by

F(t) = €((1 — 0) coswyt + & coswat). (5.3)

For ease of notation, write (z1, z2, x3) = (z,y, 2). The dynamics occur in the
simplex

S={(z,y,2) e R|z,y,z € ]0,1]} (5.4)

but since z, y, ~ are the frequencies of the three strategies, and hence x+y+z =1,
we can eliminate z using z = 1 — 2 — y. Therefore, the region of interest is 7', the

projection of S into the = — y plane:
T={(z,y) e R|z,y,z+y < 0,1]}. (5.5)
See Figure 5.1. Thus the replicator equation becomes

t=—x(x+2y—1)(1+ (x —1)F(¢)) (5.6)

v=yRr+y—1—x(x+2y—1)F(t)) (5.7)
Note that £ = 0 when x = 0, y = 0 when y = 0, and
t+y=(x+y—D(xFt)(z+2y—1)—z+vy) (5.8)

so that # + ¢y = 0 when = + y = 1, which means that z + y = 1 is an invariant
manifold. This shows that the boundary of 7" is invariant, so trajectories cannot

escape the region of interest.
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It is known [7] that in the unperturbed case (¢ = 0) there is an equilibrium

11
373

point at (z,y) = (3, 3), and the interior of 7 is filled with periodic orbits. We
see from equations (5.6)-(5.7) that this interior equilibrium point persists when
e # 0. Numerical integration suggests that the Lyapunov stability of motions
around the equilibrium point depends sensitively on the values of w; and ws.
See Figure 5.2. We investigate the stability of the interior equilibrium using

Floquet theory and harmonic balance, as well as by numerical methods.

5.2.2 Linearization

To study the linear stability of the equilibrium point, we setz = u+3,y = v+3,

substitute these into (5.6)-(5.7) and linearize, to obtain

i = —%m 1 20)(3 4+ 2F(1)) (59)

b— é(F(t)(u +20) + 3(2u+ v)). (5.10)

The linearized system (5.9)-(5.10) can also be written [10] as a single second-
order equation on u, by differentiating (5.9) and substituting in expressions for

0 from (5.10) and v from (5.9). This gives us

g(0)i — (1) — 5o”(Bu =0 (5.11)
where
g(t) = =3 —=2F(t) = =3 — 2¢((1 — ) cos wyt + & cos wat). (5.12)

Now that we have a linear system with coefficients that are functions of time,

we use Floquet theory to determine the stability of the origin.
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Figure 5.1: A curve in S and its projection in T

5.3 Floquet theory

Floquet theory is concerned with systems of differential equations of the form

O~ Mlt)e, M(t+T) = M(1), (5.13)

We have the system (5.9)-(5.10), which can be written as

L Y B N R e (5.14)

o | O s0-at) —e) || v v

where ¢(t) is as in (5.12).
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Figure 5.2: Numerical solutions for z(t) with identical initial conditions
z(0) = y(0) = 0.33 and parameters ¢ = 0.9,6 = 0.6, but with
different wy, wo
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In general, B(t) is not periodic, since w; and w, are rationally independent.
However, the set of points for which w; and w, are rationally dependent is dense
in the w; — w; plane, and solutions of (5.14) must vary continuously with w; and
wz. This means that for any d > 0 and finite time interval [0, M], there exists
some 7(d, M) such that if the distance between two choices of (wy,ws) is less
than r, then the distance between the corresponding solutions of (5.14) is less

than d for all ¢ € [0, M].

We consider an empirical notion of stability: given a maximum time M, we
choose a threshold value k. If solutions of (5.14) for a particular choice of (w;,w>)
expand by more than a factor of & in the time interval [0, M|, we consider the
point (wy, ws) to be unstable. By the above continuity argument, if a rationally
related choice of (wy,ws) is unstable under this definition, then so are all suffi-
ciently close points (wj,w}). (Note that the radius of the ball of unstable points
around (w;,w;) depends on the amount by which the solution’s expansion ex-

ceeds the threshold k.)

Therefore, for this empirical notion of stability, it is reasonable to consider

only the case that F'(t), and hence g¢(t) and B(t), are in fact periodic.

Assume that w, = jw; in lowest terms, where a and b are relatively prime
integers. Then we can make the change of variables 7 = w;t, s0 wst = 77. Since
a and b are relatively prime, we see that I, and hence g and B, have period

T = 27bin 7. Thus (5.14) becomes

u’ 1 u

= —B(r) ., B(r + 27b) = B(7) (5.15)

w
v 1 v

where v’ indicates du/dr. This has the same form as (5.13), so we can apply the

results of Floquet theory.
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Suppose that there is a fundamental solution matrix of (5.15),

X(7) = (7)) (5.16)
vi(7)  a(7)

where
uy (0 1 uz(0 0
10 , 2001 _ . (5.17)
U1 (0) 0 (%) (0) 1
Then the Floquet matrix is C = X(7T") = X (27b), and stability is determined by
the eigenvalues of C:

A2 — (trC)A + det C = 0. (5.18)

We can show [8] that det C' = 1, as follows. Define the Wronskian
W(r) = det X(7) = uy(7)ve(7) — ug(7)v1(7). (5.19)

Notice that W(0) = det X(0) = 1. Then taking the time derivative of W and

using (5.15) gives

% = u) (T)v2(7) + ur (T)vy(T) — up(T)v1(T) — up(T)vy(T)
— %1 (g(T)(U,l + 2v1)vg + %U:L(QUQ — (ug + 2v2)g(7))
() (13 + 203)07 — %u2(9u1 - zvl)g(f))) _ 0. (5.20)

This shows that W (7) = 1 for all 7, and in particular W (7') = det C' = 1. There-

fore,

B trC + VtrC? — 4
N 2

A\ (5.21)

which means [8] that the transition between stable and unstable solutions occurs
when |trC'| = 2, and this corresponds to periodic solutions of period 7" = 27b or

2T = 47b.

Given the period of the solutions on the transition curves in the w; —w, plane,

we use harmonic balance to approximate those transition curves.
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5.4 Harmonic balance

We seek solutions to (5.11) of period 47b in 7:

- k k
u = kz:; Qv COS (2—2) + [ sin (2—2) . (5.22)
Since wy; = fw; where a and b are relatively prime, any integer k can be written
as na + mb for some integers n and m [17, 4]. That is, there is a one-to-one

correspondence between integers k and ordered pairs (m, n). We can therefore

write the solution as

o0

> b b
U= Z Z Oy, COS (%T) + Bmn Sin (%T) (5.23)

m=0n=—oo

“3 T g cos (wt) + B in (Wt) (5.24)

m=0n=—c0

We substitute a truncated version of (5.24) into (5.11), expand the trigonometric
functions and collect like terms. This results in cosine terms whose coefficients
are functions of the «,,,, and sine terms whose coefficients are functions of the
Bmn- Let the coefficient matrices of these two sets of terms be () and R, respec-
tively. In order for a nontrivial solution to exist, the determinants of both coeffi-
cient matrices must vanish [8]. We solve the equations det ) = 0 and det R = 0
for relations between w; and w,. This gives the approximate transition curves

seen in Figure 5.3.

It has been shown [11, 10] that in a periodically forced RPS system (i.e. § = 0
in our model) there are tongues of instability emerging from w; = 2/n+/3 in the
wy — € plane. Our harmonic balance analysis is consistent with this: we observe
bands of instability around w, = 2/v/3 and w, = 2/+/3, which get broader as ¢
increases. We also see narrower regions of instability along the lines nw, +mw, =

2/4/3, for each n,m used in the truncated solution (5.24).
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Figure 5.3: Transition curves predicted by harmonic balance with —5 <
m < 5,0 <n <5 for various values of ¢

Thus the boundary of the region of instability exhibits self-similarity when

we consider wy,w, € [0,2' %] fork =0,1,....
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5.5 Numerical integration

In order to check the results of the harmonic balance method, we generate an
approximate stability diagram by numerical integration of the linearized system

(5.11).

For randomly chosen parameters (w;,ws) € [0, 2], we choose random initial
conditions (u(0),%(0)) on the unit circle - since the system is linear, the ampli-
tude of the initial condition needs only to be consistent between trials. We then
integrate the system for 1000 time steps using ode 45 in Matlab. This is an ex-
plicit Runge-Kutta (4,5) method that is recommended in the Matlab documen-
tation for most non-stiff problems. We considered a motion to be unstable if
max |u(t)| > 10. The set of points (w;,ws) corresponding to unstable motions
were plotted using matplotlib.pyplot in Python. See Figure 5.4. Each plot

in Figure 5.4 contains approximately 5 x 10* points.

We note that the unstable regions given by numerical integration appear to
be consistent with the transition curves predicted by harmonic balance (Figure
5.3). The regions of instability around w; = 2/ V3and wy, = 2 / V/3 are visible
for all tested values of € and J, and as e increases, more tongues of the form

nwi + mw, = 2/+/3 become visible.

5.6 Lyapunov exponents

A second, and more informative, numerical approach for determining stability

is the computation of approximate Lyapunov exponents. This is a measure of a
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solution’s rate of divergence from the equilibrium point [2], and is defined as

1
A = lim sup n In |u(t)]. (5.25)

t—o0

If the limit is finite, then u(t) ~ e or smaller as ¢ — co. A positive Lyapunov

exponent indicates that the solution is unstable.

We do not find any negative Lyapunov exponents, but note [8] that the sys-

tem (5.11) can be converted to a Hill’s equation

. g(t)> +274(t)* — 189(t)4(t)
Z—z ( 369(1)? ) =0 (5.26)

by making the change of variables u = /g(t)z. Since y/¢(t) is bounded, u is
bounded if and only if z is bounded. And since there is no dissipation in (5.26),

stable solutions correspond to A = 0.

We approximate the Lyapunov exponents numerically by integrating as
above, and taking

AR sup lhrl lu(t)]. (5.27)

900<t<1000 T

See Figures 5.5-5.8. The shape of the unstable region is the same as in Figure 5.4,
but this method allows us to see a sharp increase in unstable solutions” rate of

growth along the line w; = w.

5.7 Conclusion

The replicator equation with quasiperiodic perturbation may be used to model
biological or social systems where competition is affected by cyclical processes
on different scales. We have investigated the linear stability of the interior equi-

librium point for RPS systems with quasiperiodic perturbation, using Floquet
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Figure 5.5: Contour plot of Lyapunov exponents in the (w;,w;) plane for
e = 0.5,0 = 0.6. Contours between A = 0 and A = 0.04.
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Figure 5.6: Contour plot of Lyapunov exponents in the (w;,w;) plane for
e =0.9,0 = 0.6. Contours between A = 0 and A = 0.08.
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Figure 5.7: Contour plot of Lyapunov exponents in the (w;,w;) plane for
e = 1.3,0 = 0.6. Contours between A = 0 and A = 0.12.
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Figure 5.8: Detail view: contour plot of Lyapunov exponents in the (w1, w,)
plane for ¢ = 0.5,0 = 0.6. Contours between A = 0 and A\ =
0.12.
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theory and harmonic balance, as well as numerical integration and numerical
computation of Lyapunov exponents. We find that stability depends sensitively
on the frequencies w; and w,, and that the region of instability in the w; — ws

plane exhibits self-similarity.
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