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0.0 Introduction

In this work, we investigate a class of perturbed strongly
nonlinear oscillators using the method of averaging. In particular,

we are concerned with the following system:

(0.1) x'' + a(T) x + B(7) x3 + e g(x,x',t) =0

vwhere (') denotes g—- T=€et,and e <1

T
In eq.(0.1), both a and B may be postive or negative and may depend
on the slow time r. The perturbation g is assumed to be a polynomial
in x and x'. Furthermore., the cubic stiffness B is not assumed to be
O(e). Hence, the solution to the corresponding unperturbed system is
not given by trigonometric functions, as it is for the case of a
weakly nonlinear oscillator, i.e., B = O(e). In fact, the solution
to the unperturbed system is expressed using elliptic functions,
which are generalizations of the trignometric functions.

We are interested in approximating solutions to eq.(0.1) for the
prediction of its dynamical behavior. The approximation is
calculated using the method of averaging, a perturbation method for
systems of ordinary differential equations. We have implemented the
averaging method in the computer algebra system MACSYMA (see [Ran84])

because calculating the approximation requires a tremendous number of
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computations. With the approximation, we investigate many different
systems belonging to the class of eq.(0.1).

Readers unfamiliar with elliptic functions and their properties
should consult chapter 1 where a summary of these functions, as they
pertain to this work, is provided. Chapter 1 serves as a reference
guide for the other chapters: complete knowledge of elliptic
functions is not necessary to understand the rest of the work.
Important notations, however, lie therein.

In chapter 2, we find the solution to the unperturbed system
corresponding to eq.(0.1) and apply variation of parameters. This
results in a system of differential equations which completely solve
eq.(0.1). In chapter 3, we apply the method of averaging to
approximate the solution to the variational equations and introduce
the MACSYMA program that performs this procedure.

Chapter 4 is concerned with the cubic oscillator, i.e., a = 0.
In chapter 5, averaging using elliptic functions is compared to
averaging using trigonometric functions. We find that the elliptic
averaging approximation is more accurate in predicting qualitative
behavior even for weakly nonlinear systems where B=0(e). In
chapter 6, two more exotic systems are investigated.

Chapters 7 and 8 are concerned with systems whose unperturbed
phase portraits contain a separatrix which periodically disappears.
The averaging approximation predicts chaos, transient chaos, limit
tori, and attractive chaotic orbits to exist in these systems.

Chapter 9 is concerned with the failure of the averaging

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



approximation near a separatrix. In that chapter, another model of

separatrix crossing is derived.

Lastly, we investigate the forced Duffing equation in

chapter 10.
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1.0 Elliptic functions

The properties of elliptic functions, including notation,
numerical evaluation, algebraic identities, differentiation, and
integration, form the foundation for all the computations in the
following chapters. The theory of elliptic integrals (from a
theoretical mathematician's viewpoint) has been known for centuries.
Early work was done by Euler, Lagrange, and Landen. Legendre then
systematically developed elliptic integrals by introducing a
reduction to three normal forms. Abel, Jacobi, and Weierstrass each
developed elliptic functions by inverting the elliptic integral of
the first kind. Although the Weierstrass theory represents the more
modern mathé;atical approach, we find that Jacobian elliptic
functions are more convenient for our purposes [Byr54].

The theory of Jacobian elliptic functions is treated in many
works. Both Hancock [Han10] and Neville [Nev71] are wel l-known.
While these works contain all the information on elliptic functions
that we will need (and more), we choose to rely on Byrd and
Friedman's Handbook of Elliptic Integrals for Engineers and
Physicists [Byr54] which emphasizes the computational (rather than
theoretical) aspects of elliptic functions. Since elliptic functions
are not well-known to engineers and scientists, we have provided a

summary of them in this chapter.
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1.1 Notation, definitions, and properties

Jacobian elliptic functions involve a collection of identities
which are similar to those for trigonometric functions but are more
complicated algebraically. The use of computer algebra makes
manipulation of these identities easier, permitting investigations to
proceed on problems which were previously avoided because of the
quantities of algebra involved.

Elliptic functions are most easily understood by comparing them
with the more familiar trigonometric functions. Corresponding to
sin(u) and coé(u) are three fundamental elliptic functions sn(u.k).
en(u,k). and dn(u,k). Each of the elliptic functions depends on the
modulus k as well as the argument u. The complementary modulus k' is

defined by

1-k

(1.1) k'

These functions reduce to sin(u), cos(u), and 1 respectively. when

k = 0. The sn and sin functions share common properties as do cn and
cos. These are summarized in Table 1.1. The dn function has no
trigonometric counterpart. Note that the elliptic functions sn and
cn may be thought of as generalizations of sin and cos in which their

period depends on the modulus k.
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Table 1.1 Properties of Jacobi elliptic functions

Function f

Property sn(ﬁ,k) sin{u) cn{u. k) cos(u) dn{u, k)

Max. value 1 1 1 1 1
Min. value -1 -1 -1 -1 k'
Period 4 K(k) 2r 4 K(k) 2w 2 K(k)
Odd/Even Odd 0Odd Even Even Even
8f/3u cn dn cos - sndn - sin - k2 sh cn
£f] k=0 sin — cos —— 1

f| k=1 tanh - sech -— sech

K(k) = complete integral of the first kind

The argument u is identified as the incomplete elliptic integral
of the first kind which is usually denoted F(6.k) (here © is a
circular angle independent of k). This identification shows that u
also depends on k. The value of k normally ranges from O to 1. The
sn, cn, and dn functions are shown in Fig.1.1 for k = vizz.

From Table 1.1, we see that the period of the ellipfic functions
is related to the complete elliptic integral of the first kind K(k).
Also, the sn function smoothly connects sin with tanh as k ranges
from O to 1 (similarly. cn connects cos with sech and dn connects 1

with sech over this range of k). This implies that K(0) = w/2 and
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Fig.1.1 Comparison of elliptic functions for k = V1/2 with
trignometric functions. The period of the elliptic functions

is 4 K(VI72) = 7.416.
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K(1) = ». Properties of elliptic integrals of the first and second
kinds are given in Table 1.2. (The elliptic integral of the third
kind is not needed for our work and is not included in our
discussion). Table 1.3 shows some special values of the elliptic
integrals. Finally, a graph of the complete elliptic integrals of
the first and second kinds is given in Fig.1.2.

The am function defined in Table 1.2 is particularly useful

because of the following identities:

(1.2a) sn(u,k) = sin(@) and cn(u.k) = cos(®)
| where © = am(u,k)

(1.2b) am(u.0) = u ., an(u,1) = sin (tanh u)

Special values of the am, cn, sn, and dn functions are given in

Table 1.4.

The elliptic functions satisfy the following identities which

correspond to sin2 + cos2 = 1:

(1.3a) sn2 + cn2 =1
(1.3b) K2 sn + dn2 = 1
(1.3¢) 1-%2+ k% en? = dn

In addition, these functions satisfy an algebraic addition theorem in

their arguments Jjust as sin and cos do (i.e., sn(u+v,k) can be
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Complete Elliptic Integrals K(k) and E(k)
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Fig.1.2 Plots of the complete elliptic integrals K(k) and E(k).
K(k) becomes infinite at k = 1.
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Table 1.2 Elliptic integrals

1. Elliptic integral of the first kind:
(i) Notation
(a) F(©.k) = u = incomplete elliptic integral of the first
kind
(b) K = K(k) = complete elliptic integral of the first
kind

(ii) Mathematical Definition

w)me)=r o
0 J; - ¥ sin(¥)

/2
(b) K(k) = r dy

0 ~r1 - k2 sinz(\p)
(iii) Description (on 0 { k < 1)

(a) F is a monotonically increasing function of ©
(b) K is a montonically increasing function of k
(iv) Properties
(2) K=FGk
(b) F(-6.k) = - F(8,k)
(c¢) F(m» £6,k) =2 mK % F(6.k)
(d) = F-l(u.k) = am(u.k), where am is the amplitude
function of u defined as the inverse of F(©.k). The

am function maps (0,4 K) in u to (0.2r) in 6.
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Table 1.2 ntinued

II. Elliptic integral of the second kind:
(i) Notation

(a) E(©.k) = incomplete elliptic integral of the second

kind

(b) E = E(k) = complete elliptic integral of the second
kind

(c) E(©.k) = E(am(u.k).k) is also denoted by E(u.k) or
simply E(u). When using this notation, it is
important to know whether the argument of E(-.k) is an
incomplete elliptic integral or not.

(ii) Mathematical Definition

(a) E(6.k) = je 41 - KPsin?(v) dv
0

/2
w)mm=ﬁ d1 - 1 2sin(y) ay

(ii1) Description (on 0 < k ¢ 1)
(a) E(®.k) is a monotonically increasing function of ©
except at k = 1 where it is periodic
(b) E is a montonically decreasing function of k
(iv) Properties
(a) E = E(e=5.K)
(b) E(-6.k) = - E(8,k)

(c) E(mw +0,k) =2mE # E(6.k)
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Table 1.3 Special values of elliptic integrals

Value of k F(6.k) K(k) E(6,k) E(k)

L

o) 5] 5 o
©

L]

1 In [tan(e) + sec(e)] sin(06) 1

The singularity of K is logarithmic: lim K(k) = 1ln ;:—
k-1

Table 1.4 ecial values of elliptic functions
Value of u am(u,k) cnf{u.k) sn{u,k) dn(u,k)
(0] o 1 0 1
K 5 0 1 K
™ -1 _ 1-sn(v.k) cn(v.k) 1
v+K g+ tan P k' gn(v.k) an(v.k) kK Svw)
2K v -1 0 1
v+2K n + am(v,Kk) - cn(v.k) - sn(v.k) dn(v.k)
3K 3w 0 -1 k'
3 -1 .sn{v,k) _cn(v.k) 1
v+3K Fw+tan B KG ) an(v.k) K&K
v+4K 2r + am(v, k) cn(v.k) sn(v,k) dn(v.k)

. sn{v,k
where B = k E;%;I}.OSRSI
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expressed in terms of sn, cn, and dn of the arguments u and v at the
same modulus k). In fact, this is a most basic property of an
elliptic function. (In addition, elliptic functions must be
doubly-periodic in the complex plane.)

In addition to the elliptic functions sn, cn, and dn defined
before, there are 9 other elliptic functions that one may encounter.
These functions are derived from the standard three that we have
given. Their properties and algebraic identities are derived using
their definitions in terms of sn, cn, and dn. We include them here

for completeness, and only use them as a notation convenience:

(1.4a) ns{u,k) = ;%- nc(u,k) = E% nd(u,k) = E%
(1.4b) sd(u.k) = -E—nr-l- cd(u.k) = %% cs(u,k) = g—%

(1.4c) ds(u.k) =2 de(uk) = 0 n(uk) = se(u.k) = 5

Lastly, a linear combination of E(u) and u is periodic, and

called the Jacobi Zeta function Z(.k):
(1.5) 2(6.k) = E(0.k) - %8?)- F(6.k)

This function is periodic with period 2 K(k) in u and has zero mean.

It is often written in abbreviated notation as Z(u) (or Z(u,k)) in
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the same manner as E(u). Properties of Z(©,k) are given in

egs.(1.6).

(1.6a) 2(-0.k) = - Z(8.k)

(1.6b) Z(0.k) = Z(%uk) = Z(m.k) = 2(8.0) = O
(1.6¢) Z(u.1) = tanh(u)

The inverse functions associated with sn, cn, and dn are also

defined. They are evaluated as follows:

(1.7a) sn-l(y.k) = F(sin_ly.k) for 0y <1
(1.7)  en M(y.k) = Fesin'({1 - y?).k) foro0 ¢y <1

(1.7¢) dn Y(y.k) = Fsin ' ((1 - y2)A2) k) for k' <y <1
1.2 Modulus transformations: Elliptic functions for —» ¢ k2 { »

The normal range for the modulus k, as previously mentioned, is
the closed interval [0.1]. Hence, the valid range of the square
modulus is [0,1] also. However, we can extend the definition of all
elliptic functions to the square modulus range of [-®,®] by employing
a modulus transformation. (Similarly, the elliptic functions can be
extended from real arguments u to complex arguments through use of an
argument transformation.)

For k2 > 1, elliptic functions with argument u and modulus k are

defined through the reciprocal modulus transformation shown in
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Table 1.5, which relates the (u,k) system variables to a new (v.kl)

system.

Table 1.5 Reciprocal modulus transformation

k2o 1-k2 ,'kl‘z =1- klz

cn(u.k) = dn(v.kl) , dn(u.k) = cn(v.kl) , sn(u,k) = kl sn(v.kl)

%] . E=¢ (E - kl'le)

1 !
u = klv . K= lel . E(u) = i-l[E(v) - k1

1
El
v=ku, K =kK, E(v):%{-[E(u)—k'zu].E1=%[E-k'2K]

Z(u.k) = %IZ(v.kl) L Z(v.k,) = %Z(u.k)

K =K(k) . K, =K(k;) . E=E(k) , E; = E(k))

E(u) = E(am(u.k).k) , E(v) = E(a.m(v.kl).kl)

In Table 1.5 {u, E(u). K, E} are variables that use k while {v.
E(v). Kl' El} use kl' Both u and v are incomplete elliptic integrals
of the first kind with their completions denoted K and Kl’
respectively. Both E(u) and E(v) are ipcomplete elliptic integrals
of the second kind with their completions denoted E and El'
respectively.

As an example, consider evaluating cn(u.2). Since m = 4, we use
Table 1.5 to find that k1 = %and v = 2 u. Ve then evaluate
dn(2 u.%—) in the normal manner (since its modulus is between O and

1). So. en(u.2) = dn(2 u.3).
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The definition of elliptic functions can also be extended by

allowing the modulus k to be imaginary. This makes k2 < 0. For
k2 < 0, elliptic functions are defined through the reciprocal

complementary modulus transformation shown in Table 1.6, vhich

relates the (u,k) system to a new (w,kz) system of variables.

Table 1.6 Reciprocal complementary modulus transformation

2
D1 2 KB o 2
k2=—‘ , K =-;"§.k2—-;§
2

cn(u.k) = cd(w.kz) , dn(u,k) = nd(w.k2) , sn(u,k) = k2 sd(w.kz)

u=kéw.K=kéK2,E=

w=k'u.K2=k'K.E2

E,

- N

= E

1 5 sd(w.kz) cd(w.kz)
@[E“" "k Tnd(wky) ]

E(u) =

£ = [p - 12 i

) ° sd(w.kz) Cd("-k2)
Z(u.k) = ;é[z(w-kg) -k nd(w.k,) ]

Z(w.ky) = - [Z(u.k) - 2 smludd cn(u.k) ]

K = K(k) . Kzsl((kz) . E=E(kK) . E2EE(k2)
E(u) = E(am(u.k).k) . E(w) = E(am(w.kz).kz)
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In Table 1.6 {u, E(u), K, E} are variables that use k while {w,
E(w). K,. E2} use k2. Both u and w are again incomplete elliptic
integrals of the first kind with their completions denoted K and K2,
respectively. Both E(u) and E(w) are incomplete elliptic integrals
of the second kind with their completions denoted E and E2.
respectively.

The advantage of defining elliptic functions for all real square
modulus values will be demonstrated in solving for the unperturbed
solution to eq.(%). It will be shown that the solution can be
written in terms of just one function, cn(u,k), where k2 € [~w,].
Thus, instead of representing the solution in differing regions of

phase space (defined by either (a) k2 <0, (b) O k2 €1, or (c)

k2

> 1) by different functions whose modulus lies between O and 1
(from Tables 1.5 an? 1.6, these are (a) cd(w.k2). (b) cn(u,.k), and
(c) dn(v.kl)), we_represent the solution in the one expression
cn(u,k). Notation is simplified, the crossing of regions is
simplified, and further, we need only to compute the averaged

equations once (instead of region by region).
1.3 Differentiation
The derivatives of the elliptic integrals are found by

differentiating under the integral sign in their defining equations

(see Table 1.2). These are listed in eqs.(1.8). For convenience,
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the sn, cn, dn, am, and Zeta functions are written without their
explicit argument dependence, i.e. cn = cn(u,k), etc. This notation

will be used throughout the dissertation.

&K (E-k2X) dE _1
(1.8a) &=1W1,E=E(E-K)
2
(1.8) $- E(“)k’klfz 4 :2 smen Q) _ L [E(u) - u]
(1.8) $0.K) = 1 CEEO.K) _ {y -2 sine

(1.84) gg__k_l:‘._sncn_lz dz(e.k

Derivatives of the elliptic functions are calculated using the
am function in conjunction with eqs.(1.8). The derivatives of the am

function are:

(1.9a) © = am(u,k) implies = == e

“du d0 " du dn
Thus gu-ﬁm—=
(1.9b) © = am(u.k) implies 0=%%+g—iﬂ
Thus ékﬂ=—dn%%
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Using sn = sin(®), cn = cos(®), and eq.(1.2), we find the derivatives

of sn, cn and dn:

(1.10a) gn _enadn and gn - n dn $
(1.10b) gn . - sndn and n _ s ndan 3

ddn 2 ddn 2 du
(1.10c) 5—;—--—1{ sn cn and -é-k——k sncnai—kdn

Using eqs.(1.10) and eqs.(1.3), we find the following helpful

formulas:
(1.11a) (gls;n) (1 - sn2) (1 - k2 sn2)
(1.11b) &2 - - en?) (k2 + K2 en)
(1.11c) o )2 = (1 - an?) (dn? - k'2)
(1.12a) 62;“ -sn (2K snZ - 1 - K2)
8u
(1.12b) 62;“ cen 2K -1-212 an?)
8u
(1.12¢) "’2—;2 —dn (1 + k2 - dnd)
8u

We now introduce a prime (') to denote a derivative with respect to

the argument u for an elliptic function. Hence, we let cn' = dcn and

du

l cn'' = azcn' etc. (and similarly for the sn and dn functions). This
notation using primes will be used throughout this work.
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Finally, we note that differentiating a transformed function
(transformed by some modulus transformation) is equivalent to
transforming a differentiated function. For example, we consider the

reciprocal modulus transformation applied to cn(u,k):

(1.13) 9_ cn(u,k)

a - sn(u.k) dn(u.k)

- k1 sn(v.kl) cn(v.kl)

adn 1 8dn dv
av (k) =k F@ (k) &

1

|
ol Lo

1 av
dn{v.kl)

]
2|

1.4 Integration

Entire volumes have been devoted to integrals that give rise to
elliptic integrals. Byrd and Friedman's handbook [Byr54] itself
contains thousands of formulas. Using elliptic function
substitutions, these integrals can be reduced to integrals of
elliptic functions.

However, we will not need a complete library of integrals of
elliptic functions for our work. We need only integrals of cn raised
to any positive power and integrals arising from integrating those
integrals of cn. We note that whereas integrals of trignometric
functions of © can always be expressed as a combination of ©, sin 6,
and cos ©, integrals of sn, cn, and dn with respect to the argument u
involve other functions than u, sn, cn, and dn. This makes repeated
integrations (e.g.., integrals of the integral of cnn) much more

complicated to compute. Finally, we note that all integrals in this
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section are integrals with respect to the argument u and not the
modulus k.
We first evaluate the integrals of cn”. Define In = fcnn du.

The first two integrals are simple:

(1.14a) Io = J;no du = J‘du =u
(1.14b) 1, = Icnl du = cos ® _ 4o
1 - k2 sinze
= %-sinﬁl(k sn(u,k)) = % sinnl(k sn)

In eq.(1.14b) we have used the substitution © = am(u,k) and identity
(1.2). Note that (1.14b) is a elementary integral whose result is
the elementary function arcsin (not an elliptic function or
integral).

The integration of cn2 proceeds from integrating dn2. This is

shown in (1.15).

(1.15) Idnz du = IF— k2 51n20 d@ = E(8.k) = E(u)

From (1.3c), we find the integral of cn2=

(1.16) 1, = Icnz du = ]1‘—2 (E(u) - k'2u)
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The integral of cn3 is found using (1.12b). Integrating both sides
of (1.12b) and solving for the integral of cn3 gives:

3 1 2 -1 dcn
(1.17) Is_J‘cn —;-:5 (2 k" - 1) sin "(k sn)—kau—

= -—1—5 (2 k2 - 1) sin_l(k sn) + k sn dn]

2k

All the remaining integrals of cn (i.e., In for n>3) are
evaluated recursively. The recursion relation is found by

considering a function f where f(u) = cn2n. Differentiating twice,

we find:
(1.18a) f' =2n cn2n"lcn'
(1.18b) f'' =2n [(2n -1) cnzn_zcn'2 + cn2n_1cn' ']
« _ den . 62cn
where we denote cn' = -5u—and cn'’ = —5—. Using (1.11b) and (1.12b)
du

in (1.18b), we find that:

(1.19) f'" =2n [(2n -1 k2en®2 420 2K2 - 1) 0

- (2n + 1) 12 cn2n+2]

Integrating (1.19) and setting this equal to (1.18a), we find:

2n-1

v oy 2 _ 2
(1.20) en®len' = (20-1)k'% I, , + 20(2K5-1) Iy - (20+1)K° Iy o
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where the arbitrary constant is found to be zero. Solving for 12n*2'

we derive a recursive integration procedure:

(2n-1) k2 I, 5+ 2n @2 - 1) I, - en” len

(1.21) 1 =
2n+2 (2n+1) k?

We note that integrals for n odd depend on only odd integrals and for
n even depend on only even integrals.

The integration of cn” (eqs.(14,16,17,19)) is easily implemented
in MACSYMA. The routine CNINT, listed in Appendix A, integrates cn”
using the integration procedure outlined above. The program uses
special symbols for each of the functions encountered in the
integration procedure to avoid MACSYMA's confusing the function
cn(u,k) with the numerical evaluation of cn(u,k). For example, in
the program, the symbol for cn is *XX' and for cn' is ‘'YY'.

The cn integration procedure is valid for all values of
k2 € [-w,»] (remember that the integral is performed with respect to
u and not v or w) but a limiting procedure must be done for
k2 € {-»,0,2}. For these values, it is better to perform the
integration in the transformed variables (e.g., for k = O, use
cn = cos).

Moreover, it is easily shown that “transforming the integral is

equivalent to integrating the transform.” Hence, the procedure above

{s also the dn integration procedure under the reciprocal
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transformation! For example, we compute the integral of dn3. By

Table 1.5, en(u.k) = dn(v,kl). So, we have:

(1.22) Jdns(v.kl) av = I end(u.k) k du = k I
11 2 -1
= == [(2x* - 1) sin (K + k sn dn
5 k2 [ ) sin “(k sn) sn ]
= %-k? ii-(2 - k?) sinfl(sn(v.kl) + sn(v,kl) cn(v.kl)]

Finally, we note that under the reciprocal complementary modulus
transformation (Table 1.6) cn(u,k) = cd(w.kz). From Table 1.4, we
see that sn(w+K2.k2) = cd(w.kz). So, the integration procedure
outlined above also works for sn!

As previously mentioned, we will need to be able to integrate
some combinations of the functions appearing in the cn integration
procedure. For this, it is convenient to express E(u) (using
eq.(1.5)) as the linear combination of the periodic function Z(u) and
the argument u wherever it appears in In (in order to isolate
non-periodic terms easily). Then, the functions we must consider

are:

(1.23) (1) cn”, (i1) z cn”, (111) cn’cn’ (iv) 2 cn"en’
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We have discussed form (i). Form (iii) integrates immediately. Form
(iv) is easily integrated using integration by parts in which one
part is Z.

Form (ii) is also integrated by integration by parts, taking Z
to be one part. However, this requires knowing the integrals of the

following functions which have not been computed so far:

(1.24a) (A) Z . (B) Z cn?
(1.24b) (€) u . (D) u cn’
(1.24c) (E) sin—l(k sn) ., (F) sin_l(k sn) cn2

From advanced theory of elliptic functions (i.e., the theory of Theta

functions of Jacobi), one finds the integral of Z:
(1.25) IZ du = 1n(8(u,k)s6(C.k)) = TH(u.k)

where 6(u,k) is a Jacobi Theta function. Such functions arise in
formulating numerical approximation procedures. Their theory and use
are really unimportant for our purposes. Since the only place where
the Theta function arises in this work is in the form TH(u.k)., we do
not treat 6(u,k) separately. The properties of THeta functions are
unessential for our work but for completeness, we note that 8(u.k) is
a positive, even, 2K periodic function with non-zero mean.

Properties of TH(u.k) under the modulus transformations are found

using (1.25) since Z is fully known.
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The integration of (B) follows from integrating Z dn2 and
eq.(1.3c):
(1.26a) IZ@zdu=IZ(m2-%)du+%JZdu
E
= IZ dz + I-(-TH(u,k)
- %22 + TH(u.k)
2 .
(1.26b) Iz on? du = &, Z 4 ‘;3;25—25 TH(u.k)
k k™ K

Forms (C) and (D) in (1.24) can now be integrated. Form (C)
integrates immediately and form (D) follows from integration by
parts, from eq.(1.5), and from form (A):

2

(1.27a) Iu du=35u

N N

2 1 E
(1.27b) Iu en = —z (7 - k'
2 k2 K

2y o? + 15 (u Z - TH(u.K))
K
This leaves only forms (E) 'and (F) in (1.24) left to do.

Because it is not possible to integrate either of these forms

analytically, we define two new functions SO(u.k) and S2(u,k) which

are simply:
(1.28a) SO(u.k) = Jlsincl(k sn) du
(1.28b) S2(u.k) = Isin-l(k sn) cn2 du
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Properties of SO and S2 are derived from eqs.(1.28). It is seen that
both functions are positive, even, 4K periodic functions with
non-zero mean.

We have now derived a procedure for integrating each of function
forms (i)-(iv) given in (1.23). A MACSYMA computer routine, GENINT
(provided in Appendix B). implements this integration procedure. The
utility of the MACSYMA program is apparent: one wishes to perform
the highly involved procedure for computing the integrals in an

accurate and timely manner.
1.5 Means

As the name 'averaging’ (from the title of this work) suggests,
we will be highly concerned with finding the means of functions over
their natural period in u. For a large class of functions, this is a
simple procedure. Since we can integrate functions appearing in
eqs.(1.23) explicitly, we need only to evaluate the following

expression, where f is an arbitrary periodic elliptic function:

4K
(1.20) mean of f = 2%.[ £(u.k) du = g¢ [F(4K.k) - F(O.k)]
0

where If(u.k) du = F(u.k)

(Every periodic function with which we deal has 4 K as a fundamental

period, i.e., its period is 4 K / n for some integer n.) An analysis
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of each term that could ever appear in F(u,k) in eq.(1.29) for any
f(u,k) of one of the forms given in (1.23) shows that the mean of f
is simply the coefficient of u in F(u,k). However, there now appears
a small complication when using a modulus transformation in finding
the mean of a function f(u.k).

The complication arises only in the reciprocal modulus
transformation, and then only for functions in which sin-l(k sn)
appears. Under the reciprocal modulus transformation,
sin_l(k sn) = am(v.k,). which is non-periodic in v. So, when

2n+1

sin--1 k sn) a rs in F(u,k) (as it does for Scn ), it

CO L S e

contributes to the mean in the (v.kl) system in addition to the u

term. This is demonstrated by simply evaluating the following:
(1.31) —I-[am(4x k,) - am(0.k,)| = 5%
: 4K1 1'71 e | 2 Kl

Thus, while sin-l(k sn) has zero mean in the (u,k) and (w.kz)
systems, it is non-periodic in the (v.kl) system and as such
contributes to the mean (by eq.(1.31)). In this special case, the
mean of the transform is not equal to the transform of the mean. In_
all other cases where sin-1 k sn) a rs_nowhere in F(u,k), the mean
of f in the (u,k) system transforms correctly to the mean of f in the
(v.k)) and (w.k;) systems.

To account for the inability of the transformation to transform
this one mean correctly, we introduce the Heaviside step function

H(kz-l) into our calculation of means. H(kz—l) has value 1 when
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k° > 1 and value O otherwise. When sin-l(k sn) appears in F(u.,k)., we

express its contribution to the mean as:
(1.31) contribution of sin-l(k sn) term to mean = H(k2-1) EEI_(-

For example, let f = cn(u.k). Then F(u,k) = % sin—l(k sn). So, the

mean of f is expressed as:

L
2k

2 L 2
(1.32) mean of cn R H(k"-1) = -2-KI H(k™-1)

[ 0 forkZ¢1
for kK2 > 1

L
2K1

Since am(v,kl) is non-periodic, the transformations of the
functions SO(u.k), S2(u.k), and Z(u.k) sin_l(k sn) from (u,k) to

(v.kl) will not be periodic. These functions only appear in F(u,k)

2n+1

for f(u.k) of the form Z cn Although we cannot explicitly

calculate the mean of these three functions in the (v.kl) system, we

have determined that collectively they have zero mean in the manner

in which they contribute to any mean of Z c:nz“'H

an analysis of the mean of Z cnzm'1 in the transformed variables

This follows from

(v.kl). By breaking up the integral (in the computation of the mean)
into judicious pieces, it can be shown that the mean of Z cn2n+1 is
zero for all n in the (v.kl) system.

The elliptic functions that appear in (1.23) are vital for the

first order averaging procedure (to be discussed in chapter 3). For
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this group of elliptic functions, we can explicitly calculate both
the indefinite integral and the mean. Sadly, this will not be true
for many of the functions which will be needed to do the second order

averaging. We leave the analysis of those functions until chapter 3.

1.6 Numerical evaluation

The numerical evaluation of elliptic integrals and elliptic
functions will be of primary importance in applying our method of
éveraging using elliptic functions to actual systems. Although such
functions are not supported in most computer languages, they are
easily evaluated using their power series or Fourier series
expansions.

Many methods of approximating complete and incomplete elliptic
integrals have been developed [Byr54,Abr72]. We list here a few that
are easily programmed. First, we give power series expansions for

the complete elliptic integrals:

11,.2 20
(1.33a) K(k) = § HOF(3.3:1:K") = [( ]
n—O
x 1.2. 9.,4. 25.6
-5[‘*2“ *eak task ]
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(1.33b) E(K)

whereOSkzsl.

HGF(a,B:7:8) is the hypergeometric function,

[ 1 forn=0]
()n" a(a+1) (@ +2) (+**) (@ +n-1) forn)O'

1 for n =
2] (@-1)(a-2) (=) (a-n+1)
n a {a a - a n forn)o

Note that because K and E satisfy a special hypergeometric
differential equation [Byr54]. they can be expressed by a
hypergeometric function.

These formulas arise from a Taylor series about k = 0. They
converge well for k2 < -;- For k2 outside this range, it is better to

expand K and E about k = 1 (which for K is a singular expansion):

m 142
- 4 2n
1.34a K(K) = 3 5| (nd -b) K
( ) (k) n=0[ n] (In ¢ o)
» @),
(1.34b) E(k) =1+ 5 3 n?’(‘ f)',‘ @i -5, -b) K242

n=0

where 0 < k'2 < 1,

1
and b0 = 0. bn = bn—l *a (2n-ls
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Expansions for incomplete elliptic integrals also converge

better when two different power series are used: (1) for O ¢ k2 < %

and (2) for %( k2 < 1. These are given below:
o 1 2
(1.35a) F(0.k) = 3 [ 2 ] - ¥)° t5(8)
n=0
n
© 1 2
(1.35b) E(0.k) = 3 [ E'] (- K" £, (0)
n=0
n
where 0 (k> <1 .,0¢0 <2
2n-1 1, 2n-1
and to = e, ton = on ton-9 = 3n sin (©) cos(®)
© 1 on
(1.36a) F(6.k) = 3 [' ‘5] k' r, (6)
n=0 n

where 0 (K2 <1, 0 < k'2 tan%(®) < 1 ,

andro=1n(sec9+tan9)

ron = ?2-11- [(1 -2n) ry o+ tanzn_l(e) sec 6]

1y .on
(1.36b) E(6,k) = 2 [ 2 ] k' d2n(e)
n=0 | n

2

where 0 (kK2 <1, 0 < k'2 tan®(6) < 1 .

1 2n-1
and do = sin 6 , d2n =55 [(1 - 2n) d2n—2 + tan (8) cos(e)]

The expansions given above in eqs.(1.33-1.36) are valid on

0« k2 < 1. Outside this range, the evaluation of these integrals is
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computed in the transformed variables (i.e.. in the (v.kl) or (w.kz)
systems).

The elliptic functions (sn, cn, dn, am, and Z) are all
approximated by Fourier series. Both sn and Z can be expanded in a
Fourier sine series, both cn and dn in a Fourier cosine series. The
am function is then found by integrating the Fourier series of dn
(see eq.(1.9a)). The Fourier series for Z is developed by first
finding the Fourier cosine series for dn2. and then using (1.8d).

We now show how to compute the Fourier series for cn(u,k). The
computations for the other functions follow in a similar manner. The

Fourier series for cn can be expressed as:

[+

nwTu

(1.37) cn{u,k) = 2 a cos( 5K )
n=1
. 2K

_ 1 nwTu
where a_ = 3¢ I cn(u,k) cos( 5K ) du

-2K

By breaking the integral for a into four equal pieces of length K in

u and using Table 1.4, we compute a to be:

o for n even
(1.38) a7 11 3 nmu
K J cn(u,k) cos(—m—() du for n odd
-K

The a, coefficients are computed by integrating eq.(1.38) in the

complex plane and using the residue theorem.
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As previously noted, elliptic functions are doubly-periodic,
having both a real period (like trignometric functions) and imaginary
period (like hyperbolic functions). The periods, poles, and residues

for sn, cn, and dn are given in Table 1.7.

Table 1.7 Periods, poles and residues of sn, cn, and dn

Real Complex Pole Residue Pole Residue

£(u,k) Period Period #1 #1 #2 #2
sn 4K 2K’ iK* '112 2K + iK' —%
en 4K 2(K+iK') iK' —ii(- K + iK' %
dn 2K 4iK’ iK' -1 34K i

where i = V-1 and K' = K(k")

We note that every point congruent to pole 1 or 2 modulo the period
shown in Table 1.7 is again a pole. Each pole is simple. For our
work, Table 1.7 is useful for the derivation of Fourier series
expansions. Elsewhere in this work, we will be concerned only with
real arguments u.

From Table 1.7, we judiciously choose a rectangular contour in
the complex plane that will enclose just one pole at iK'. This is

shown in Fig.1.3.
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Imaginary(u)
) 2iK'
111
v Pl 11
|
-> —> Real(u)
-K 0 K

Fig.1.3 Contour for finding a in eq.(1.38) showing
pole Pl and integration paths I, II, III, and IV.

The integration path C goes along I. II, 1II, and IV. We now
evaluate the line integral around C of eq.(1.38). The cosine term
has value zero on paths II and IV, contributing nothing to the line

integral. On IV, cn has the value:

(1.38) cn(u + 2iK' k) = cn(u - 2&.k) = - cn(u,k)

so that the integral on IV becomes:

-K
(1.39) AIV = %(-J\— cn(u.k) cos(!%ux—)cosh(%x—') -1 sin(nwz‘!é)sinh(n;l(.)]
K

K
k comRE) | entui) cont5) o
-K

cosh(n——K'!(-. ) AI
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where AI equals the integral on path I (which determines an).

Employing the residue theorem and Table 1.7, we get:

(1.40) AI + AIV (1 + cosh(— ) A =2 cosh (—-— ) A

1 iK'
=2wil-(-(k)co(m?'x)- cosh(T5x K

Solving for AI’ we find:

(1.41) A =2 =% T sech(®h% ) . n odd

The Fourier series for sn, cn, dn, Z, and TH(u.k) are given in
in eqs.(1.42). In addition, the expansion for the am function is

shown.

(1.42a) sn(u,k) = ﬁ" %’0 csch[.(_zllilzxm-'-] sin[ 2“*2']1( 1ru]
n=

(1.42b) cn(u.k) = -—k% go sech[ 2n+;K‘HK'] cos[ 20;‘1( wu]
n

(1.42¢) dn(u.k) = -211( + %121 s ch[“K ] cos[n;u]

(1.42d) Z(u.k) =11( ‘% csch[n;K'] Sin[n;u]

R
N

(1.42e) TH(u.k) = In § - ln—'—- n;I %csch[“&x.] cos[ﬂ]

where § = Euler's number = .57721566

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

(-]
1 K'
(1.42f) am(u,k) = % + nzl o sech[mé—] sin[ﬁ%]

The expansions in (1.42) are valid for O < k2 < 1. For k2 € {0,1},

consult Table 1.1, Table 1.3, egs.(1.2), and eqs.(1.6). For other k2
values, one must compute in the transformed variables (i.e., in the
(v.kl) or (w.kz) systems) because Fourier series do not transform to
Fourier series under modulus transformations. Note also that knowing
the expansion for am, one immediately can find sn, cn, and dn from
egs.(1.2) and eqs.(1.3).

The expansions for these elliptic integrals and functions have
been programmed both in MACSYMA and Fortran. Program listings in

both of these languages are provided in Appendix C.
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2.0 Variational equations

Much preliminary work must be done before we may apply the
method of averaging. First, we define the unper turbed system
corresponding to eq.(0.1) and find its solution explicitly in terms
of elliptic functions. The solution will contain two arbitrary
constants of integration. Second, we apply variation of parameters
to eq.(0.1). This involves looking for a solution to eq.(0.1) in the
form generated by the unperturbed solution, but with the constants of
integration taken to be unspecified functions of time (i.e., these
constant parameters are allowed to vary in time). The result of this
procedure will be differential equations (i.e., the variational
equations) that the varied parameters must satisfy in order that the
assumed solution form hold.

Next, we make a change of variables to a better set that are
suitable for averaging. This is an important step, since the method
of averaging (in its simplest form) requires that the variational
equations be periodic (or be a sum periodic terms, see chapter 10).
Finally, we comment on the Hamiltonian nature of the unperturbed

problem as it relates to our choice of variables.
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2.1 The unperturbed system

We define the unperturbed system corresponding to eq.(0.1) as
the system arising from eq.(0.1) in which e g is taken to be zero and

T in a(7) and B(T) is taken as fixed (but T NOT necessarily zero):
o 3
(2.1) x''+a(r) x+B(r) x" =0

The general solution to eq.(2.1) may be found in many ways, but we
pursue an enlightening path. First, we assume a solution form for
(2.1) consisting of one elliptic function, cn(u,k). This is

motivated by (1.12b). We choose to use cn as it closely resembles
the cos solution of the linear oscillator. The solution x and its

derivatives are:

(2.2a) x =r cn(u,k) , u=at +u,

(2.2b) x'=r%%‘l=rg-uglg—‘:-=raguc-£=racn'
2

(2.2c) x"=rdcg=ra262;n=ra2cn"
dt du

where we have used the shorthand notation cn' and en'' for

derivatives with respect to the argument u. In (2.2). r, a, k, and
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u, are undetermined constants. Substituting (2.2) into eq.(2.1) and

using (1.12b), we find:
(2.3) r [a2 22 - 1) + a] en+r [p P2 - 2 a2] cn> = 0

This implies two relations among the four undetermined constants,
which leaves us with two arbitrary constants (as we expect for the
general solution). These relations are:

(2.4) a2(1-22) =a and 22 a2 =P 1

We choose r and vy the ampl:li:ude and initial phase angle, as our

arbitrary constants. Then a2 and k2 are found from (2.4):

2
(2.5) k2=——-2—r———2— and a2=a+Br2
2(a+Br’)

Eq.(2.1) is now completely solved, since we have defined cn(u,k) for

any k2 € [-»,»] by the modulus transformations (see section 1.2).
In (2.5), we take k to be either positive for k22 O or purely

imaginary in the upper half of the complex plane (i.e., k=1 k where

k > 0) for k2 < 0. Since elliptic integrals and functions depend on
k2 and not k, this choice does not affect the solution. It is

convenient, however, because this is assumed in expansions which seem

to depend on k rather than k2.
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From (2.5)., we see that the value of a may be either real or
imaginary. This indicates a critical difference in the types of
solutions that (2.2) represents. For imaginary a, solution (2.2) is
not an oscillation, because the cn function with imaginary argument
is non-periodic. As we are concerned with oscillatory nature of
eq.(0.1), we restrict ourselves to real a. (This restriction is
mild, as will be seen).

Moreover. the choice of the sign of a in (2.5) is immaterial.
since a change in the sign of a is equivalent to a change in the
direction of time. Thus, we let a > 0. Further, the choice of the
sign of r is immaterial if cn takes on both positive and negative
values (since a change in the sign of r is then equivalent to a phase
change). This is the case except when k2 > 1, since cn(u,k) behaves
like dn then. For emphasis of this case, we take r as positive but
now include in (2.2) a sign parameter u (which is either +1 or -1) to
indicate the sign of r if it cannot be taken as positive.

Hence, the general solution to eq.(2.1) is written:

(2.6a) ' x = p r cn(u.k)
(2.6b) x' =pur acn'(uk)
2
(2.6¢) 82=a+Br2.u=at+uo.k2= B r 5
2 (a+Br7)
(2.6d) a3>0.1r20,Ke[==] ,p=%1
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From (2.5), we see that the value of a may be either real or
imaginary. This indicates a critical difference in the types of
solutions that (2.2) represents. For imaginary a. solution (2.2) is
not an oscillation, because the cn function with imaginary argument
is non-periodic. As we are concerned with oscillatory nature of
eq.(0.1), we restrict ourselves to real a. (This restriction is
mild, as will be seen).

Moreover, the choice of the sign of a in (2.5) is immaterial,
since a change in the sign of a is equivalent to a change in the
direction of time. Thus, we let a > 0. Further, the choice of the
sign of r is immaterial if cn takes on both positive and negative
values (since a change in the sign of r is then equivalent to a phase
change). This is the case except when k2 > 1, since cn(u,k) behaves
like dn then. For emphasis of this case, we take r as positive but
now include in (2.2) a sign parameter p (which is either +1 or -1) to

indicate the sign of r if it camnnot be taken as positive.

Hence, the general solution to eq.(2.1) is written:

(2.6a) x = p r cn(u.k)

(2.6b) X! pracn' (uk)

2
(2.6c) a2=a+ﬁr2.u=at+uo.k2-— Br

-2(a+Br2)

(2.6d) a20.1r20,.kKe€[w=] ,pu=¢1
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A closer look at eq.(2.1) shows that it possesses a first
integral, the energy h, found by multiplying eq.(2.1) by x' and
integrating:

1.2 _ .1 2.1 4
(2.7) h_-2-x +5ax +4Bx
Eq.(2.7) holds even when 7 is allowed to vary. Substituting
eqs.(2.6) into (2.7), we find an expression for h in terms of r or

K2:

(2.8) h = 2 (2a+ P r2) =

1
4
Since h is conserved on the solutions of (2.1), contours of h(x.x")
correspond to solutions of (2.1) in (x.x') phase plane. These phase
portraits are shown in Fig.2.1 in the a-p parameter plane.

The a-axis and B-axis define 9 regions of the a-f parameter
plane. Identification of these regions and a short description of
the corrsponding phase portraits that they indicate are given in
Table 2.1. Types of equilibria (centers and saddles) and types of
separatrices are indicated. (A separatrix is an orbit which is

either forward or backward (or both) asymptotic to a saddle.)
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Fig.2.1 Regions I-VIII identif ied in the a-p parameter plane.
For each region, a qualitative picture of a typical x-x' phase
portrait is shown. Region O, the origin, is not shown.
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Table 2.1 The a-8 Parameter plane

Region Range of a Range of B Description of typical phase portrait

0 0
I (0,%)
11 (0,%)
199 0
IV (=.0)
v (—=.0)
VI (=,0)
VII 0
VIII  (0,®)

o

(0.=)
(0.=)
(0.=)

(-=.0)

(-=.0)

(—=.0)

Lines parallel to x-axis, which is

a line of equilibria

Circles about center at origin; each
orbit has same period (linear case).
Ellipses about center at origin
Ellipses about center at origin
Double homoclinic loop separatrix
which separates two inside regions of
closed orbits from one outside region
of closed orbits

Linear separatrix at origin (linear
case)

Separatrix at origin; no closed
orbits

Separatrix tangent to x-axis; no
closed orbits

Separatrix (connecting two saddles)
surrounds ellipses about center

at origin

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We understand Fig.2.1 in terms of the bifurcations in the phase
portraits that occur as one traverses the a-B parameter plane
counter-clockwise (from I to VIII). By comparing regions VIII with
II. we find that two heteroclinic saddles (i.e., saddles which
connect to each other) disappear upon crossing region I. Thus,
region I (the linear oscillator case) contains a heteroclinic orbit
at infinity.

The next bifurcation is a pitchfork occurring in region III, at
the origin, where a new center and a saddle are born. As a decreases
from O, the two centers move away from the saddle which stays at the
origin. A double homoclinic loop separatrix surrounds the two
centers, dividing three regions of closed orbits (i.e., the saddle
connects with itself in a figure 8). This separatrix must persist in
region V, connecting at infinity.

The last bifurcation. again a pitchfork, occurs in region VII
where the bifurcation is of opposite stability than that of region
I1I. In region VII, a new saddle and a center are born and the arms
of the separatrix become tangent. As a increases, they pass through
each other, connecting between the two saddles., which have moved
apart. In this way, the arms of separatrix open a region of closed
orbits about the origin.

The equilibria and separatrices of a phase portrait fully
determine the global dynamical behavior. Equilibria signal

steady-state solutions of eq.(2.1); the separatrices separate
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qualitatively different dynamical behavior. We now determine these
structures in terms of solution (2.6).

Regions I, II, III each have one center at the origin and no
separatrices. The center’s location in the (x,x') phase space,

energy h, amplitude square r2. and k2 value are given in (2.9).

(2.9) Center at (0,0) : h = r2 =0

Region I and II : k2 = 0 , Region III: k2= %-

Region IV has two saddles, one center, and a double homoclinic

loop separatrix. Its equilibria location, h, r2. and k2 values are:

Saddle at (0.0) t h=r2 =k =0

(2.10) Separatrix:h=o.r2=2|ﬁ| K =1.p=¢%1

Centers at (:tl-!%l- ,0) : h

ke ]
)
(]
[
wM
|
8

B

From (2.10), we see that h > 0 corresponds to orbits outside the
separatrix, h = O to the separatrix itself, and h < O to orbits
inside. Note that for h < 0, two orbits (a right and left orbit)
correspond to one value of h. In that case, one interprets solution

(2.6) using the reciprocal modulus transformation (see section 1.2,

Table 1.5).
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Region VIII contains two saddles, one center, and a heteroclinic

separatrix. Its h, r2. and k2 values are given by (2.11).

Center at (0,0) : h=r"=k" =0

2
(2.11) Saddles at (ill‘il 0 h=-Z . P . K¥=-o
B 0 1B
2

Separatrix:h:—%ﬁ-,r2=-|%l-,k =-» ,p=%1

Solution (2.6) must be interpreted using the reciprocal complementary
modulus transformation (see section 1.2, Table 1.6).
Finally, we include a figure to show the relation between k2 in

(2.6) to the phase portraits in Fig.2.1. This is given as Fig.2.2.

VIIIc
VIII I IIX IV v
| s 7 ] 11 | IV Is TV. 4lc
l'— 'IIIi T - 1 A o 1 J.'i I
- (0] 172 1 ©
k2

Fig.2.2 Relation between k2 and regions of Fig.2.1. as k2

ranges from - ® to + ®. Subscript s indicates a separatrix;
subscript i indicates areas inside separatrices; subscript o
jndicates areas outside separatrices; and subscript c indicates
a center equilibrium.

2.2 Variation of parameters

We are now able to apply variation of parameters to eq.(0.1)

using the unperturbed solution (2.6). We look for a solution to
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eq.(0.1) in the form of (2.6), where we allow the two undetermined
constants r and Uy to be unspecified functions of time, i.e.,
r = r(t) and ug = uo(t). Furthermore, we now allow T to vary
(T = e t) in both eq.(0.1) and solution form (2.6). Note that the
variables a and k appearing in (2.6c) depend .on the three
time-varying parameters r(t), a(7). and B(7).

Differentiating x in (2.6a) once, we find:

dc _ o den
(2.12) geoHT enturgy

- den ., Gen .
pr cn+prauu+akk]

prien+pur [cn' (a + a’ t+u0')-cn' -d-‘lk']

dk
=pracn +pur'cn+precen’ a't+u'—g'l-k']
- 0 dk
where we have used (1.10b). We now find a' and k':
ool dB 2 gr .
(2.13a) a "62a(d‘r+d-rr)+ﬂar
3 3
Cgak ., (B _pgda
(2.13b) k _2ﬁr3r +632r2 (a ar Bd-r)
So, (2.12) becomes:
2 3
dx p ' r . _gak du .,
(2.14) gc-MHracn +ur [cn+Batcn 2Br2dkcn]
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Differentiating x' in (2.6b) once, we find:

u(ra‘+ar‘)cn'+urag%%—

dx'
(2.15) ac

p(ra +ar')ecn’

+pralen'' (a+a' t+u o S
0 dk

We find from identities (1.10) and (1.12) that:

3
den' d(sn dn .. du sn
(2.16) ==~ - &*km

Thus, (2.15) becomes (after some simplifications):

dx. 2 " L3 )
(2.17) gt -~ HrTra cn'' +pracn . u,

2 3
+ur' [2ak2+acn'+a§ -3% +cn"[a§%%+ﬁr2 t]]

3
€ dar . _ 12 8n ], _kdu
+§'”'d_1"§[°n Kk an +acn [t a_ll]]
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We now generate two equations for the two unknowns r' and uo‘ .

First, set %,ti in eq.(2.14) equal to x' in (2.6b):

Second, substitute (2.17) for x'' in eq.(%):

(2.19) 0=epg+pracn"uo'
) 2
' 2 . K ], k du 2
+ur [2ak + acn +aa—+cn [aa—n+Br t]]

3
e dar v _ 12 sn o, _kdu
+§p-‘§;[cn K + acn [t a_]]

3
e d8r 2 . a .2 sn ol 2 a ., du
+2"d'ra[r cn +pk an + cn [r at+Bk—l]]]

Eqs.(2.18) and (2.19) can now be solved for r' and uo'.

The computations given above and the solutions for r' and uo‘
were computed both by hand and by computer algebra (MACSYMA). The
derivation, as performed by MACSYMA, is listed in Appendix D. The

solutions for r’' and uo' are given in eq.(2.20).

3
' 1 . , € da 2 r 4
(2.20a) r' =-egen +§-E;i—2-(cn -1)+%gg;—2-(cn -1)
‘" y' -a-a t=u' -a- - a’
(2.20b) u,’ =u a-a" t=u a- (u uO)a
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where
(2.20c) u' =a+e—g(cn-%k%i—cn‘
+-62-g—:-—;- 2—;‘3'-1———%-2k::—k‘-l-([31'2—acn +2a)]
dn a
+_e_ggﬁ[(cn2+1)cncn'+__1ggt_1_“3r2cn4+pr2+2a)]
4d1'a2 dn2 a‘lkdk

Close examination of egs.(2.20) show that the r' equation is
periodic in u but the equation for uo' is (in general) not. The
non-periodicity arises from two sources: (1) the (u - uo) term and
(2) the %% term in u' (it does not vanish in general). This makes
eq.(2.20a) in the correct form for averaging while egs.(2.20b) and
(2.20c) are not.

This result is expected and can be explained in terms of the
stability of the unperturbed solution. Although each orbit in phase
space in orbitally stable (with the exception of the separatrix in
region 1IV) [Hag82.Hin62.St050]. it is Lyapunov unstable (with
exception of region I). This is because the frequency of an orbit
depends on its amplitude, so that motions starting close together but
on two different orbits eventually become far apart (i.e., out of
phase), even though their orbits remain close. This "phase shear™
instability is reflected in the equations for Uy The orbital
stability is reflected in the equation for r.

In region I, the linear case, orbits are both orbitally and
Lyapunov stable. The equation for ub' is periodic then and each of

eqs.(2.20) can be averaged.
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In region III, orbits are only orbitally stable and uo' is
non-periodic; however, u' is periodic. This is a result of using
elliptic functions with argument u. The value of k2 is constant over
the entire phase space (being equal to %) so that the period in u for
every orbit is the same (although in time t, the period is orbit
dependeﬁt). The variable u reflects changes in the time-frequency of
different orbits. In this instance, egs.(2.20a) and (2.20c) can be
used for averaging.

In general, then, the equations for Yo and u in (2.20) are
non-periodic and unsuitable for averaging. We would like to define a
new angle variable whose variational equation will be periodic.

Since this variable must account for period changes in u on different

orbits, a natural choice is ¢, where ¢ is defined in (2.21).
(2.21) u=4Kg

The variational equation can be found from eqs.(2.20).

(2.222) uw =4k ¢+ 4K “p K vake
o__l_ n_!% .
(2.22b)¢-4K[u dek]
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(We note that ¢ is not independent of k, so that g% is defined by

(1.8b)). After simplification, we get:

(2.23) ¢’ =55+
+6g2a(a+Br2)(cn-ch') + aBr20n3+[32r4cn
4Kr (@a+B )2 (2a+p1d)
+edza en“ - (2a+Br)Z+acncen

dr 4K(a+Br2)(2a+Br2)

+eg€-ab‘r2[ch4+Z + cn cn’ (2+cn2)]+2a22+ﬁ2r4cncn']

8KB (a+hrd) (2+5r)

Eq.(2.23) is periodic in the argument u with period 4 K. It is also

periodic in ¢ (via eq.(2.21)) with period 1 independent of orbit.
Thus, we use the independent variables (r.¢) in the averaging

scheme, where the variational equations are given by eq.(2.20a) and

eq.(2.23). The form of the equations can be written as:

(2.24a) r' =e Fl(r.<p.'r.t)

(2.24b) ¢ =0(r.7T) + ¢ F2(r.cp.'r.t)

In this way, the right hand sides of the variational equations are
viewed as functions of (r.¢.t,7) alone. Eq.(2.6c) defines a and k as
functions of r and eq.(2.21) defines u in terms of k and ¢.

We observe that the sign parameter p is not contained in the

variational equations. Moreover, pu has not as yet been determined.
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This is done now. For system points belonging to any region of
Fig.2.1 other than region IV, simply take p = 1. For system points
belonging to region IV, p is chosen to insure continuity as an orbit
crosses the separatrix.

For example, let p = 1 and let the system point be located
within the right separatrix loop. Let t* be the time just before the
point’s orbit crosses the separatrix. Inside the separatrix, the
cn(u,k) solution in (2.6) acts like a dn(v.kl) function (see
Table 1.5). After crossing, the cn(u,k) function may be either
in-phase or out-of-phase with the dn(v.kl) function at £, If it is
out-of-phase, then we must take p = -1 to insure continuity of x and
x'. Thus, p is determined dynamically (i.e., at the time of
separatrix crossing) and not beforehand by any equation.

Systems belonging to either regions I or III represent
exceptional cases in the a-f parameter plane in which the general
variational equations are greatly simplified. This permits
investigations to proceed further than in the general case.
Perturbations of the linear oscillator (region I) have been studied
by many reseachers [Nay73.Nay79.HagS2.Kev81.Sa.n85.St050]. Computer
algebra codes have recently been written to perform the averaging
method to any desired order [RanS87]. As this case is exceptional in
the a-p plane (Fig.2.1) and well-known, we will not be concerned with
it (but note the comparison of the linear case with the nonlinear one

in chapter 5).
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Little research has been done on the cubic oscillator (region
III), perhaps because elliptic functions are mnot generally well-known
to researchers concerned with vibrations. Because of this, we
include a specialization and extension of our general theory for this

case (see chapter 3).
2.3 Hamiltonian variables

We presented the energy integral associated with eq.(2.1) in
(2.7). Eq.(2.7). then, defines a Hamiltonian function of the
variables (x,x') for (2.1):

4

24 La(r) @ + £ B(7) x

(2.25) H(x.x') = §

The variable T is not taken as fixed. The action variable J
associated with (2.25) is simply the (instantaneous) area enclosed by
an orbit, i.e., the area enclosing an orbit for the 7-fixed system of

(2.25) [Gol80]. This is easily calculated with solution (2.6) known:

2

a 1!’? [(2k2 - 1) E(k) + k'2 K(k)]

wWhb

(2.26) J=§x' dx =

More accurately, J as defined by (2.26) is the instantaneous area

associated with an orbit's energy h. Thus, J is twice the area

enclosed by an orbit that is located within either the left or right

separatrix loop of region IV: otherwise, J simply equals the area.
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Eq.(2.26) defines J in terms of r (depending on the parameters a
and B). If we express r as a function of h by inverting (2.8), J
becomes a function of h. If we can invert this relation between J
and h, writing h = h(J). we can express the Hamiltonian function as a
function only of the action variable. From there, we can call upon
much of Hamiltonian theory. This is the precise procedure followed
in the case of the linear oscillator. However, relation (2.26) is
not invertible explicitly in r or h (as it is in the linear
oscillator). So, the advantages of an action-angle formulation
disappear when considering the nonlinear system.

Therefore., we have chosen to use r rather than J in our
averaging procedure. The amplitude r functions in a similar manner
to J. but is generally not conserved for e # 0. Knowing r, we can
explicitly calculate the solution (x.x') in (2.6). Furthermore, J is
not differentiable for k2 = 1 (the separatrix in region IV)., whereas
r is (this is important for orbits which cross such a separatrix).

Finally, we note that the angle variable conjugate to J is the

variable ¢ defined in (2.21).
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3.0 Averaging

The variational equations derived in chapter 2 generally cannot
be solved explicitly. We can, however, compute approximate solutions
using an asymptotic approximation method. Many asymptotic methods
for the approximation of solutions to differential equations exist
[Kev81], including multiple scales [Nay73]. the method of Kuzmak-Luke
[Kev81]., two-variable expansion [Kev81], and the method of averaging
[Nay?S.Nay?Q.KevSl.Sa.n85.Hag82.Min62.St050]. We choose to use the
method of averaging since the method lies on a solid mathematical
foundation. In addition, the method can be implemented efficiently
in the computer algebra system MACSYMA.

Historically, the averaging method goes back to Lagrange,
Laplace, and others in the late lSth century. They employed a
heuristic argument to average small perturbations on a celestial body
over one period in the body's orbit. Poincare [Poi57] then
introduced the idea of asymptotic approximations which were valid in
the limit that the perturbation vanishes. In the 1930°'s in the
Soviet Union. Krylov and Bogoliubov [Kry37] formalized the method and
provided proofs of its validity. This was extended by Bogoliubov and
Mitropolsky [Bog61] in the 1960°s. In the U.S., Hale [Hal63] and

Sethna [Set67] (among others) developed the asymptotic theory of
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averaging. A more recent work on the subject is Sanders and Verhulst
[San85].

Many authors have applied the method of averaging to nonlinear
differential equations: Nayfeh [Nay73], Kevokian and Cole [Kev81],
Minorsky [Min62], Stoker [Sto50], Hagedorn [Hag82], Nayfeh and Mook
[Nay79]. Guckenheimer and Holmes [Guc86]. and Mitropolsky [Mit65].
These texts are mainly concerned with perturbations of the linear
oscillator (i.e., weakly nonlinear systems). The method of averaging
for weakly nonlinear systems has been implemented by Rand and
Armbruster [Ran87] in MACSYMA. |

Several authors have applied the method to strongly nonlinear
systems using elliptic functions. Kuzmak [Kuz59] looks for periodic
solutions to eq.(0.1) using a multiple scale method. Bourland and
Haberman [BouS8] is a generalization and extension of that work.
Davis [Dav62] investigates second order ordinary differential
equations. Cap [Cap73] studies the perturbed nonlinear pendulum.
Chirikov [Chi79] studies resonance overlap in multiple harmonic
excitations of eq.(0.1). Pocobelli [Poc81] studies adiabatic
invariance in the the slowly varying nonlinear pendulum equation.
Yuste and Bejarano [Yus86] investigate the perturbed cubic
oscillator. GCarcia-Margallo and Bejarano [Gar] find limit cycles in
a generalized van der Pol oscillator using generalized harmonic
balance.

Following Nayfeh [Nay73]. we apply the method of averaging to

the variational equations, using a near-identity transformation to
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new variables. The resulting differential equations on the new
variables (i.e., the averaged equations) will be shown to be simpler
than the variational equations themselves. The solution to these
averaged equations will be the approximate solution. We then comment
on the validity and accuracy of the averaging method.

An analysis of the computations involved in each step of the
procedure will be shown. The results of this analysis take the form
of a MACSYMA computer program which implements the averaging
procedure for arbitrary a(7). B(T). and g(x.x',T) of eq.(0.1) (the

case for g depending on time explicitly is discussed separately).

3.1 The averaging procedure

From the beginning, it is necessary to distinguish two different
classes of problems: (1) g does not depend on t but may depend on T
and (2) g depends on t explicitly. The procedure for case (2) will
be given in chapter 10 where such a perturbation first appears. The
procedure for case (1) will be discussed in this chapter.

For convenience, we write the variational equations, eqs.(2.20a)

and (2.23) in the compact form of (3.1).

(3.1a) r' =e Fl(r.'p.'r)
(3.1b) ¢' = 0(r.7) + e Fp(r.e.7)
(3.1c) T =€
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In (3.1), we have appended an equation on T soO that eqs.(3.1) are
three differential equations in the three variables (r.¢.7). The

next step is to define a near-identity transformation of the form:

(3.2a) r=r+6 T1

e+ 6T

(3.2b) L 4 2

where 6 < 1 and Ti depends on some of the variables (r.(p.;.$.1')
(this choice will be made shortly). The absolute value of Ti is
assumed to be bounded so that as & = 0, (r.¢) = (r.¢). This
condition is usually satisfied and can be checked after the choice of
T, is made. Egs.(3.2) are substituted into (3.1) and expanded in a
power series of 6, which determine variational equations for (;.5).
We shall demonstrate that a proper choice of 'I‘i results in equations
for (r'.¢') that are independent of ¢ (i.e, system (3.1) has been
averaged over the angle ¢).

While the traditional choice for the Ti is that they depend on
the new variables (r.¢), we choose to use a mixed variable approach
in which Ti depends on (r.¢). The reasons behind this choice will be
made clearer later. With the choice made, we write the

transformation in the form:

(3.3a) r

r+é6 wl(F.w.T) + 62 VI(;.w.T)

(3.3b) e+ 6 '2(;-%7) + 52 vz(;.'v.-r)

b
I
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We would like the averaged system to be of the form (3.4)

(3.4a) r'=e cl(?.r) + O(ed)

(3.4b) ¢ =0(r.T) + € cz(F.r) + 0(eb)

Using (3.4). the time derivatives of v, and v, are computed. For
notational convenience, we write a(r,7) as Q. awl/a; as w; . 6w1/6‘p

as "1‘0' awlla-r as w;_. etc.

]
£

(3.5a) wl'

ir T
_ dw,,
=eG1w1r+w1‘p (¢ +6?1?')*6'11-+Q(66)
=eG1 w1r+w1¢[n+eG2+e ("2rr +w2¢¢ + Wy T )]
' 2
WL T + 0(ed+e™)
s = 2
=0 LI + € (G1 it Gy Yie + 0 Yie Y20 + wl_r) + O(ed+e™)
[ o O 2 2
(3.5b) w,' = 0 Yoo + e (G1 wor * G, Yo + 0 (WZp) + w21_) + O(ed+e”™)
(3.5¢c) A\ Q Vie + O(e)
(3.5d) v2’ =0 Voo + O(e)

? and each l:‘i are now expanded in a power series in &:

13
+ O( 62)

(3.6a) Fl(r.w.'r)
6=0

]
"
[
+
O

= - 2
Fl(r.«p.-r) +5 Flr(r.«p.-r) w, + 0(6%)

(3.6b) F2(r.¢.r) F2(;.¢.T) + 6 Fzr(?.vﬂ) v, + 0(62)
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(3.6c) Q(r.7) = Ar.7) + & nr(?.T) w,

1,2 - 2 - 3

+ 35 6 (ﬂrr(r,'r) LI 2 Qr(r.-r) vl) + 0(6%)
= = 2 = 1 2= 2 3
=N1+5 Qr w, + 6 Qr v, + §-6 er L 0(57)

Before finding the equations on (r'.¢'). we choose to relate 6
with e. Since e already appears in (0.1) as an asymptotically small
quantity, we set 6 = ¢ for convenience. Substituting (3.3) into
(3.1), using (3.5). and using (3.6) gives the following equations on

(r'.¢'):

(3.72) T' =€ [Fl(;.w.f) -0 w1¢] + €2 [Hl(;.cp.-r) -0 v1¢] + 0(63)

1) 5 =T e [FylFoom) + B wy - By

+ €2 [Hz(;.«p.'r) -0 v2.p] + 0(53)
where

(3.7¢c) Hl(;.¢.T)

l:‘lr(r""’-r) "1 - Gl Yir "Y1y T wlcp (G2 + 0 w2-p)

(3.7d) H2(;.¢.T)

F2r(;.«p.'r) L N (G, + ) '2<P)

We are now ready to choose the generating functions v, and v, so
that eqs.(3.4) hold. In order for each generating function to be
bounded for all time, we require v, and \f to be periodic in ¢. This

condition requires 611/64: and avilav to be periodic.
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Since each Fi is periodic, Fi can be separated into two pieces:
(1) a constant value (the mean value ﬁi of Fi) and (2) an oscillating

piece I-‘i with zero mean:

(3.8) F,=F +F,
1 4K
- 1 1 - - - - -
vwhere Fi =7 I Fi d? =K I Fi(r,u.'r) du and u = 4 K(k(r)) ¢
0 0

We then choose G1 = Fl and 0} wlw = Fl. guaranteeing that LA} is

periodic in ¢:
(3.9a) w, =F =F -F
3.96) wo=3i|w de=L1f(F(ramn)-F)du+w
: 1 o 1¢ T - ) 1 10
a
(3.9¢c) where a = a(r), k = k(r). K =Kk), 0=
It is advantageous to choose the integration constant w,, S0 that v,

jtself has zero mean. Ve are now able to choose 02 = f‘2 (since W

has been made to have zero mean) and Wop B85 in (3.10).

(3.10a) 0'2«p=F2+nr'1=F2-F2+Qr'l
1 - - - - -
(3.10b) w, = EI (Fz(r.u.T) - Fy ¢ 0. wl) du + w,,
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We again choose the integration constant w,, SO that wy has zero
mean. This completes the first order averaging.
The second order averaging proceeds the same way with v i

determined by:

(3.11) v

o
L]

1 = -
.'a'.-.l. (Hi - Hi) du + Vio

Each integration constant v 10 is chosen so that vy has zero mean.

With wiand vy determined, we find the averaged equations from (3.7):

(3.12a) r=e F(Fr) ¢+ 2 f,(r.7) + o(e>)

(3.12b) o =fi+eFy(rum) + 2 fiy(r.7) + 0(3)

Furthermore, the choice of w, and \A insures that the transformation
specified by (3.3) remains bounded for all time.

We can now simplify Hi using (3.10):

(3.13a) Hl(r.cp.T) Flr(rﬂp.f) v, - Fl Yir T Yir T Y1 (F2 + Qr wl)

(3.13b) Hz(;up,'r) Fzr(;,w.r) w, - l_"l Yor = Yor ~ Vo (l“2 + ﬁr '1)

5 1= 2

+ Qx' Y1 + §er Y1
In this form, Hl depends gnly on Fl’ F2. and v, (and not w2). This
allows Hl and ﬁl to be computed without computing v, This was the

reason for the mixed variable approach in the transformation. Had we
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used (;,5) in the generating functions, Hl would depend on Wy of
course, to first order, both approaches are exactly the same.
We also point out that it is not necessary to compute vy in

order to produce the second order averaged equations (3.12).

3.2 Validity and Accuracy

The averaging procedure of section 3.1 relies upon an implicit
assumption, which we now make explicit. In order that equations for
LA and v i be solvable, the instantaneous frequency 0 must be
non-zero. The frequency {1 can be made zero in two ways: (1) by
taking a to be zero and (2) by taking K to be infinite. We consider
these two conditions separately.

Taking a to be zero, we find (via eq.(2.6c)) that k2 =+ ®. For

2

k“ = w, we employ the reciprocal modulus transformation (Table 1.5)

to find K and evaluate {i:

(3.14a) Ask2-9°°.k12->0,K=lel-»-2%.—.Ma

3.14b 5.a,¥ra_ Br
G * gvSa 8nZ
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From Fig.2.2, k2 = ® indicates a center in the phase portrait for a
system of region IV (of Fig.2.1). From (2.10), we find the value of

r at the center. Then, (3.14b) can be expressed by:

(3.15) 5. VIl _ Yol
sm2 VB sm2

From (3.15), @ = O for @ = 0. Hence, for a = 0 and K=o, flis

non-zero except in the case that a = 0. Interpreting this result in
terms of region IV of Fig.2.1, we find the averaging procedure is

invalid only in a neighborhood of the origin at the time when a(T

passes through a = O (or is jdentically zero).
The case for a = O and k2 = —» follows in the same manner. In

this case ! is found to be:

(3.16a) L N

=~I2a+Br2= va
4~/2'K2 4~f£|<2

(3.16b) 9

In this case, however, a > O so that the condition a = 0 does not
imply that 0 is zero.

The condition for K = ® is satisfied for two values of k2.
k2 = -» and k2 = 1. The k2 = —» condition was explored in (3.16).
Although a > O, K2 = o in (3.16b) so that f? = O (we choose to view
this arising from K = ® and not from a = 0). From Fig.2.2, we find

that k2 = -» corresponds to the separatrix in a phase portrait of a
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system belonging to region VIII (of Fig.2.1). Also from Fig.2.2,

k2 = 1 is shown to correspond to the separatrix in a system belonging
to region IV (of Fig.2.1). Hence, the averaging procedure is invalid
in a neighborhood of a separatrix. We remark that this could have
been predicted before, since relation (2.21) cannot define ¢ from u
when K = »,

These two structures where the averaging procedure fails, the
center in region III and the separatrix of regions IV and VIII, share
one thing in common: the unperturbed orbits in a neighborhood of
these structures have arbitrarily high periods. The averaging method
fails to work because the time that an orbit can remain in the
neighborhood of one of these structures is unbounded. For a
discussion of modelling eq.(0.1) near a separatrix, see chapter 9.

The averaging procedure is valid provided a system point’s orbit
remains away from separatrices (and the center in region III). This
condi tion can be easily checked for by monitoring kz(;) in the
solutions to the averaged equations (3.12).

The averaging theorem [San85] guarantees that solutions to the
averaged equations4(3.12) remain e-close to solutions of the

variational equations (3.1) for times of 0(%) for first order

averaging:
(3.17a) IF(t) - r(t)] <e for t = °('1£)
(3.17b) lo(t) - o(t)] <e for t = 0(%)
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For second order averaging, the estimates are:

(3.18a) I7(t) + € wy(F.9) - r(t)] < €2 for t

(3.18b) [9(£) + € wy(F.9) - #(0)] < €2 for t

ody

oh)

3.3 Computing the averaged equations

The calculations involved in the averaging procedure presented
in section 3.1 warrant close inspection. Contrary to the averaging
of the perturbed linear system, computing the functions and means
necessary in section 3.1 is not trivial. The reason for the
complexity is that integrals of elliptic functions cannot be
expressed solely in terms of elliptic functions and the argument u
(see section 1.4) whereas integrals of trignometric functions can.

The analysis in this section deals with identifying different
function forms that make up the expressions occurring in the
averaging procedure. We begin with the perturbation g. Using (2.6),

terms of g may be written as:

n+tm m

(3.19) gnm(-r) K ’;.m = gnm('r) r a” en” cn'”

Using (1.11b), cn'™ can always be written in the form:

(3.20) en'™ =3 cnzn

2 cnzn cn'’ for m odd

for m even

L[]
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So, g can always be written in terms of the cn" and cncn' function
forms.

The function forms that appear in each expression for the first
order averaging can be deduced by letting g contain both of its
function forms and using egs.(3.8)-(3.10). These are listed in
Table 3.1.

Table 3.1 Function forms for first order averaging

Expression Function Forms

n n__.
g cn ., cn cn
l"1 cn”, cn® en'
F2 en”, cn”en', Z en”, Z cn” en’
n n__.
w cn, cn cn
e
v cn”, en” en', Z, sin-l(k sn), H(kz-l) u
¥ou en®, en” en', Z cn®, Z en” en’, sin-l(k sn),
H(K2-1) u

en”, en"en', Z cn®”, Z en® en', TH(u.k), Z2.

SO(u,k), S2(u.k), Z sin-l(k sn), sin-l(k sn),
H(K2-1) u, H(-1) u2

where Z is the Jacobi Zeta function, TH(u.k) is defined by (1.25),
SO(u.k) and S2(u,k) are defined by eqs.(1.28).

and H(kz-l) is the Heaviside step function
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As one can clearly see from Table 3.1, new function forms are
introduced at each integration. The nonperiodic functions u and u2
appear in w, (multiplied by H(kz-l). see section 1.5) in order to
cancel the growth in u of sin—l(k sn) when k2 > 1.

The second order quantities lrli of egs.(3.13) are made from the
first order expressions of Table 3.1. Below. we calculate
derivatives of elliptic functions with respect to r and ¢ (see

section 1.3). Fromu = 4K ¢, we find:

du
(3.21a) 24Kk

u_, KOk _udkok 1 gk E_ .2
(3.21b) b?“‘"dkar'xdkar‘kk.zar(x k') u

We now can evaluate derivatives of cn, cn’, sin-l(k sn), and am(u,k)

with respect to ¢ and r:

dcn .
(3.22a) 3p - 4K cn
(3.22b) a;:' —4Kecn'
8 -1
(3.22c) %(sin (k sn)) =4 kKen
dam
(3.22d) 3 - 4 K dn
dcn  dcn du , den dk
(3-23a) 5~ =3 or ' & ar
1 dk . 2 2
=-;—1-:-2-§;[ch +k“cn (1 -cn )]
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(3.23b) agx: _ lzgk Zen'' +X2 en' (1 -2 cn )]

k k'
(3.23¢c) —'(sin (k sn))=a—r %_k' (Z cn - 2sn cn )]
B.23q) 2.1 T (zan- 2 sn cn)

k k'

To calculate derivatives of Z, we must remember that Z and Z(u) are
just notations for Z(6.k) where © = am(u,k). Applying the chain

rule gives then:

az
(3.24a) a;:Alen -4E
(3.24b) g%-:%g%-r%g—k; where © = am(u.k)
k 3k
—_;.—2--6?(2‘:“ + cncn')

We note that gk-—r can found from (2.6).
From eqgs.(3.21)-(3.24). it is easy to calculate derivatives with
respect to 7, which follows the same pattern as r. In fact, the

derivatives of the functions in egs.(3.21)-(3.24) can be computed by

replacing the % operator by a %; operator:

=
Q

(3.25) g - [

=
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We will now investigate H,. We see in (3.26) that the Q. w, e

term has zero mean.

1
(3.26) W, W, = Liw w do= 12 ' =0
. 1 M 71 1 Y19 *”‘210'
0

ir  "1r ” Fy Y1e

(3.27) ﬁl =F, _w - 1‘=1 v
vwhere overbars over functions denote means over ¢.

The comparable calculation for ﬁ2 is not given because we
cannot, in general, compute ﬁ2 explicitly. This arises from our
limited knowledge of the two functions SO(u.,k) and S2(u,k) (defined
in eqs.(1.28)). Derivatives of these functions with respect to r and
v (which appear in the Yor and v, terms in eq.(3.13b)) are difficult
to compute. Hence, we will not provide a general procedure for
calculating ﬁz (but see the AVERAGE program in section 3.4 concerning
special cases and see section 7.1).

A listing of the function forms appearing in Hl with their means
is given in Table 3.2. The means for three of the terms which appear

in Hl are calculated in long involved procedures, denoted A, B, and

C. A brief discussion of these procedures is now given.
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Table 3.2 Function forms appearing in Hl

Function Form
n
cn
n .
cn cn
n
Z cn

n
Zecn cn'

n
SS cn

(Ss - %) cn’

n
SS cn cn'

(ss - %) cn” en'
22 cnn

22 cnn cn'’
ZSS o::nn

Z (SS - %) en”

Z SS cnn cn'

Mean value

Z (SS - %) cncn' 0 for k2 > 1

cn

where SS = sin.l(k sn) , I

in
0
o
2
2T & - %) Tt — 37 T
0 for K2 < 1
0 for ¥ > 1
[In this case, u appears as H(k2¥1) u]
_%in-m for k2 <1
- T, T H(k2-1) for k% > 1
[In this case, u appears as H(kz-l) u]
See procedure A
0
See procedure B for k2 <1
See procedure C for k2 > 1
[In this case, u appears as H(kz—l) u]
0 for k2 <1
[In this case, u appears as H(kz-l) u]

o

0

n

= mean of In = fen" du
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Procedure A computes the mean of 22 cn”. For n odd and k2 <1,

this function has zero mean. For n odd and k2 > 1, no method for
finding the mean explicitly could be found. The computer uses a
flag (a symbolic mnemonic variable without any numerical value) to
indicate this. The flag for the mean of Z2 cn® is 'MEAN_OF_ZSQRCN"'.
For n even, one uses integration by parts to determine the mean in
terms of the means of 22. TH(u.k). 22 cn2. and 2 Z cnzm'1 cn'. An
integration by parts of Z2 cn2 permits the computation of this mean
in terms of 22 and TH(u,k).

The mean of TH(u,k) is simply found using (1.42e). The mean of

22 is found using Parseval’s theorem and (1.42d):

(3.28) 2 - & = cschz[“"‘(']

n=1

The mean of [sin—l(k sn)]2 is found similarly. First, one notes that

Jen du = 1 sin_l(k sn). Integrating the Fourier series for cn,
k

eq.(1.42b), and using Parseval’s theorem, we find:

(3.29) [sin-l(k sn)]2= 3 - 4 sechz[

n=1 (2n-1)2

2n-1 wK']
2K

Of course, these formulas are valid only in the (u.k) system. For
the means of 22. TH(u,k). and sin_l(k sn) in other systems. one must

compute in the transformed variables. The computer program does not
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compute these last three means explicitly using egs.(3.27)-(3.29) for
that reason: the computer uses flags like 'MEAN_OF_Zz’ to indicate
the mean of 22. Thankfully, these types of terms have not been
encountered often in example problems.

Procedure B computes the mean of Z sin_l(k sn) cn” when K2 < 1.
For n even, this has zero mean. For n odd, the function has a
non-zero mean that is not explicitly computable. It can be
determined in terms of means of known functions plus the mean of
[sin-l(k sn)]2 cn2. which is not explicitly known.

Procedure C calculates the mean of Z (sin_l(k sn) - %) cn® for
k2 > 1. This follows in the same manner as procedure B. For n even,
this function has non-zero mean which is not explicitly computable.
The computer uses another flag to indicate this mean. For n odd, the
mean is computable just like in procedure B.

From Table 3.2 and procedures A, B, and C, we see that it may

not be possible to explicitly calculate ﬁl for k2 > 1. However, for

k2

< 1, every function in Hl has a mean which is explicitly
computable except for one function: [sin-l(k sn)'_\2 cn2. Using
flags, the computer program indicates which functions cannot be

explicitly averaged.
3.4 Vanishing averages

By classifying the kinds of terms found in the perturbation g,

it is possible to determine a priori whether f‘l or ﬁl vanishes
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iglentically. Such information is useful for checking results, for
searching for examples which display some desired property, and for
reducing computation time.

A classification of perturbation terms which appear in g is
given in Table 3.3. In Table 3.4, vanishing of l-?l and ﬁl is noted
for different combination of perturbation types occurring in g. This

table is created for a and B not depending on T.

Table 3.3 Perturbation types

Perturbation Type g£{x,x',7) term Function Form
I x2n x'2m cn2p
1I x2n x'2ﬂw1 cn2p cn'
III x2n+1 x'2m cnzp'"1
v x2n+l x.2m+1 ¢:n2p+1 cn’

From Table 3.4, we see that the only terms in g which contribute

a non-zero mean to l-“l for k2 ¢ 1 are those of type II. Also, ﬁl
for g consisting of terms of only one type. Further, for k2 <1,

=0

only the combinations of (I.IV) and (11.I1I) contribute non-zero
means to l-ll.

If we now allow a and B to depend on 7, we find that this
contributes to f-‘l and ﬁl as a type I perturbation term. Table 3.4

can then be consulted.
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Table 3.4 Vanishing of 1’-‘1 and ﬁl

Perturbation Types in g‘ f‘1 =07 lTl1 =07

I Yes Yes

II No Yes

111 Yes Yes

v Yes for k2 < 1 Yes

I, 11 No Yes for k° < 1
I, III Yes Yes

I, IV Yes for k2 < 1 No

II, III No No

II, IV No Yes

III, IV Yes for k2 < 1 Yes for k2 < 1
I, 11, II1 No No

I, II, IV No No

1, II1, IV Yes for k2 < 1 No

II, III, IV No No

I, II, III, IV No No
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3.5 The MACSYMA program AVERAGE

We have implemented the averaging procedure described in
section 3.1 in the MACSYMA program AVERAGE. The AVERAGE program
performs second order averaging of r and first order averaging of ¢
for the general case of a # O and B # 0. In the special cases where
a = 0 or B = O, the program also computes ﬁz, the second order
average of ¢. The B = 0 case is the familiar perturbed linear
oscillator problem. The a = O case corresponds to the perturbed
cubic oscillator. The computer program listing is provided in
Appendix E. A first order averaging version of the program appears
in [Cop87b].

A brief description of the program follows. The user first
inputs expressions for a, B and g, which may contain symbolic
parameters. The computer then asks whether the ¢ equation is to be
averaged. The user specifies this and the averaging order (first or
second) to be used. The computer then generates Fl' F2. and 2 from
eqs.(2.20a) and (2.23) (where egs.(2.6) are substituted for x and x'
in g). Using the GENINT integration subroutine (see Appendix B), the
program finds fl' ?2. w5 and vy (which completes the first order
averaging).

For the second order averaging of r, we proceed in several
steps. We found it essential to proceed in steps in order to prevent

excessive intermediate expression swell. First, Hl is computed and
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its terms are divided up among the function forms of Table 3.1. The
mean of Hl is then computed form by form. For the special cases, ﬁz
is then computed. Once the averaging is completed, the program
outputs the averaged system and the first order transformation.

The AVERAGE program consists of 460 lines of code. Typical runs
on a éymbolic 3670 computer take from one to six hours. For g

2, x'3) wvhere a = § = 1, there are

consisting of three terms (x', x x'
497 second order terms to be averaged.
As examples of the use of AVERAGE, we give three sample runs:

one for the general case, and one for each special case.

Sample run of AVERAGE: a = AT, B=1, g=56x'

(C1) AVERAGE()$

AVERAGING OF X'' + ALPHA(TAU) X + BETA(TAU) X3 + EPS G(X.X' ,TAU) = 0
WHERE TAU = EPS T AND G IS POLYNOMIAL IN X AND X’

ENTER ALPHA(TAU):

a(tau);

ENTER BETA(TAU):

1;

ENTER G(X.X'.TAU) USING Y=X':

delxy;

UNPERTURBED SOLUTION IS: X = RR CN(U.K) AND X* =Y = RR AA CN'(U.K)

WHERE RR=AMPLITUDE AND U = 4 KC PHI = PHASE.
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DO PHI EQN (Y/N)?

y:

DO SECOND ORDER IN R (Y/N)?

y:

AVERAGING WILL USE A NEAR-IDENTITY TRANSFORMATION FROM

(RR,PHI) TO (RBAR,PHIBAR) AS FOLLOWS:
RR = RBAR + EPSwW1(RBAR,PHI) + EPS~2%V1(RBAR,PHI)
PHI

PHIBAR + EPS%W2(RBAR,PHI)
DONE WITH FIRST ORDER C EQN

DONE WITH FIRST ORDER PHI EQN
DIVIDING UP H1 (99 TERMS)

THE AVERAGED EQUATIONS ARE

[RBAR(T) = - EPS (2 KC A(TAU) DEL - 2 EC A(TAU) DEL + CBAR? KC DEL

+ 3 KC A(TAU).,.; - 3 EC A(TAU),,,)/(3 RBAR KC),
TAU TAU

RBAR®

2
PHIBAR(T) = SQRT(A(TAg)KE RBARY) (g -

2 (A(TAU) + RBARZ)
KC = KC(KBAR) , EC = EC(KBAR)]

SIMPLIFYING THE TRANSFORMATION
DO YOU WISH TO SEE THE TRANSFORMATION? (Y/N)
n;

[Symbolics 3670 Time = 820 seconds]]

In the sample run, RBAR = T, KBAR = k. KC = K(k). EC = E(k).

PHIBAR = ¢, and EPS = e. Derivatives are shown as subscripts. The
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transformation was not shown because of the long length of the ¢

transformation. However, the first order r transformation is given

below.

2
RR = RBAR + EPS(- 4 ZETA(4 KC PHI) gle{]A!(TAU) + RBAR®) DEL

, 2ZETA(4 KC_PHI) A(TAU) DEL , 10 RBAR ZETA(4 KC_PHI) DEL
RBAR SQRT(A(TAU) + RBARZ) 3 SQRT(A(TAU) + RBAR®)

_ RBAR CNF(4 KC PHI) CNP(4 KC PHI) DEL
3 SQRT(A(TAU) + RBAR®)

_2 RBAR3 ZETA(4 KC PHI) DEL _ 2 RBAR ZETA(4 KC PHI) A(TAU) DEL

(A(TAU) + RBAR®)>/2 (A(TAU) + RBAR?)3/2

ZETA(4 KC PHI) A(TAU)5,,

RBAR SQRT(AT(TAU) + RBARZ)

) + EPSZ VINOTCOMPUTED

+

In the transformation, ZETA = Z, ONF = cn, CNP =

The next example concerns the special case of the cubic oscillator,

i.e., a =0.

Sample run of AVERAGE: a = 0, B=1, g = x cos(T)

(C2) AVERAGE()$

AVERAGING OF X'’ + ALPHA(TAU) X + BETA(TAU) X"3 + EPS G(X.X',TAU) =
WHERE TAU = EPS T AND G IS POLYNOMIAL IN X AND X'

ENTER ALPHA(TAU):

0;
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ENTER BETA(TAU):
1;
ENTER G(X,X',TAU) USING Y=X':
x¥cos( tau);
UNPERTURBED SOLUTION IS: X = RR CN(U,K) AND X' =Y = RR AA CN’ (U.K)
WHERE RR=AMPLITUDE AND U = 4 KC PHI = PHASE.
DO PHI EQN (Y/N)?
y:
DO SECOND ORDER IN R AND PHI (Y/N)?
Yy
AVERAGING WILL USE A NEAR-IDENTITY TRANSFORMATION FROM
(RR,PHI) TO (RBAR,PHIBAR) AS FOLLOWS:
RR

RBAR  + EPSwW1(RBAR,PHI) + EPS~2%V1(RBAR,PHI)
PHI

PHIBAR + EPS¥W2(RBAR,PHI) + EPS~2%V2(RBAR,FHI)
DONE WITH FIRST ORDER C EQN

DONE WITH FIRST ORDER PHI EQN

DIVIDING UP H1 (6 TERMS)

THE AVERAGED EQUATIONS ARE

[RBAR(T) = O, PHIBAR(T)y = % _ EPS_(KC_-_2 EC) COS(TAU)

4 RBAR KC°
_ Eps? (K - 6_EC_KC_+_6_EC2) 00S2(TAU)
24 RBAR> KC®
kBARZ = L . KC = KC(gmadrs7)  EC = EC(ggmarsy)]
2" SQRT(2)” * SQRT(2)

SIMPLIFYING TRANSFORMATION
DO YOU WISH TO SEE THE TRANSFORMATION? (Y/N)

y:
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THE TRANSFORMATION IS :

CNF2(4_KC_PHI) COS(TAU) , EC_COS(TAU) _ QOS(TAU)

[RR = RBAR + EPS(- S-REAR o 0S(TAL)
+ EPSZ VINOTOOMPUTED, PHI = PHIBAR + S-EPS ZETA(4 KczPHI) Q0S(TAU)
4 RBAR? KC

+ EPSZ V2NOTCOMPUTED]

[Symbolics 3670 Time = 120 seconds]

The last example involves the special case of a perturbed linear

oscillator, for which B = 0.

Sample run of AVERAGE: a =1, B=0, g = (1-x"2) x'

(C3) AVERAGE()S

AVERAGING OF X'' + ALPHA(TAU) X + BETA(TAU) X~3 + EPS G(X.,X",TAU) = O
WHERE TAU = EPS T AND G IS POLYNOMIAL IN X AND X’

ENTER ALPHA(TAU):

1;

ENTER BETA(TAU):

0:

ENTER G(X.X',TAU) USING Y=X':

=(1-x"2)%y;

UNPERTURBED SOLUTION IS: X = RR CN(U,K) AND X' =Y = RR AA ON'(U.K)

WHERE RR=AMPLITUDE AND U = 4 KC PHI = PHASE.

DO PHI EQN (Y/N)?

y:
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DO SECOND ORDER IN R AND PHI (Y/N)?
y:
AVERAGING WILL USE A NEAR-IDENTITY TRANSFORMATION FROM
(RR.PHI) TO (RBAR,PHIBAR) AS FOLLOWS:
RR = RBAR + EPSwWI1(RBAR,PHI) + EPS~2%V1(RBAR, PHI)
PHI

PHIBAR + EPS¥W2(RBAR,PHI) + EPS~2xV2(RBAR, PHI)
DONE WITH FIRST ORDER C EQN

DONE WITH FIRST ORDER PHI EQN

DIVIDING UP H1 (16 TERMS)

THE AVERAGED EQUATIONS ARE

RBAR (RBAR - 2) (RBAR + 2) EPS 1

[RBAR(T); = - ( 1. LEPS | PHIBAR(T); = 5357

(11 RBAR? - 48 RBAR? + 32) EPS®  pae® _ o ke = 2L | pc o 21
512 %P1 : =0. KC="5 .E="5

SIMPLIFYING TRANSFORMATION
DO YOU WISH TO SEE THE TRANSFORMATION? (Y/N)

y:

3 3
[RR = RBAR + EPS( - RBAR__Q0S°(2 %P1 ZHI) SIN(2 %PI _PHI)

, RBAR®_C0S(2 ¥PI_PHI) SIN(2 ¥PI PHI)
8

, RBAR 00S(2 %PI Pgl) SIN(2 XPI PHI)) , pps? vINOTCOMPUTED,

_ 2 4
PHI = PHIBAR + EPS(GBz(i ZPL PHI) _ RAR” 0087 (2 XP] PHI)

+ EPS? V2NOTCOMPUTED]
[Symbolic 3670 Time = 75.5 seconds]

In the averaged equations and the transformation, %P1 = w.
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This last example is the famous van der Pol oscillator which

exhibits a stable limit cycle bifurcating from r = 2 in the e 2 0

limit. This follows from the T equation where r = 2 is an
equlibrium. The averaged equations presented here agree with those

of Rand and Armbruster [Ran87] using their MACSYMA averaging program.

3.6 Application of AVERAGE: A general nonlinear oscillator

Using the AVERAGE program, we may investigate problems of great
generality that require an enormous number of calculations. To this
end, we find the first order average equation for r for the problem

described by (3.30).

(3.30a) a = a(T) unspecified

(3.30b) B

[}

B(T) unspecified
(3.30c) g(x.X".t) = go(T) * £1o(T) X + By (1) X' + £p(7) *2
+ gll('r) x x' + goz('r) x'2 + gso('r) x3

2 . 2 3
+ gy (1) X %'+ g5(7) x X% + ge(7) x
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"1

In eqs.(3.30), the giJ(T) are also unspecified. Using AVERAGE, the

equation to first order becomes:

-, da
(3.31) r edTB ( 1)-ed1_6ﬁ2 [Br +4a(k-—1)]

+eg01('r)3ﬁ_[2a(-ﬁ—l)—ﬂ;]
r
) V3 7 H(&2-1) [a + p 72132
“en s P ]
2 -3
+eg21(‘r) [-l-gs-?a—;' (1 %)-y%saﬁr (5-6%)-#% (1 2%)]
3 2
+eg03('r) [-si:%'z—_(%—-l)-&gsg%r(lﬁg—l&
Tr
-3
E -5
+ &L (1eﬁ—23)-‘71r]
-2
where E = E(K) K=Kk K= —LI—
2(a+ﬁr)

and H(k -1) is the Heaviside step function

The second order contributions to T and the first order average of ¢

are very long, and so will not be listed here.
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4.0 Limit cycles in a VDP perturbation of the cubic oscillator

The simplest extension of the theory of the perturbed linear
oscillator is the perturbed cubic oscillator. As mentioned in
chapter 3, this is just a special case of eq.(0.1) for which a = 0.
Because the elliptic modulus k does not depend on an orbit and
because F2 is simpler than in the general case, the method of
averaging can be readily applied. In fact, the AVERAGE program can
proceed to average the ¢ equation to second order (i.e., it can find
i)

Recently, investigations into the perturbed cubic oscillator
have appeared in the literature. Both averaging and generalized
harmonic balance are presented by Yuste and Bejarano [Yus86]. They
determine a first order approximation to the limit cycle which
appears when the cubic oscillator is perturbed by a VDP (i.e., van
der Pol) perturbation term. In Garcia-Margallo and Bejarano [Gar87],
a second order method using generalized harmonic balance is
introduced and applied to the same problem.

We will present the second order averaging approximation for
this problem and show that it agrees very well with numerical
integration (even for € as large as 1). Then we will comment on the

generalized harmonic balance method and show its equivalence to first
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order averaging. Finally, we compare our second order results to the

Garcia-Margallo and Bejarano results.
4.1 The averaged equations

We consider the cubic oscillator perturbed by a VDP (van der

Pol) perturbation term:
(4.1) x"+x3-ex' (l—x2)=0

" Using the AVERAGE program, we compute the averaged system to second

order for (r.p):

(4.2a) Toe gk [3 P2(-25)+ 5] + 0(d)
- 3—= -3
=, r 2 1 T 2 T E
(4.2b) P =-4——'—e, gﬁ[g YA -1—56(12"19‘1'(')
+-;—(1—84§2)--1—(1-2?3-)]+0(e3)
126 K2 9F K
(4.2¢) 122=%=k2

In eqs.(4.2). k does not depend on the amplitude r and always has the

same value given in (4.2c). Thus, both K and E have constant values
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in eqs.(4.2). The value of 22. the mean of 22. is also a constant

and is found using 3.28. These values are listed in (4.3).

(4.3a) K = 1.85407463. ..
(4.3b) E = 1.35064383. ..
(4.3¢) 72 = 0.02156676. ..

The near-identity transformation is given in (4.4).

(4.42) r

r+e wl(;.cp) + 0(52)

[% ;2 Z(u) + %;2 cn3(u.k) en' (u.k)

where v, (r.¢) =

- %cn(u,k) cn'(u.k)]

(4.4b) p=p+e wz(F.w) + 0(62)
= 1 [r 3- 4 12
where wz(r.¢) =K [-1—3 TH(u.k) + T en (u.k) - -6—-_;:- cn (u.k)]
(4.4c) u=4Kg

In (4.4). Z is defined by (1.5) and TH(u,k) by (1.25). To use the
transformation, one solves for ¢ in terms of ¢ in (4.4b) by a
recursive substitution:

(4.5) 7+ e wy(F. ¥+ 0(e)) + O(e?)

)
"

¢e+e '2(;';) + 0(62)
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From (4.5), (4.4a) can now be used.
We now look for limit cycles in eq.(4.1). We do this by finding
equilibrium points in the T equation. Setting the right-hand side of

eq.(4.2a) equal to zero, we find an equilibrium at:

(4.6a) 2= 2 = 3.6473995. ..
3(2g-1)
(4.6b) ’ r, = 1.9008....

Hence, as e increases from zero, we expect to find a limit cycle of
amplitude ;* bifurcating from the phase space of closed orbits of the
e = 0 system. The shape of the limit cycle is then the orbit
corresponding to r = ;*.

A graph of the limit cycle for e = 0.1 is given in Fig.4.1. The
graph for the numerical integration and first order averaging
approximation (where only the 0(1) transformation is used) are very
close.

Two more graphs comparing the numerical integration with the
second order averaging (in which the O(e) transformation is used,
i.e., egs.(4.4) and (4.5)) are shown at higher values of €. Fig.4.2
shows the € = 0.5 case; Fig.4.3 shows the e = 1.0 case. In both
these cases, the numerical integration can hardly be distinguished
from the numerical integration.

Moreover, the accufacy of the ¢ = 1.0 case is startling since

the averaging method itself is based on the assumption that e be

small compared to 1. But in this example, the second order averaging
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Numerical integration — — - 1*t order elliptic averaging

Fig.4.1 Comparison of numerical integration with first order
averaging using elliptic functions for the limit cycle in
eq.(4.1). € =0.1.
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Numerical integration — - — 274 order elliptic averaging

Fig.4.2 Comparison of numerical integration with second order
averaging using elliptic functions for the limit cycle in
eq.(4.1). e =0.5.
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Fig.4.3 Comparison of numerical integration with second order
averaging using elliptic functions for the limit cycle in
eq.(4.1). e =1.0.
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coupled with the transformation is able to account for the quite
deformed shape (as compared to unperturbed system) and the loss of
symmetry about the x'-axis. As evidenced by Fig.4.3, the averaging
results for even high values of € give close agreement near the limit
cycle.

The results from the averaging approximation clearly demonstrate
the accuracy of the AVERAGE program and the value that averaging has

in treating perturbations of the cubic oscillator.
4.2 Generalized harmonic balance

Recently, there has been much interest in studying eq.(4.1)
using a generalized form of harmonic balance. Mickens [Mic84] has
given criteria under which the method of harmonic balénce seems to
work well. In another paper, Mickens proposes a second order method
using a generalization of harmonic balance which uses higher
harmonics in an assumed solution form [Mic86]. Garcia-Margallo and
Bejarano [Gar87] use the generalized harmonic balance method and
formulate their own second order method. We will discuss these
below.

The method of harmonic balance involves assuming a solution of

the following form:

(4.7) x = r cos(wt)
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without regard to the unperturbed system solution form. This is done
merely as a computational convenience. Such an approximation for x
is certainly valid in a neighborhood about a center in the
unperturbed system’s phase portrait. How large the neighborhood is
for a nonlinear system is unknown, but it is assumed large enough
that the results are meaningful.

One then substitutes the solution form into a nonlinear
differential equation (for us, eq.(4.1)) and sets the coefficients of
the lowest order harmonic equal to zero. For conservative systems,
this procedure results in an expression relating the frequgncy w with
the amplitude r. For non-conservative systems containing a limit
cycle, the procedure results in equations for r and w that must be
satisfied on the limit cycle.

Higher order methods involve assuming a solution form containing
higher harmonics and setting coefficients of these harmonics equal to
zero after substitution in the differential equation. Of course,

while the procedure is computationally efficient there is no

guarantee of its accuracy nor a priori knowledge that its
approximation will be close to limit cycles in the original equation.
In Mickens [JSV111], which is concerned with the cubic oscillator,
this method of higher harmonics is extended somewhat by assuming a

solution form consisting of a rational fraction of Fourier series.
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The generalized method of harmonic balance again involves a
solution form involving cosine, but its argument is taken to the

amplitude function am(u,k):

(4.8) x = r cos(8) where © = am(u, k)

u=wt.k2=

D=

The value of w is to be found in the procedure to follow. From
(1.2a), we see that this method really involves the elliptic function
solution of the unperturbed system (i.e., cn(u,k) where k2 = %) which

is written in a different notation (but is in every way equivalent).

Substitution of (4.8) into (4.1) gives:

(4.9) [% r (r2 - w2)] cos(8) + e L(r,w) sin(0)

+ higher order harmonics = O

From the O(1) coefficient of the cos(®) term of (4.9), we findw =T
(the correct value) for the unperturbed system. By setting L = 0 and
using w = r, we find the same limit cycle amplitude predicted by the
first order average result (4.6).

The reason that this method gives the same result is that the
method involves the same calculation. From the averaging method , we

find setting l_=‘1 = 0 involves:

(4.10a) r' = ¢ f(r) g(x.x') en’
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(4.10b) r' =e f(r) ?KI-Ig cn' du = 1-71
(4]
4K
4.10c F.,=0-2|gcn" du=0
1
o

Since g is odd in x' (and it must be for the harmonic balance method

to work [Mic84]), it can be expanded in a Fourier series in the

angle O:
(-]
(4.11a) g(x.x') = 3 g sin(nB)
n=1
2w
1
(4.11b) g, =7 I g sin(nB) do
o

The lowest order harmonic is then easily evaluated:

4K
(4.12) g = %Ig sn(u,k) dn(u.k) du

o
4K

=-%Ig cn’' du
o

Setting the lowest order harmonic equal to zero then gives (4.10c).
The two methods agree because the unperturbed system is odd in x and

g is odd in x°.
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Garcia-Margallo and Bejarano's second order method [Gar87] is
simply a projection method akin to modal analysis. One looks for a

solution to (4.1) in the form:

(4.13) X =r cn(u,k) + Ty pra(u.k)

where pq(u.k) is some other elliptic function which oscillates (the
choice is not essential). One substitutes (4.13) into (4.1), expands
each function occurring in the resulting expression by its Fourier
series in ©, and collects terms of the lowest harmonic. Using the
first order value for T given by taking Ty = O (see (4.6)), one then
sets the coefficients for the lowest order harmonics equal to zero
assuming r, = 0(e). The value of r, can then be found.

In their work, Garcia-Margallo and Bejarano tried sn(u.k) and
sd(u,k) for pq(u,k) in (4.13) and compared their approximation with
numerical integration at e = 1.0. They found that using either
function destroyed the symmetry of the first order approximation
(which is apparent in the numerical integration) and gave limit
cycles with deformed shapes similar to the exact one. Using sd(u.,k)
did not change the limit cycle radius along the line x' = O but using
sn(u,k) did. They decided that sd(u,k) was better than sn(u.k) for
that reason. They conjectured that this might be a result of sd(u.k)
being a solution to the unpertubed system of eq.(4.1) (sd(u.k) is the
K-shift of cn(u.k) like sin(@) is the -shift of cos(8)). Still,

2
their choice for pq(u,k) is ad hoc with no known way of guaranteeing
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a "better" solution than the first approximation. The second order
average solution, Fig.4.3, is much more accurate than their second
order approximations (see [Gar87]).

In summary, the generalized method of harmonic balance works
well (for the specific types of problems where it works at all) in
determining a first order approximation to limit cycle radius. Its
success is its relative computational ease: its failure is its poor
description of the oscillation unless e is small. Moreover, its
extension into a second order approximation does not work as well as
the averaging approach.

Because we will be concerned with systems where the generalized
method of harmonic balance will not work (e.g., near separatrices,
away from centers, vibrations for which the first harmonic is not
dominant, etc.), we choose to rely on the averaging method in all our
investiagtions of strongly nonlinear systems. Besides, with the
MACSYMA program AVERAGE, computationally intensive calculations are

not performed by the user anyway.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.0 Comparing elliptic with trigonometric averaging

In this chapter, we explore the relationship between averaging
using elliptic functions and averaging using trigonometric functions.
We investigate systems for which the perturbation g depends on three
parameters and gives rise to limit cycles. We then investigate the
bifurcation of limit cycles as the parameters in g are varied. We
show that both the choice of the averaging method (elliptic or
trigonometric) and the choice of the averaging order affect the
qualitative prediction of the number of limit cycles in the system.
Moreover, higher order methods are not necessarily better predictors.

First, we shall provide the first and second order averaging
approximations using elliptic functions and trigonometric functions
for the perturbation g. The perturbation g is a generalized van der
Pol perturbation depending on the parameters 6, p. and n. Second,
the bifurcation diagram showing the number of limit cycles in the
system for n = O is presented. Then, the more interesting
bifurcation diagram of m # O is investigated. Finally, two concrete
examples are explored which show the the failure of the trigonometric
approach and the success of the elliptic approach.

We note that the analysis of some parts of this chapter have

been published separately (see [Cop89a] and [Cop8Sc]).

101
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5.1 Averaging approximations

Throughout this chapter we will use the expression 'first order
trig averaging’ to mean first order averaging using trigonometric
functions. Similar expressions for second order and averaging using
elliptic functions will be used. If the order (first or second) is
not specified then both orders are implied. We now present the
averaging approximations for elliptic and trig averaging, both first
and second order.

We shall be concerned with the system described by (5.1).
. 2 1] l3
(5.1) a>0,B>0.,.,g=06x"+px X +7NX

For elliptic averaging, the cubic term B x3 is accounted for in the
the unperturbed solution. For trig averaging, B is considered as an
O(e) term so that B x3 belongs to the perturbation g. It is this
difference that can make for different qualitataive predictions of
limit cycles. We note that a limit cycle is predicted in the system

described by (5.1) for values ; that make r' = O.
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We will discuss elliptic averaging first. Using (3.31), we find

the first order averaged equation for r to be:

= 1 E =2
(5.2) r'=e$96 - |2a (g-1)-PBr
BBr[ K ]
2 3
8 a E 2ar E r E
+ep[15B2;(1 K)+15}3 (5—6K)+§ (1-2R']
3 2
8 a E 2a = E
+en — (% 1) + sz r (16 = - 15)
[3552r 3P K
=3
ar E -5
+ (16E-23)-g ]
2 B 12
where E = E(k) . K =K(k) . k" =
2 (a+Br)

Since the terms in g are all of perturbation type 11 (see Table 3.3).
Table 3.4 shows that the second order mean ﬁl is identically zero.
Therefore, the prediction of limit cycles for first order and second
order elliptic averaging is the same.

In the analysis of bifurcations of limit cycles in (5.2) it is
easier to work with the following form of r':

2

=, - - -2 =2
(5.3) r=-er[6V1+pr V2+nr (a+Br)V3]

where

1[
vV, = —= |(2K
1732
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1 [.2 9 . E 4 _ .2
v.=—L la2-2)x2+2E -k +1)]
2= 2 K
vl laf-mtrads2-2E@8 -1t )
3 7| K
35K
-2
and E = E(k) . K = K(k) . ¥ = —LT—
2 (a+pr%)

In (5.3). Vi depend only on k2 and are always positive for a and B

satisfying (5.1). We also note that V,, \SY and V3 are the means of
2

cn'”, <:n2 cn‘2. and cn“1 respectively. This form of r can be found

from (5.2) by using the relation:

2k

1 - 2k2

(5.4)

[
WIR

Before we apply trig averaging, we introduce a new parameter f

defined in (5.5).

L]
[}
>

(5.5) B

Using (5.5). the term P x3 can now be considered as part of the
perturbation g. Note that we are ultimately interested in problems
for fixed a and B where eg is considered as small but finite. Hence,
we intend that (5.5) hold to fix B for any e. This means that
smaller and smaller values of e require larger and larger values of B

. so that (5.5) holds for some constant B. Since the rescaling of B
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depends on e, the normal interpretation of the validity of the
averaging method as € » 0 must be altered slightly.

Using AVERAGE, we compute the second order averaged equation for
r to be:

— ozl 23002423 (-

(5.6) r' = er[2+8r +8anr]+e B32ar (p - 3a n)
The first order trig average for r is given by (5.6) ignoring the e2
term. The second order trig average for r includes the 62 term.

Furthermore, (5.5) can be used to give:

’ = - |6 2,3 =2 -4
(5.7) r =-er[—+ﬂr +ganr +§-%1-r (p-3an)]
which is valid to O(es).
The limit cycle conditions for first and second order trig

averaging and for elliptic averaging are now written concisely below:

(5.8a)  1°% Trig 45+ (p+3an)T2=0
-2 45
Or r = = =
p+3an

(5.80) 2™ Trig B(an-p)Ti+4a (Ban+p)To+16a5=0

;2___2a(p+3an)tZJaz(p+3an)2+4aB6(p-3an)
B (p - 3a n)

or
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(5.8c)  Elliptic 5V, +p 2V 412

. (@+BF2) Vy=0

Note that Vi in eq.(5.8c) depend on k(r) so that eq.(5.8c) cannot be
solved explicitly for Tr. However, (5.8c) is easily solved
numerically. Also, (5.8a) agrees with previous work [Ran87].

5.2 The bifurcation set for n =0

We consider the bifurcation set of the number of limit cycles
predicted by each of the averaging methods when n = O. First, we

define a new parameter p,:

6
(5'9) uo == ;'

Then, we express the limit cycle condition of eqs.(5.8) in terms of

llo:
st ’ 1 =2
(5.10a) 17~ Trig Mg=3T
(5.100) 2" Tri ———;2(4a-pF2)—-1-¥2—-P—?4
’ rie Ho = 16a T4 16a
\/
=2 "2
(5.10c) Elliptic Mo =T v—l

A graph of Ko VS- r given by egs.(5.10) is shown in Fig.5.1. The
first order trig and the elliptic predictions are qualitatively the

same. Each predicts one limit cycle for each positive value of Mo

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



107

Mo

1*torder Trig — —— -
22%order Trig — — —

Elliptic _— /

Fig.5.1 The limit cycle condition for n = 0, as determined by
elliptic averaging and trig averaging (first and second order)
given by egs.(5.10). The second order trig averaging can give
qualitatively incorrect results.
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which increases from zero amplitude at Ho = 0. Viewed this way, the
limit cycle is a result of a Hopf bifurcation af r = 0 at the
uo—bifurcation value of zero.

The second order trig averaging predicts two limit cycles for

°<"o<11%

(since one value of Ho intersects the bifurcation curve
at two r values), one for Ho < 0, and none for Ho > 74%’ While the
second order trig curve lies close to the first order trig curve for
smaller r, it begins to flatten out and turn downward crossing the
Mo = O line again at ;2 = é% Limit cycles with amplitudes greater
than ;2 = é%- are predicted when Ho is negative.

Simple energy arguments show that the second order trig
predictions are totally inaccurate for r values away from the first
order trig curve. The first order trig and elliptic curves are
qualitatively correct. In concrete examples where Ho is numerically
specified, however, we find the elliptic averaging prediction of
limit cycle amplitude and shape to be more accurate.

We wish to make clear that the averaging theorem has not failed
even though the second order approach was not an improvement over the
first order approach. This is because of our treatment of B as € B
If we examine where the second order curve first becomes inaccurate,
we see that this scales as % So, had we not fixed B at some finite
constant but had instead treated the x3 term as asymptotically small,

the second order approach would be qualitatively inaccurate only in

predicting very large limit cycles, where x = 0(;1:-) and not x = O(1).
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5.3 The bifurcation set for n # O

We now consider the bifurcation set of the number of limit
cycles predicted by each of the averaging methods when n # O. First,

we define two new parameters i, and pg'

(5.11a) M, = %

(5.11b)

Using (5.11), we express the limit cycle condition given by eqgs.(5.8)
as a family of straight lines of constant limit cycle amplitude r in

the (ul.u2) parameter plane:

t 1 =

(5.12a) 15" Trig Mo =g T (1 +3)

(5.12b) 2™ Tri i (42 - BT2) p, + 3a (da + Br2)
: g Ho = 16a L}

(5.12c) Elliptic = 5-2- \/ + (a+ p?z) \/ ]
: P H2 = v |2 | 3

In egs.(5.12), the slopes and intercepts of the family of lines are
parameterized by a, B. and T. We will now discuss each of eqs.(5.12)
separately and thereby generate the bifurcation diagram for each
averaging method.

We begin with first order trig averaging. From (5.12a), the
slope of each line and its u2-intercept increases with r. The

u,-intercept for every line is the point (ul,pz) =(-3a,0) = P. A
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graph of (5.12a) is shown in Fig.5.2. The regions Iu and I1 each
contain one limit cycle; regions 0u and 0l contain none. The u and 1
subscripts denote upper and lower, respectively.

The uz—axis is a Hopf bifurcation line where a limit cycle is
born at with zero amplitude. The line By =" 3a is a bifurcation
line where a limit cycle of infinite amplitude is predicted. Point P
is a highly singular point: points nearby are very sensitive to
small changes in Y and Ho-

The second order trig bifurcation diagram is much more
complicated. This is shown in Fig.5.3. There are six distinct
regions of the (ul.uz) plane: two regions where there are two limit
cycles (denoted IIu and III)' two regions with one limit cycle (i.e..
Iu and Il) and two regions with no limit cycles (i.e., Ou and 01).
The ul—axis is again a Hopf bifurcation line. The line By = 3a is
bifurcation line where a limit cycle of infinite amplitude is
predicted. In addition, there are two fold bifurcation lines where
two limit cycles of finite amplitude coalesce.

The fold bifurcation curve can be found analytically. The
envelope of the family of lines of (5.12b) is found by simultaneously

solving eq.(5.12b) and the following:

-2
(5.13a) a—% [’1’2’3 [(4a - Br3) uy + 3a (4a+ 5;2)]] =0
r

(2a-p?2)pl+3a(2a+pF2)=o
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Bifurcation set: 1%t order trig
pe

My

Fig.5.2 Bifurcation set for n # 0, as determined by first order trig
averaging (eq.(5.12a)). Along each straight line there exists a
limit cycle of fixed amplitude. In regions Iu and Il there is 1

limit cycle; in 0u and 01 there are none. The ul—axis is a Hopf

bifurcation curve. The dashed line corresponds to a limit cycle of
infinite amplitude. The arrow show the direction of increasing limit
cycle amplitude.
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Bifurcation set: 2™%rder trig
He

Ou

I,

\Lf Lo

My

\\
R

Fig.5.3 Bifurcation set for n # 0, as determined by second order
trig averaging (eq.(5.12b)). Along each straight line there exists a
limit cycle of fixed amplitude. In regions IIu and II1 there are 2

limit cycles; in Iu and I1 there is 1; in 0u and O1 there are none.
The ul-axis is a Hopf bifurcation curve. Along the curves separating
Ou from IIu and 01 from II1 2 limit cycles coalesce in a fold

bifurcation. The dashed line corresponds to a limit cycle of
infinite amplitude. Limit cycle amplitude first increases in the
direction of arrow 1, then in the direction of arrow 2.
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(5.13b) u =- 3 (2a + Pr)

A brief analysis of (5.13b) shows which values of ;2 generate the two

bifurcation curves in Fig.5.3:

(5.14a) 0({T2<2 £: <O  on the fold
(5.14b) o2 Z: u =t® on the fold
(5.14¢c) 2% < ¥2: p >0 on the fold

From (5.14). we see that the lines in Fig.5.3 sweep along in the
direction shown by the arrow marked 1 for 2 of (5.14a). On this
range, the lines "roll” along the left fold, which begins at the
point P given above. The lines then sweep out in the direction shown
by the arrow marked 2 for ;2 of (5.14c). On this range, the lines
"roll” along the right fold.

The equation of the fold is found from (5.13b) and (5.12b) (and

(5.14)):

2
(1y + 3a)

(5.15) My = ;% eyl 2 3
(#1 = 3(1)
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The line horizontally tangent to the right fold occurs for ;2 =4

IR

This tangency occurs at the point given by:

2
(5.16) () = (26 F)

The bifurcation diagram for elliptic averaging is shown in
Fig.5.4. It contains a region of two limit cycles (111)' a region of
one limit cycle (Iu) and a region of no limit cycles (01). The
ul-axis is a Hopf bifurcation line. The diagram contains a fold
bifurcation on which the lines of eq.(5.12c) "roll"” for r increasing.
The fold again begins at the point P given above. The equation for
the fold can be derived in the same manner as was done for the second
order trig diagram but we do not present it because of its long
length.

Looking at the three bifurcation diagrams, we see that the three
methods give very different qualitative results. A comparison
diagram showing the important structures from Fig.5.2-5.4 is shown in
Fig.5.5. It identifies 11 different regions marked a, b, ... ., k. A
comparison of the predictions made by each method in each of these

regions is given in Table 5.1.
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Bifurcation set: elliptic

M2
y

/ P Ky

11,

Fig.5.4 Bifurcation set for n # O, as determined by elliptic
averaging (eq.(5.12c)). Along each straight line there exists a
limit cycle of fixed amplitude. In region II1 there are 2 limit
cycles; in Iu there is 1; in 0l there are none. The ul-axis is a
Hopf bifurcation curve. Along the curves separating O1 from IIl 2

limit cycles coalesce in a fold bifurcation. The arrow shows the
direction of increasing limit cycle amplitude.
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Schematic bifurcation diagram

My

fnd
Qe o

Fig.5.5 Schematic bifurcation diagram for n # O, which shows the
bifurcation curves of Fig.s 5.2 (denoted Trigl). 5.3 (denoted Trig2).
and 5.4 (denoted Elliptic). The number of limit cycles predicted by
the three methods for each region (a-k) is given in Table 5.1.
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Table 5.1 Comparison of limit cycle predictions

Number of limit cycles predicted by
st nd

Region Elliptic 1"~ Trig 2 Trig
a 1 0 1
b 1 1 1
c 1 1 1
d 1 1 0
e 1 1 2
f 2 1 2
g 2 1 0
h o 1 0
i o 0 o

0] 0 0
k 0 0 1

In 7 of the 11 regions (a.d.e.f,g.h,k), the predictions made by the
three methods differ. We have found (using numerical integration)
that the prediction made by elliptic averaging has always been
correct. We believe that the elliptic averaging has been more
successful than the trig averaging for two reasons: (1) it uses all
of the integrable terms in the unperturbed solution and (2) the
frequency-amplitude dependence is already built into the cn function

solution.
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Therefore, the qualitative prediction that a limit cycle exists
in a system is dependent on the method and order of the averaging.
Moreover, Table 5.1 clearly demonstrates that the second order trig

method does not guarantee better results than the first order.
5.4 Examples

We will now show two examples showing the success of the
elliptic averaging when trig averaging fails. The first example is
given in (5.17).

3

(5.17) x'' +x+ .1x 2

- .05x' - .31 x 3

x'+.1x" =0

For convenience, we choose € = O.1. This makes a = 1, B = 0.1,
B-1.6=-0.5 p=-3.1, andn=1. Then from egs.(5.11).

My = -3.1 and Mo = 0.5. These parameter values locate system (5.17)
in region a of Fig.5.5 near P.

From Table 5.1, we see that first order trig averaging predicts
no limit cycle, second order trig averaging predicts (using
eq.(5.8b)) a limit cycle at T = 1.9910, and elliptic averaging (using |
eq.(5.8¢c)) predicts a limit cycle at r = 1.9861.

Fig.5.6 and Fig.5.7 show a comparison of second order trig
averaging and elliptic averaging with numerical integration of
(5.17). For elliptic averaging, Fig.'5.7a shows the first order

approximation; Fig.5.7b shows the second order approximation. (The
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25 F -

20

1.5

0.0

) " 1 o L A 1

_3 o i 1 A L " 1 " A " (| A " b n .
30 25 20 -15 -10 05 00 0.5 1.0 15 2.0 25 3.0

Numerical integration — — — 20 order trig averaging

Fig.5.6 Comparison of numerical integration with second order
trig averaging for the limit cycle in eq.(5.17).
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3.0 ] M L | v 1 M i M 1 M L) M T M L] v L v v

20

15

10 T

05

0.0

-30 A | A 1 i L " L A 1 . A L i I " A " 1 A i D

30 25 20 -15 -10 05 00 05 10 1.5 20 25 3.0

Numerical integration — — — 1%t order elliptic averaging

Fig.5.7a Comparison of numerical integration with first order
elliptic averaging for the limit cycle in eq.(5.17).
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3.0 1 M ¥ M 1 v T M 1 M M T M T L M L] T

05

0.0

1.0

15 ¢

20 F

25 F 1

-3 o A ' n L " L A i A ] A /] i 1 A 1 A 1 n 1 A
30 25 20 15 -10 05 00 05 1.0 1.5 20 25 30

Numerical integration - — — 2nd grder elliptic averaging

Fig.5.7b Comparison of numerical integration with second order
elliptic averaging for the limit cycle in eq.(5.17).
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O(e) transformation has been used in the two second order
approximations.)

The best approximation is seen to be the second order elliptic
approximation, but the second order trig approximation is also good.
The first order elliptic approximation, though not very good, is
still much better than the first order trig averaging which did not
even predict a limit cycle.

The second example shows that second order trig averaging does
not necessarily give better results than first order trig averaging.
The second example concerns the system described by (5.18).

(5.18) x'' +x+ x> +0.035 x' - 0.6 Xx +.1x3=0

Again, we choose ¢ = 0.1 for convenience. This makes a =1, B =1,
B =10, 6§ =0.35, p=-6, and n = 1. Using egs.(5.11), we find
My = 6 and Mo = —0.35. This locates system (5.18) in region g of
Fig.5.5. i

Second order averaging predicts no limit cycles. First order
averaging predicts one limit cycle at T = 0;68. Elliptic averaging
predicts two limit cycles, one at T = 1.12675 (which is stable, i.e.,
attractive) and one at T = 0.83984 (which is unstable, i.e.,
repelling). Fig.5.8 shows a comparison between first order elliptic
averaging and numerical integration. The elliptic averaging

approximation to the two limit cycles is excellent. At second order,

the elliptic approximation coincides with the numerical integration.
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20 e ——— T T

15 ’ .

10

05 1

0.0

1 A i " 1 i A 1 n L " 1

-2.0 -1.5 -1.0 0.5 0.0 0.5 1.0 15 20

-20

Numerical integration — —— 1*t order elliptic averaging

Fig.5.8 Comparison of numerical integration with first order
elliptic averaging for the limit cycle in eq.(5.18).
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These two examples show the superiority of elliptic averaging

over trig averaging for eq.(0.1).
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6.0 Limit cycles in the general case

The examples that have been presented so far in chapters 4 and 5
have had two properties in common: (1) each example has had a zero
second order mean (using elliptic functions) and (2) the unper turbed
system for each example has had just one center at the origin. In
this chapter, we present examples with different properties.

First, we shall investigate a system which has an identically
zero first order mean. Second order averaging is then required for
predicting the correct qualitative behavior of the system. Then we
consider an example from region IV of Fig.2.1 which has a double
homoclinic loop separ#trix in its unperturbed system.

For each of these examples, we will compute the averaged system
using the AVERAGE computer program. Then we will look for limit
cycles by examining the r' equation. Finally, we provide a
comaparison of the averaged system’'s limit cycle(s) with numerical

integration.
6.1 A second order averaging example
Although first order averaging determines system behavior in

many systems, there are instances in which second order averaging

must be used. These cases occur when the first order mean of the r

125

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



126

equation is identically zero. Then, the 0(e2) truncated term from
first order avergaing dominates the system behavior.
We will consider such a system, which was chosen by consulting

Table 3.4. For convenience, we choose:
(6.1) a=1 and B=1

in eq.(0.1) which makes the system lie in region II of the a-f plane
(Fig.2.1). The perturbation is chosen to contain perturbation types

I and IV (see Table 3.3):

2 . 4
(6.2) g =8 X + 8y XX + gy X

The difference between this example and those from chapters 4 and 5,
then, is that the first order mean is identically zero but the second
order mean is not.

Using AVERAGE, the averaged equations for r and ¢ become:

-, _ 2 - - 3
(6.3a) r =¢€ 32 [gl Gl(l‘) + 83 Gs(r)] + 0(e™)
where
c _so?6+299F4+436F2+52_§_199;4+498F2+152
1= K

450 72 (1 + 12) 295 73 (2 + T2)

2

4 E2_(1+719)
+ 5 (%) = -
9K 3 (2472
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and

G =_882?8+4470F6+8665’£4+7050F2+608

3 7350 5 (1 + T2)

+1_z_882?8+3969F5+s1o4F4+8956?2+2176
K 3675 1° (2 + 12)
- E2 (1+52) (97 +187% +32)
K 75 5 (2 + T2)
-, a 2
(6.3b) 5 =+ 0(e%)
- - 2
(6.3c) r=r+e wl(r.cp) + 0(e7)
where
-2 -4
- r 3 r 5 1 -2 2
w,(r.¢) =-g, —gcn -g,—5cn -¢g — (1 + r” en”) cn’
1 13,2 3.2 2 Ia
- g ¥2 (1 + ) sin"}(& sn)
4r
2 2
(6.3d) E = E(k) . K = K(k) , k° = —
2(1+r17)
cn = cn(u,k) , sn = sn(u,k) , cn' = %uﬂ

u=4Ke¢ , ¢ =9 +0() ,
Limits cycles are predicted for values of T which make r' = O.

The limit cycle condition can be written:

(6.4) g __ G0 d g, #£0
. — - an
L3 G4(T) %2
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Fig.6.1 shows a graph of Gl(;)/GB(;) vs. r. From the graph and
(6.4), it is seen that at most one limit cycle exists for fixed
values of g, and g3

We now compare the averaging approximation to numerical
integration. We choose parameter values for 8; that will result in a

limit cycle, using Fig.6.1:

1
(6.5) gl-l.gz-l.g3=—§

We numerically solve (6.4) using (6.5) and predict a limit cycle
amplitude of T = 2.05. A comparison of the averaging approximation
with numerical integration of the original equation (i.e., eq.(0.1)
subject to (6.1). (6.2). and (6.5)) is shown in Fig.6.2 for e = .1.
The averaging approximation and the numerical integration agree very
well. Since the limit cycle is shown to exist at 0(&.2) rather than
O(e). the attraction toward the limit cycle is slow.

This example shows the necessity of using a second order
averaging method. The first order averaged equation for r predicts
the perturbed system to be filled with closed orbits. It misses the
limit cycle entirely. This error in the qualitative dynamics is

corrected by going to 0(62).

R . . .
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50 r

45 |

40

35 1

G, (1)
Gy(r)

25 1

15

05 r

* 0.0

0.0 9.0 10.0

Fig.6.1 The limit cycle condition (6.4) for the system defined by
eq.(0.1), (6.1), and (6.2). The functions Gl(;) and G3(;) are
defined in (6.3a). For given parameter ratio —g3/g1. a limit cycle

of amplitude r is predicted to exist when —galgl = Gl(;)/G3(;). For
g3/g1 negative, exactly 1 limit cycle is predicted; for g:,‘/g1
negative, no limit cycles are predicted.
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Numerical integration — — - 2n¢ order elliptic averaging

Fig.6.2 Comparison of numerical integration with second order
elliptic averaging for the limit cycle of the system described
by eq.(0.1), (6.1). (6.2). (6.5), and € = 0.1. No limit cycle
is predicted at first order.
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6.2 An example from region IV

In all of the previous examples, the unper turbed systems belong
to regions I, II, or III of the a-B plane (Fig.2.1). Each of these
systems is dynamically similar, containing just one center at the
origin. No modulus transformations were needed to extend the normal
definitions of any of the elliptic functions.

We now consider a system from region IV which is not dynamically
similar. It contains a double homoclinic loop separatrix which
divides the unperturbed phase space into three distinct regions (see
Fig.2.1 and Table 2.1). Inside the separatrix, we must use the
reciprocal modulus transformation (see section 1.2) to extend the
normal definitions of the elliptic functions. This example will
provide a check of our work and show that the modulus transformation
saves us work.

For convenience, we choose the system parameters a and B to be
constant. Consulting Table 3.4, we choose a van der Pol type
perturbation for g so that the first order mean is not identically

zero. The values for a, B, and g of eq.(0.1) are given in (6.6).

(6.6) @=-1.P=1.g=6x +pxx'
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From (2.10), the unperturbed separatrix lies at r = vVZand r 2 1
except at the saddle. Using AVERAGE (or (3.31)). the averaged
system becomes:

(6.7a) r'=-e -g- ;2 + 2(% - l)]

3r

e e -1+ 2t%(5 - 6 F) + 8(% - 1)] + 0(e2)
15r

- e [6 D(r) + p R(?)] + 0(62)

(6.7b) v =ggt o(?)
2 2 2 -2
(6.7c) E = E(k) . K=K(k) .k = ,a =71 -1

Note that (6.7) is valid inside and outside the separatrix. The
reciprocal modulus transformation defines K and E inside the
separatrix where k2 > 1.

A limit cycle is predicted to exist at values of r where r' = O.

From (6.7a), this limit cycle condition can be expressed by:

:

(6.8)

o>
=

~—~

"\
o’

A plot of R(T)/D(T) vs. T is shown in Fig.6.3. As r increases from 1
(the lowest value permissble for a in eq.(6.7c) to be real), the
curve descends from a value of 1.0 to a minmium value of
approximately 0.75, and then grows without bound. In so doing, the

curve passes through the value of r =V2at R(;)/D(;) = 0.8., which
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R(r)
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Fig.6.3 The limit cycle condition (6.8) for the system defined by
eq.(0.1) and (6.6). The functions R(r) and D(r) are defined in
(6.7a). For given parameter ratio -6/p. a limit cycle of amplitude r
is predicted to exist when -6/p = R(;)/D(;). The separatrix

condition r = V2 is shown dashed; it intersects the bifurcation curve
at R/D = 0.8 which is also shown dashed. The number and location of

limit cycles determined by the bifurcation curve is discussed in the

text.
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is the value of T corresponding to the separatrix. Thus, a double
homoclinic loop separatrix is predicted to exist under the
perturbation when -6/p = 0.8. In addition, a limit cycle located
outdside this septatrix is predicted at this ratio of -6/p.

Given a fixed ratio -6/p. the number of limit cycles predicted
to exist is equal to the number of values r satisfying eq.(6.8).
These can be found from the graph by projecting a horizontal line
from the vertical axis of Fig.6.3 at the value ~-5/p and counting
intersections with the curve. In addition, the separatrix condition
T = V2 (shown as a dashed line on Fig.6.3) separates the regions
outside the separatrix and inside the separatrix. Since r does mnot
distinguish between the right and left separatrix loops, a value of
T < V2 on the bifurcation curve corresponds to two limit cycles, one
within each loop.

Thus, we can interpret Fig.6.3 as follows:

1: For - &/p < ~ 0.75, no limit cycles are predicted.

2: For ~0.75 < - &/p < 0.8, 2 limit cycles are predicted to
exist outside the separatrix.

3: For -6/p = 0.8, the double homoclinic loop separatrix is
predicted to exist in addition to a limit cycle located
outside it.

4: For 0.8 < -6/p < 1.0, 3 limit cycles are predicted, 1

outside the separatrix and 2 inside it (1 inside each loop)

R . . .
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5: For 1.0 < -6/p, 1 limit cycle is predicted which is located

outside the separatrix.

The study of the bifurcations in this system (i.e., eq.(0.1)
with the conditions (6.6)) was first studied by Takens [Tak74]. The
work was then completed by Carr [Car81] and others. A summary
appears in Guckenheimer and Holmes [GucS6].

Now, we compare the averaging predictions with numerical

integration. We take the parameter values:
(6.9) 5§=1 and p = -1.1
so that -6/p ~ 0.91. From Fig.6.3, we find that there are two

solutions, r, and Ty, to eq.(6.8). Numerically solving (6.8) for r

and Ty we find:

1.33

e ]
[}

(6.10a)

"1
(6.10b) r=r,

1.74

The amplitude ry lies inside the separatrix and corresponds to two
limit cycles. The amplitude Ty lies outside the separatrix. The
choice of the signs of 6 and p make ry limit cycles stable and the T
limit cycle unstable.

Fig.6.4 shows a graph of the limit cycles for the system given

by (6.6) subject to the parameter values (6.9) for € = 0.1. The
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Fig.6.4 Comparison of numerical integration with first order
elliptic averaging for the limit cycle of the system described
by eq.(0.1). (6.6). (6.9), and € = 0.1. The interior limit
cycles are stable; the outside one is unstable.
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graphs of the first order averaging approximation and the numerical
integration are very close.

For higher e, one can use second order averaging to approximate
the limit cycles. This proceeds easily since by Table 3.4, the
second order mean of r (i.e., ﬁl) is identically zero. It is then
valid to use the transformation to 0(e) in the approximation of r.

The transformation, found using AVERAGE, is given in (6.11).

(6.11a) r=r+e wl(;.¢) + 0(62)
where
(6.11b) wl(;.cp) = -—g— [22 + ;2cn cn']

3ra

2

+ £— [-22 a7t - 672 + 4) + T2(2 - 3F%en’)en cn']

15ra
where Z, cn, and cn' depend on (u.k), u = 4Ky ,

and both a2 and k2 are defined in (6.7c)

In using (6.11), we use the O(1) ¢-transformation, i.e., ¢ = 9.

Fig.6.5 shows a graph comparing this second order approximation
with numerical integration for the same problem with e = 1.0. At
this high value of e, the outside limit cycle is highly deformed from
its elliptical unperturbed orbit. Even so, the averaging
approximation is very good.

We point out that it is not possible to rescale the nonlinear
term B to O(e) and perturb using the linear equation since the linear

equation does not possess oscillatory solutions. (Its solutions are
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Fig.6.5 Comparison of numerical integration with first order
elliptic averaging for the limit cycle of the system described
by eq.(0.1), (6.6), (6.9), and & = 1.0. The agreement of the
averaging approximation with numerical integration for this
high value of e is still quite good. The interior limit
cycles are stable; the outside one is unstable.
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expressed by sinh and cosh). By translating to the center in the
unperturbed orbit, one could perturb using the linear system, but
this will only give good results for limit cycles close to the
centers. The outside limit cycle can be found by treating a as 0O(e)
and rescaling, but this involves perturbations of the cubic
oscillator (chapter 4) and not a linear one. Still, for larger €,
the more general approach (which is just as simple to apply because

of the computer program AVERAGE) gives better results.
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7.0 Chaos in a system with a periodically disappearing separatrix

We now explore a slowly varying Hamiltonian system whose
unperturbed system contains a double homoclinic loop separatrix. The
size of separatrix changes periodically with slow time T (=et) and
disappears completely from the unperturbed phase portrait for half of
the cycle. When the separatrix is present, it distinguishes between
three qualitatively different dynamical behaviors: (1) motions thaé
pass through the right separatrix loop: (2) motions that pass through
the left separatrix loop; and (3) motions that pass through neither
loop.

We are interested in the motions which pass through a separatrix
loop during a periodic cycle in 7. After each cycle, we associate a
symbol L (=left) or R (=right) which indicates which side the motion
finds itself. Each orbit of the systeﬁ in time then corresponds to a
symbol sequence of L's and R's. The chaos in the system is related
to the unpredictability of the symbol sequence for a given initial
condition, when the initial condition is known only within some small
tolerance.

We begin with a preliminary discussion of the system, including
a short investigation by numerical integration. Ve also relate the
system to the familiar rotating plane pendulum. The averaging model

is then derived, analyzed, and shown to exhibit chaos in the form we

140
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have discussed. Next, we compare the averaging model with numerical
integration. This leads us to introduce an improved medel that
compensates for some of the averaging model’s shortcomings. A
careful proof of the chaos, along with the explicit symbolic

dynamics, is presented last.
7.1 Preliminary discussion

This chapter concerns the dynamics of a slowly varying
Hamiltonian system for which the unperturbed phase portrait changes
qualitatively with time. In particular, we shall be concerned with

the system in (7.1), suggested by Philip Holmes of Cornell.
o 3

(7.1) x'' ~cos(r) x+x =0, T=€et, e 1
In the notation of eq.(0.1), we find:
(7.2) a=-cos(r) .B=1,g=0
The unperturbed system corresponding to eq.(7.1) is the system for
which T is fixed.

From (7.2), we see that eq.(7.1) belongs to regions II, III, and
IV of Fig.2.1, depending on the value of 7. As T varies, the

unper turbed phase portrait changes from one in which a separatrix

exists (region IV) to one without a separatrix (regions II and I111),
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and then back again periodically (since a is periodic). Since the
unperturbed solution is known for any fixed T (see section 2.1),
eq.(7.1) is viewed as a system of slowly varying phase portraits.

Thus., we shall interpret solutions of eq.(7.1)_in_terms of the

underlying "instantaneous phase portrait”, i.e., the phase portrait
of the unperturbed system at time T.
Since a is periodic, we see that the phase space for eq.(7.1) is

IR2

X Sl. i.e., a plane crossed with a circle. As previously stated,
we choose to interpret eq.(7.1) in terms of the 7-f ixed
cross-sections, i.e., by projecting onto IR2 Hence, we will be
concerned with the (x,x') phase portrait projection (at a "snapshot”
in 7) in understanding the dynamics of the system.

We wish to make clear, however, that the instantaneous phase
portraits are not really part of the dynamics; they only aid in its
analysis. Therefore, when we speak of a separatrix, it is clear that
we mean the separatrix in the {nstantaneous phase portrait and not in
the system itself. Likewise, the fixed point centers inside each
separatrix loop are not fixed points of eq.(7.1). Eq.(7.1) admits
only one fixed point, the origin, whose instantaneous linear
stability in (x.,x') changes with 7.

Before we present the averaging analysis, it is wise to
investigate eq.(7.1) using numerical integration to get a sense of

its dynamical behavior. In Fig.7.la and Fig.7.1b, we show

projections of two orbits of eq.(7.1) onto (x.x'), for different
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Fig.7.1a Projection of an orbit of eq.(7.1), computed using
numerical integration, onto (x.x'). € = 0.1. The motion

is simply an oscillation about the origin with slightly varying
ampli tude.
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Fig.7.1b Projection of an orbit of eq.(7.1), computed using
numerical integration, onto (x.x'). € = 0.1. The motion
shows oscillation to the left of the origin, about the origin,
and to the right of the origin.
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initial conditions. The first figure shows regular motion with
slightly varying amplitude. The second figure shows very complicated
motion with three distinctive features: (1) oscillatory motion about
the origin; (2) oscillatory motion to the right of the origin; and
(3) oscillatory motion to the left of the origin.

The left and right oscillatory nature of an orbit is easier to
see in a plot of x vs.t. This is shown in Figs.7.2a-d for four
different initial conditions, each of which lies on the same initial
energy curve. Oscillations to the left of the origin occur for
x < O: those to the right for x > 0. The symbol sequence for each
orbit is easily found by examining the pattern of oscillation shown
in its x vs.t plot. This is indicated on the figures. The figures
clearly show the three distinctive oscillatory features mentioned
above.

Moreover, Figs.7.2a-d motivate the search for chaos. After each
birth of the separatrix, some trajectories will oscillate within the
left loop while others oscillate within the right loop. Each orbit
must make a choice of either left or right. ‘The averaging model will
show that the.sequence of L's and R’s exhibit sensitive dependence on

: initial conditions, i.e. chaos.

Finally, as a physical example of the chaotic dynamics which

occur in eq.(7.1), we consider the familiar rotating-plane pendulum

[Gre65] shown in Fig.7.3. A plane pendulum is forced to rotate about

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



146

1.4 T M L) v ] v i v T L ] v 1 M 1 v J M L) M L] T v L} M 1 M L) v
12 F 1

1.0 | 1

I | f

04 T .

02 | '} .

x(t) oo

‘12 7

A 'l A L 'l A L " L A 'l A 1 1 n 1 A A

i 1 " 'l P
0. 20. 40. 60. 80. 100. 120. 140. 160. 180. 200. 220. 240. 260. 280. 300. 320.

Fig.7.2a Plot of x vs. t for an orbit of eq.(7.1), computed
using numerical integration, with x(0) = 1.25, y(0) = 0.0,

and € = 0.1. Oscillations on the right occur for x > 0, on
the left for x < 0. The motion’s symbol sequence is RLRLRL.
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Fig.7.2b Plot of x vs.

and ¢ = 0.1.
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t for an orbit of eq.(7.1), computed
using numerical integration,

Oscillations on the

with x(0) = 0.909, y(0) = -0.378,
right occur for x > O, on

the left for x < 0. The motion’s symbol sequence is RLRRLR.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



148

|
R
x(t) \

02 \ .
04 | N 4
06 I 1

L - )
08 { 7
10 4
12 t ]
1.4 [ FEET TP WU TPV MUY SHEPR R W S [P ST

bk 1 A L A 1
0. 20. 40. 60. 80. 100. 120. 140. 160. 180. 200. 220. 240. 260. 280. 300. 320.

Fig.7.2c Plot of x vs. t for an orbit of eq.(7.1), computed
using numerical integration, with x(0) = 0.661, y(0) = 0.0,
and € = 0.1. Oscillations on the right occur for x > O, on
the left for x < 0. The motion’s symbol sequence is RLLLRL.
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Fig.7.2d Plot of x vs. t for an orbit of eq.(7.1), computed
using numerical integration, with x(0) = 0.909, y(0) = 0.378,
and € = 0.1. Oscillations on the right occur for x > O, on

the left for x < 0. The motion's symbol sequence is RRLLRL.
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Rotating Plane Pendulum
LLLLLLL YL \l/
g

Ww_| “

TS

Fig.7.3 The rotating plane pendulum. The mass m slides
(without friction) along a circular hoop of radius R making
an angle of ¥ with respect to the vertical. The hoop
rotates about a vertical axis with angular velocity w.
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a vertical axis with angular velocity w(t). The Lagrangian function

for such a system is:
(7.3) L=3 [R o2 + B2 o(t)? sin? 4.] +mgRcosy=0

where m is the mass of the pendulum, R is the hoop's radius, g is the
acceleration of gravity, and y measures angular displacement. The

corresponding equation of motion is
A 4 2 -
(7.4) v IR w(t)° cos ¢| siny =0

As is well known [Gre65,Arn84], this system, for fixed w, possesses 1
or 3 equilibria depending respectively on whether w2 is smaller or
larger than g/R. In order to see the relation between eq.(7.4) and
eq.(7.1)., we use the following scalings:

(7.5) w2 = %'r e 005(63/21:). ¥ = e1/2 x, t= e-llzn

Substituting eqs.(7.5) into eq.(7.4) and expanding for small e, we

obtain
&>« 3

(7.6) —5 - X cos(en) + -2% x” +0(e) =0
dn

Note that (7.6) is of the form (7.1) for g/R = 2.
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7.2 The averaging model

We will now derive the averaging model for eq.(7.1). Using

(2.20a) and (2.23), the variational equations become:

2
(7.7a) r'=-e l}g_ sin(7) (1 - cn2)
7.7 q>'=—a-'-+evZ+v (ch2+cncn‘)
4K 0 1 ,
where
_ _ sin(7) _ cos(T)
Yo = 4Ka2 and Y1 =% p - 2 cos(T)
and
2
a2 = r2 - cos(T) . k2 = -L2-
2a

Using AVERAGE, we find the averaged equations to be:

(7.8a) r' = -% sin(T) [ - l%] + 0(e™)
—. - -—a. —-—

(7.8b) ¢ =ggte 1-12 + O(e

where ﬁz cannot be computed at the present time (This will be done

shortly). In eqgs.(7.8). the auxiliary variables a, k, K, and E are

defined in terms of r:

(7.9) a2 = 2 - cos(T)
2 T2
(7.9b) 2= —
2 (r° - 1)
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(7.9¢) E = E(k) . K = K(k) with k found from (7.9b)

In addition, we define the variable p as follows:

(7.9d) p = 72

since T is frequently encountered as the expression ;2. Using
(7.9d), a2 and k2 in (7.9a) and (7.9b) can be expressed using p.

Henceforth, the variables a, k, p, E, and K shall be defined using
(7.9).

The generating functions w, are found to be:

(7.10a) wl(;.q») = a—:f sin(7) Z

- 2 1 2
(7.10b) wo(r.¥) = % v, 2%+ 52 vy en” + vy TH(u.K)
where

a 1 E
V3 = Y55 5 =2 cos(T) [2 p - [1 - f(-] COS(T)].
Z is the Jacobi Zeta function defined in (1.5)

and TH(u,k) is defined by (1.25)

In (7.10b), we have chosen the constant of integration w,, to be
zero, which allows the mean of v, to be non-zero.

Because the functions LA and v, are sufficiently simple, the
second order average for ¢ (i.e., -H2) can be computed without too
much extra effort. For this computation, it is easier to take

Yoo = 0. Using the results from section 3.3, we can compute all
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terms of H2 in (3.13b) except for Vi Yoo and Yor: Since we take vi
to have zero mean, it does not contribute to ﬁ2 and can be ignored.
The other two terms cannot be computed yet because of the TH(u.k)
function in w,.
2

To compute _g:n we differentiate (1.25). It is important to
remember that r and ¢ are independent variables, unlike r and u. Ve
find the derivative to be:

IZdu]=5%[4KJ'Zd¢]

8
(7.11) ar = 5

fr—

chp+4KI—d«p

3|
IZdu+I—du

bl -a-l—_——l—z- [22 + k2 cn2]
2kk*

R
SE %I%
2=

St

=2

The value for %’;—“ can be found from (7.11) and (3.25).
Now that we are able to compute each term in H2 (except for vl).
we can find all the functions appearing in the computation of l_{z.

These are listed in Table 7.1.
Table 7.1 Functions & ri in the computation of H

cnz. cn4. cne. en cn', cn3 en', Zcnen', Z cn3 cn', TH

22. 22 cn2 22 cnq. Z3 cn cn’
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The mean of every function in Table 7.1 can be computed as in
section 3.3, except for Z3 cn cn'. This mean is easily found using

integration by parts:

(7.12) ZBcncn':-%k Z° cn -%['2-——] 72 en

Using a MACSYMA program very similar to AVERAGE, we compute the value

of H2 to be:
- ) —_
(7.13) Hy=E,+§ 2 +§, ™
where
EO = co; 3 1 5 [—24.':14 cos sinz(iE(:- 3
24Kp a" (p-2cos)

- 2a2 i 2(E)2 [40 cos2—48p cos+15p2]

+2 %[-Bp‘!cos-b( 15—-3cos2) p3-15 c053p2+2c082(38-35c052) p—36cosss in2]

+ 3p4cos-(4+1 lcos2) p3+6¢os (3+cos)p2-4cos2(7-4cosz)p+16c0535 inz]

El = 1 1 5 [—-2&12c:oszs1112(%)2--2cos?'(6-5co:v.2)p+4cos:3'sin2
4Kp a (p-2cos)
- cos sin ( )(p—2cos)(5p—3cos)+(cos —2)p +3cos(3-2cos )p2]
52 = - l [2cos(l—)-p] [4a cos sin (E)2+p3cos

2Kp a (p-2cos)

+p (2-5cos )+2cos(3cos -1)p+4sin ( )(cos +p cos-p )]
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In (7.13), cos = cos(T) and sin = sin(7) in Ei' Ve see from the
enormous length of the expressions in (7.13) that ﬁ2 is not useful
from a practical standpoint (since computing ﬁ2 at each step of a
numerical integration of ('x_".;‘) involves so many computations that
it dominates the procedure).

4 We will discuss the first order averaging model. For
convenience, we will take (p.¢) rather than (tr.¢) as independent

variables (where p = ;2). The first order averaging model is then:

(7.14a) p' =- 2 e sin(T1) [1 - %]

or %&: - 2 sin(T) [1 - %]

(7.14b) ¢ = 4—;'{‘-
where a. k, E, and K are defined by (7.9) in terms of p using (7.9d).
The expression for the energy h will be important in the analysis of

eqs.(7.14). From (2.7) and (2.8). the energy h is found to be:

(7.15a) %—‘x‘z - -;— cos(T) x2 + %x‘i =h
(7.15b) h = -i-p (p - 2cos(7))
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We note that it is also possible to consider m = k2 as an independent
variable instead of r or p. The resulting averaged equation on m is

separable, but not integrable in closed form:
(7.16) g% = (1-2m) |m - (2m-1)[1 - TE(-]] tan(T)

Since the amplitude-like variable p is casier to interpret
physically, we prefer to use eqs.(7.14).

Eq.(7.14a) is defined on the half-cylinder ¥ = {(p.7) € R'x S}.
Since both E and K depend on the modulus k, we see that the slope
field of (7.14a) is an odd function of T on %#. Thus the
transformation T - -7 leaves (7.14a) invariant, and all orbits are
symmetric about the line 7 = 0. Since (7.14a) has no singularities,
there can be no equilibria in the flow on ¥. Moreover no orbits can
escape to infinity since for large p. k ~ 1/V2, E ~ 1.350644...,

K ~ 1.854075.... so that (7.14a) gives 92 ~ -0.543053... sin 7 and

p ~ 0.543053... cos T + Po- which is a closed orbit. The possibility
of limit cycles in the flow on ¥ is precluded by the Hamiltonian
nature of the unperturbed problem. Thus all orbits are closed and we
may conclude that for arbitrary initial conditions, p(T) is an even
2w-periodic function.

This result is illustrated in Fig.7.4a, which shows f.he results
of numerical integration of eq.(7.14a) for an initial condition
starting within the separatrix. The points A, A', B, B', and C in

Fig.7.4a lie on the same p(7) orbit. As p changes, a given motion
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Fig.7.4a Numerical integration of eq.(7.14a) (shown solid in the
(p.T) phase space) for an initial condition given inside the
separatrix. The separatrix condition, (7.17b) is shown dashed. The
gridded region is not meaningful for the model and should be ignored.
The instantaneous phase portraits for the points A, A’, B, B', and C
are also shown. The orbits corresponding to these points are shown
dashed in the phase portraits.
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moves (slowly, since 7 is slow time) from one instantaneous energy
curve (given by (7.15a)) to another. Using (2.10), we find the

instantaneous energy value h and the instantaneous position of the

separatrix:
(7.17a) h=0
(7.17b) separatrix: p=2cos 7 >0

The separatrix condition, eq.(7.17b), is shown as a dashed curve on
the (p.7) phase space in Fig.7.4a. Note that the region of ¥ lying
between p = O (the origin) and p = cos T (the instantaneous centers
lying inside the homoclinic loops). shown-gridded in Fig.7.4a, is
unreachable from any physically meaningful initial conditions and
should be ignored (the instantaneous frequency a is imaginary in this
region).

The instantaneous phase portraits at the times T corresponding
to the points A, A', B, B', and C appear below the (p.7T) graph in
Fig.7.4a. The energy curves corresponding to the points A, A', B,
B', and C are shown dashed in the phase portraits. From Fig.7.4a, we
see that the area enclosed by the dashed energy curves remains
constant for this p(7) orbit. Thus, this verifies that the adiabatic
invariant J remains constant on an orbit (see section 2.3).

In Fig.7.4b, we show the numerical integration of eq.(7.14a) for
5 initial conditions: 2 starting outside the separatrix, 2 starting

inside the separatrix, and 1 starting on the separatrix. The
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Fig.7.4b Numerical integration of eq.(7.14a) (shown solid in the
(p.T) phase space) for 5 initial conditions. The separatrix
condition, (7.17b) is shown dashed. Some orbits cross the separatrix
condition curve (corresponding to crossing into or out of the
separatrix) while others do not. We denote by Tg the time T at which

at orbit starting at T = O first crosses the separatrix condition
curve (for orbits which do cross). The gridded region is not
meaningful for the model and should be ignored.
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separatrix condition (eq.(7.17b)) is again shown dashed on the (p,T)
phase space. The gridded region is unreachable from any physically
meaningful initial condition and should be ignored. This figure
verifies that all orbits on (p,T) are closed. As expected, we see
that some motions always remain outside the separatrix (h > 0), while
others cross through it, moving between inside the separatrix (h < 0)
and outside the separatrix. (For a discussion of interpreting the
averaging model near the separatrix, consult the end of section 9.1.)
Next let us consider eq.(7.14b) on %% From the fact that p(T)
is an even 2w-periodic function, it follows that so are r(r)., a(T)
and k(7). This makes g—% an even 2w-periodic function of 7 with a

nonzero mean. Hence ¢(T) can be written as:
(7.18) o(1) =0, T+ 0 (T) + %

where 'pper(T) is an odd 2m-periodic function. Both Pav and wper(T)
depend on Py the initial value of p, but are independent of 90"
In order to better understand the dynamics of the averaged

system, we consider a Poincare map P. We choose the surface of

section 3 as a cross section of the ‘phase space:

(7.19) 3 {(x.x'.7T)|T = O (mod 2w)}
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where the values of x and x' are given by eqs.(2.6). Alternately we
may view P as mapping (p.¢)T=O to (r.).ﬂp)_'_=21r , which results in (from

the fact that p(T) is 2w-periodic and from eq.(7.18)):
(7.20) P: (py-9g) = (Poe2T 95,%%0)

Since p is unchanged in (7.20), we see that instantaneous energy
curves at T = O remain invariant under the Poincare map P. For those
curves which lie outside the separatrix at 7 = 0 (corresponding to
h > O in eq.(7.15b)), eq.(7.20) shows that P simply represents a
rotation resulting from a change of 2w Pav in ¢ .

However, the situation for those instantaneous energy curves
which lie inside of the double loop separatrix at 7 = O is more
interesting. For given p, (and hence given h < 0 in eq.(7.15b)),
there are two such disconnected closed curves (L = left, R = right),

“each lying within its own homoclinic loop. The Poincare map P maps
the set of points {L,R} onto itself.

Let T be the slow time between T = O and the crossing of the
separatrix, cf.Fig.7.4b. From Fig.7.4b, T < w/2. Since L is
determined by eq.(7.14a) on p without use of eq.(7.14b) on ¢, it is
clear that T depends on Po but not on ¢,. i.e., all points on a

given instantaneous energy curve reach the separatrix at the same
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instant. Then the motion generating P may be decomposed into three

stages:

12 0<T < Tg during which time a motion remains inside

its original homoclinic loop

2: T 1< 21 - Tg during which time the motion lies

outside of the separatrix

and 3: 2r - T ¢ 7 < 2w, during which time the motion lies
inside one of the homoclinic loops, but_possibly not the

loop within which the motion started.

Let us consider the changes occurring during each of these
stages. We wili follow a typical set of points, call them C, which
are located on instantaneous energy curves Land Rat 7 = 0. At the
end of stage 1 the points C have moved to new instantaneous energy
curves lying just inside of the left and right homoclinic loops
respectively. During stage 1, the separatrix loops have themselves
changed shape, becoming smaller with increasing 7. See Figs.7.5a-b.
We denote by Vg the change in ¢ accompanying this motion, and find

from (7.18),

(7.21) Ap for stage 1: ¢_=¢, T, * 'Pper(Ts)
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Fig.7.5 Schematic of the averaging model flow. The six pictures
(a-f) show the motion of the two initial curves L and R displayed in
(a) through one 27 perioid in 7. The motion can be divided into
three stages, see the text. The Poincare map is shown in (f).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



165

Fig.7.5 (Continued)
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Fig.7.5 Schematic of the averaging model flow (continued).
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During stage 2, all of the points in C find themselves on the same
{nstantaneous energy curve, located outside of the separatrix, see
Figs.7.5c-e. Stage 2 lasts more than half of the forcing period,
during which time the separatrix shrinks to a point, disappears, and
then reappears and grows to the same size it was at the beginning of

stage 2. The change in ¢ during stage 2 is, from (7.18),
(7.22) A¢ for stage 2: qp(21r—‘rs)—¢p(1's) = (2w-2Ts)¢av-2¢per(Ts)

=2ﬂ¢av-2¢s

where we have used the fact that r(T) is an odd 2w-periodic

‘PPe
function. At the beginning of stage 3, the set C is once again
located on two disconnected instantaneous energy curves which are

just inside of the two separatrix loops. By symmetry, the change in

¢ accompanying stage 3 is the same as that for stage 1:

(7.23) Ap for stage 3: P = Pay Ts + cpper('rs)

At the end of stage 3, the set C has returned to its original
position, see Fig.7.5f. However, because of the phase flow ¢ during -
stage 2, some points which were originally on curve L are now on

curve R and vice versa.
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The effect of the Poincare map P on the set C = {L.R} may thus

be described as a rotation of magnitude (from (7.21)-(7.23)):
(7.24) Ap = 27 Pov

combined with an interchange of two intervals between L and R. The

magnitude of the interchanged intervals is, from (7.22):
(7.25) magnitude of interchanged interval = 2r Pav™ 2 P

The endpoints of the interchanged intervals separate initial
conditions which end up on opposite sides of the homoclinic loops
after one forcing period.

The Poincare map P may be characterized by a one dimensional
discontinuous function F(y) which maps the set C onto itself. (F(¥)
is an example of an interval exchange map [Kea75].) The angle ¢
parameterizes C on the range [-1.1). It is found from ¢ by first

parameterizing L and R in ¢ on the range [- ;1!-;11-) and then using

(7.26):
(7.26a) nLl: v=2¢-3
(7.26b) OnR: y=2¢+%

The graph of the function F(y) lies in the square region
[-1.1) x [-1,1) and is displayed in Fig.7.6a.
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Fig.7.6 The Poincare map is displayed as the map F(¥) in (a). Each
point on C (where C =L U R) corresponds to a unique ¥ value which
gets mapped under F to another point of C. F is composed of an
exchange of an interval between R and L and a translation in y. The
50th iterate of F, showing many exchanged intervals, is shown in (b).
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As we vary the particular instantaneous energy curve C on which
P so acts, the magnitude of the rotation, 2w Py ° varies
continuously. In general this magni tude will be incommensurate with
the circumference of the instantaneous energy curve C, which is 1
when measured in ¥y, and so we are generically dealing with an
irrational flow on S1 [Arn84]. If the mapping P is iterated, the set
of endpoints ¥ will continue to grow, and in the limit as 7 = «, this
set will be dense in C. Thus the sequences of L's and R's
corresponding to a particular point on C will be different from those
of other neighboring points on C. This implies sensitive dependence
on initial conditions, a criterion often used to describe chaos
[Dev87]. In terms of the Poincare map function F(y) shown in
Fig.7.6a, high iterates of F(y) will contain many points of
discontinuity, see Fig.7.6b.

For a set of instantaneous energy curves of measure zero,
however, the rotation magnitude will be commensurate with the
circumference of the instantaneous energy curve C and the action of P
will be that of a rational flow on Sl. In this nongeneric case no
chaos will result, as the model predicts periodic orbits.

In section 7.4. we present a full discussion and proof of the

chaos in the averaging model.
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7.3 Accuracy of the averaging model and an improved model

The analysis of chaos presented briefly in section 7.2 is
approximate. In order to test the validity of the approximation, we
compare the predictions of the averaged equations with the results of
numerical integration of eq.(7.1).

In order to generate a numerical version of the Poincare map P,
cf.eqs.(7.19),(7.20). we choose an fnitial condition (x(0).x'(0)) and
integrate eq.(7.1) from t =0 to t = or. For a comparison with the
averaging results, we choose a number of initial conditions all lying
on the same instantaneous energy curve C corresponding to a given
value of the energy h. These initial conditions are shown in
Fig.7.5a. Four snapshots in time of the flow of C during the period
oy in T are shown in Figs.7.7a-d and Figs.7.8a-d for e = 0.1.
Figs.7.7a-d were computed using the averaging model; Figs.7.8a-d were
computed using numerical integration of eq.(7.1). The Poincare map P
is shown as plate (d) in the figures.

Many of the points of P lie in a neighborhood of the right (= R)
or left (= L) instantaneous energy curves corresponding to the energy
h, as predicted by the averaging analysis. However, some points lie
on "threads"” which reach from one side of Fig.7.5a to the other,
winding around R and L, and lying close to the "instantaneous
unstable manifold" associated with the instantaneous separatrix of
the unperturbed system. (For a discussion of separatrices, see

section 7.1 and section 9.1.) The threads represent a continuous
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Fig.7.7 Snapshots of the flow of C: averaging model. Plates (a—d)
show 4 pictures of the flow of the initial set C (given in Fig.7.5a)
at equally spaced quarter-periods. Plate (d) is the Poincare map.
The lines which separate R from L are not part of the model; they

merely make evident the discontuity in the initial curves R and L,
pictured in Fig.7.5a.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



172

T = 0.50m p X T = 1.00w - X
[ >
-t —— /‘;\\
S TN AN
S P x AN x
[USPIE DAPSN PR Sra | ).\l.l,./ml\-l.l.IAIAJ [ Y WP PO S | 1\\«. I\\Ill.l tds fad
i \\/’_: i)
- "//
a

(9]

Fig.7.8
eq.(7.1).

(d) is the Poincare map.
initial set C, some points lie on

Snapshots of the flow of C: numerical integration of
Plates (a-d) show 4 pictures of the flow of the initial
set C (given in Fig.7.5a) at equally

spaced quarter—periods. Plate

While many points of (d) lie near the

“threads” which wind around R, L,

and the unstable manifold of the instantaneous separatrix.
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version of the jump which was predicted at the ends of the
interchanged intervals, cf.Fig.7.7d. However, the nature of the
intervals which are interchanged is much more complicated in the
numerical integration results than in the averaging results. Instead
of just a single interval being interchanged, as in Fig.7.7d, we find
that many intervals are interchanged.

Although the Poincare maps shown in Fig.7.7d and Fig.7.8d differ
significantly, it turns out that the averaging method has worked
quite well except for the threads. A more careful analysis of the
numerical integration that created Fig.7.8d shows that while the
threads make up a large portion of the picture, they arise from very

tiny intervals of the original initial energy curve C (some intervals

as small as 10710

in length). So, while the averaging method works
well on large intervals of C, there exist extremely small intervals
where it fails completely.

Thus, while the averaging results offer a simplified explanation
of the chaos in eq.(7.1). in qualitative agreement with the kind of
unpredictable behavior seen numerically, cf.Fig.7.2a-d, they do not
appear to be asymptotically valid, i.e., the difference between the
behavior of the averaged system and the original system does not
approach zero as € -+ 0. The following discussion is aimed at trying
to explain this.

Comparing Figs.7.7d and 7.8d, we see that the adiabatic

invariance of the instantaneous energy curves in the Poincare map P

predicted by the averaging analysis is verified to a limited extent
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(i.e., the presence of the threads represents a localized failure of

" this invariance). However the manner in which each set of
instantaneous energy curves is mapped onto itself is poorly described
by the averaged egs. (i.e., many intervals are interchanged, rather
than just a single interval). This suggests that while eq.(7.14a) on
p' seems to be in limited agreement with the behavior of eq.(7.1).
eq.(7.14b) on ¢' does not.

A closer inspection of the averaging scheme reveals two
technical problems which arise on the separatrix (i.e.. k2 = 1):

(i) ¢ in eq.(2.21) is undefined at 1(2 = 1 (because K = ®) so

that egs.(7.7b) and (7.14b) are meaningless, and

(ii) eq.(7.14a) is not differentiable (nor Lipschitz), so that

solutions to eq.(7.14a) are not unique.

These problems are discussed in section 3.2 and chapter 9. A brief
summary of chapter 9, as it pertains to eqs.(7.14) follows.

The separatrix is a singular region at which the transformation
to (p.p) coordinates is il11-defined. Once a motion reaches the
instantaneous separatrix, its future motion is not uniquely
specified, i.e., the location of where and when it gets off the
separatrix is unknown. In our analysis we have tacitly assumed that
such a motion gets off the separatrix at the same point at which it
gets on, i.e., crossing is instantaneous. ¥e believe that the
differences between the averaged solution and the results of

numerical integration of eq.(7.1) are due to this assumption.
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We view the region near the separatrix as a boundary layer. Ve
take this approach in creating an improved model of eq.(7.1), i.e.,
we will augment the averaging model with a boundary layer model
applicable in a neighborhood of the instantaneous separatrix.

A full discussion of the separatrix crossing model is presented
in chapter 9. Section 9.1 provides a background to the general model
derived in section 9.2. In section 9.3, the general theory is
applied to this specific system, eq.(7.1). which is summarized below.

In the following discussion, m = k2. Since m = 1 corresponds to
the separatrix at any time 7, we take (m,u) as variables within the
separatrix boundary layer. The boundary layer then corresponds to
values of m near unity. Taking m = 1 + e o, the model of separatrix
crossing away from the saddle at the origin is given by (see chapter

9) (cf.eqs.(9.25)):

(7.27a) u = veos(T) (t - te) + u,
- - tan(7) -
(7.27b) o= =) [tanh(u) ta.nh(u“)] + 0o,

where (a“.u*.t*) are the initial values of (o,u,t) when the motion
first reaches the boundary layer. The values (a*.u*.t*) will be
obtained by patching the averaging model to eqs.(7.27) at the
boundary layer.

Al though eqs.(7.27) offer an approximation for the separatrix
crossing away from the saddle, they are not valid near the saddle

(see the derivation in sections 9.2 and 9.3). Another model is
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introduced for motions which cross the instantaneous separatrix near
the saddle. Letting & << 1, the near-saddle separatrix crossing

model is given by (cf.eqgs.(9.20), (9.21), (9.27)):

(7.28) x=6;cand x'=66;1_
A x,(7,)
(7.29) x =x(7,) cosh(8(t)/e) + ¢ sinh(2(71)/€)
cos(T,,)
(7.30) o(r) = 28 [E(z) - E(z,) + 5 (7, - z)]

~

where z = sn }(VE v |sin -;-l) , v = sign(sin 7), K2 = %

In (7.30). the elliptic functions have the modulus i‘(2 = -;— The value
of L corresponds to the value of T at which a motion enters this
boundary layer. The value of z is found from (7.30) at 7 = 7.
The separatrix crossing model then consists of two parts:

(i) away from the origin eqs.(7.27) are used, and

(ii) near the origin, eqs. (7.28)-(7.30) are used.
The model is an analytic approximation for the flow near the
instantaneous separatrix of eq.(7.1), depending on o, u,. and t.

The improved model combines the averaged eqs.(7.14) with this
separatrix crossing model. Although it would be desirable to

asymptotically match the two boundary layer approximations with the

averaged equations, this is not possible due to the unavailability of
a closed form solution to the averaged equations. Instead, we
numerically patched the averaged equations to the separatrix crossing

model, as follows. As an orbit is numerically computed, the computer
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checks which equations are currently valid, converts to the proper
variables, and uses the proper model equations.

We can understand the improved model in terms of Fig.7.4b. An
orbit starting at T = O travels along the averaged orbit p(7) until
it reaches a neighborhood of the separatrix. Depending on the
orbit’'s phase ¢ at entry, the orbit may cross through the separatrix
boundary layer quickly or slowly. Upon exit, the orbit begins to
travel along (possibly) a different averaged p(T) curve until the
boundary layer is encountered again. Thus the separatrix crossing
approximation determines how long a motion stays in the neighborhood
of the instantaneous separatrix, and which new averaged curve p(7) a
motion lies on after leaving the separatrik neighborhood. In other
words, the separatrix crossing model determines the change in the
adiabatic invariant J (see section 9.1).

We generated a Poincare map using the improved model for
e = 0.1. We show four snapshots of the flow of the initial set C in
Figs.7.9a-d. The qualitative agreement between this model and
eq.(7.1) is excellent. The improved model correctly predicts the
threads which appear in Fig.7.8d and does not produce the
discontinutites which the averaging model did (Fig.7.7d). This shows
that the separatrix crossing model is vital to understanding the
complicated dynamics of the system.

Finally, we prepared three computer movies (one for the
averaging model, one for numerical integration, and one for the

improved model) which show snapshots of the flow of C at each second
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Fig.7.9 Snapshots of the flow of C: improved model. Plates (a-d)
show 4 pictures of the flow of the initial set C (given in Fig.7.5a)
at equally spaced quarter-periods. Plate (d) is the Poincare map.
Each plate compares very well with numerical integration, Fig.7.8.
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of time for the period of 27 in 7 (e = 0.1). Using the movies, we
see how the Poincare map P is created. We see the discontinuities
that the averaging model predicts, the long threads of the numerical
integration, and the improved model’s excellent qualitative agreement

with eq.(7.1).
7.4 Proof of chaos in the averaging model

This section is concerned with a proof of chaos in the averaging
model, based on the one dimensional map F(y) which was introduced in
section 7.2. Although the proof is not especially difficult, it is
rather technical, involved, and tedious. The proof relies on
introducing a symbol dynamics of L's and R’'s on the averaging model,
as discussed in section 7.2. In fact, the proof merely makes
explicit that discussion.

Because this section involves a proof, the details of each step
are considered to be of primary importance, not the overall
discussion (which has already been presented in section 7.2). An
outline of the proof follows. We first make a few necessary
definitions. Then we identify the interval Eg on the right side
which is interchanged (i.e., switch sides from right to left) during
stage 2 (cf. (7.22)). Next ‘we find the pre-image Efg of this
interval with respect to stage 1 (cf. (7.21)). Ve then define the
symbolic coding map ; and the symbolic coding intervals E;é The

symbol sequence coding procedure of L's and R’s for any y (or ¢) is
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then made explicit. An analysis of the set of E;é shows that the
system has sensitive dependence on initial conditions almost
everywhere within the initial condition space enclosed by the

separatrix.

1. Definition of mod I
Let I = [a.b) be a non-empty half-open interval of R. Define

p=vmdIifv€land v - v =n (b-a) for some integer n.

2. Interval definitions
We parameterize C in ¥ using (7.26) where ¢ € [- %%) on each
curve L and R:
v € [-1.1)
Define:
I = [-1.0) Ip= [0.1)

Iyj=1 U Il'z = [-1.1)

U
On the left side of x =0, ¥ € IL; on the right ¢y € IR' In this way,
¢ combines the information of the angle ¢ with the sign parameter p,
providing a canonical representation of each point on any given
energy curve. Also define the symbol I “‘1
14‘: [IL if\ﬁGIL]
if ¢ € IR
3. The Poincare map
From (7.21)-(7.23) and (7.26), we define the relative difference

in angular position Ay between the initial and final ¢ values of
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motion during stages 1, 2, and 3 as follows:
Ay for stage 1 and stage3=2¢smod IRED
Ay for stage 2: = 4 (wvav—q;s) mod IUE‘Y
The value for Ay ignores the number of full cycles (i.e., complete
oscillations) during any particular stage. Define the Ay maps f and
g as follows:
f(y) =y + v mod I\P
g(v) = v + vmod I
Then the Poincare map F(y). which is the relative difference in
angular position for one complete period of T, is simply:
F(v) = fogof(¥)
F(¥) is pictured in Fig.7.6a. A large iterate of F is shown in
Fig.7.6b. As Fig.7.6b clearly shows, the jth iterate of F, Fj, is a
very complicated function with many discontinuities and interchanged

intervals.

4. The antisymmetric bar operator
Define the antisymmetric bar operator as follows. Let ¢ € IU'
Define:
‘;: [¢+1 ifWGIL]
v-1 if g€ IR
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¢ is the antisymmetric image of ¥ with respect to the origin in the

(x.x') plane. It is easily seen that:

¥ =v
\pmodIL=\hmodIR+1=wmod IR
\l;deR=\pmodIR—1=¢modIL
Lemma: f(¥) = f(¥)

LetWGIR. Thenf(‘p)=\l;+vmodIR. f(E)=$+vmodILand

v=yv -1 Thenf(‘-[:)=\p-1+vmodIL=4o+vmodIL=

\p+vmodIR-1=f(4c)—1=f(\p). Let v € I, . Then:IaGIRso

that £(3) = £(3) » £(¥) = £(3) » 1(¥) = £(9).

Lemma: g(¥) = g(¥)

Let ¢ € IR' Then ¢ + v € [-1,2). Then g(y) is given by:

v 1f ¢ + v € [-1,1)
g(\#)=[ ]
g+ -2 if p+v€[1.2)

Now g(V¥) $+1modIU=\h-1+1modIU

[¢+1+1‘if¢+1€[—1.0)]
y+-1 if v+ €[0.2)

g(v)

Let y € 1, Then § € Iy » &%) = 59 = €(3) = 60) = &)

Lemma: F(¥) = F(¥)

F(¥) = fogof(¥) = fog(£(¥)) = f(gof(v)) = fogef(¥) = F(¥)
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5. Intervals interchanged during stage 2
Note that f preserves right and left while g does not. Because
g is antisymmetric (see 4. above), the interval Eg of IR that maps to

IL has an antisymmetric image Eg of IL which maps to IR' Eg is found

to be:
For v = -1% Eg = [0,1) = IR
For ~ € (-1,0): Eg = [0.-7)
For v = O: E_ = [0,0) (the empty interval)

g
For v € (0,1): Eg
Note the special cases for v = -1 in which every point of IR changes

[1-~.1)

[

sides and ¥ = 0 in which no point changes. sides.

6. Pre-images of Eg

The pre-image of Eg with respect to the map f is important
beacuse it is the interval in IR which changes sides under the map F.
We denote the pre-image of Eg by Efg' Then f(Efg) = Eg. Efg is
found to be:

For v = -1: E, =[0.1) =1

fg R

For v € (-1,0):
For v € [0,-]: Efg = [0,-v-7) U [1-v.1)

For v € (-v.1): Efg = [1-v,1-7v-D)

For v = O: Efg = [0,0)
For v € (0,1):
For v € [0,1—]: Efg = [1-v-v,1-D)

For v € (1-v,1): Ef = [0,1-v) U [2-7-v,1)

g
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Then Efg € Iy but F(Efg) €. Similarly, Efg € I; but F(Efg) € Ip.

7. Define the symbolic coding map F
We create a map ; similar to F that is used to code the symbol
sequence of L's and R’'s for any initial condition. Define:
F(¥) = F(¥) mod Iy
Then ; makes no distiction between left or right as F does. It is

easily shown that:
F(y) for F(v) € IR]

FO) = | —
) [ F(y) for F(y) € IL

From above, we deduce that ;(w) = ;(‘1). Furthermore, F can be
expressed as a much simpler function than F, i.e.,

;(¢)=¢+2v+1modIR

8. Exceptional cases: v = -1 and v =0

For v = -1, the entire left and right sides are interchanged in
the Poincare map. Therefore, every initial condition on the left has
the same symbol sequence, namely L.RLRLRLRLe++ where the first digit
indicates the initial side L. Similarly, every initial condition
from the right side has for its symbol sequence R.LRLRLRLR:--.

For v = 0, no intervals are ever interchanged so that every
initial condition from the left has L.LLLI111ILe++ for its symbol
sequence and every initial condition from the right has R.RRRRRRRR---

for its symbol sequence.

i
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We define a regular value of v to be one for which 7 is not O or
-1, i.e., not an integer. These cases allow for much more

interesting symbol sequences.

9. Symbol coding intervals in the regular case
Using 6. above, we find that the interval Efg has one of the two
following forms for some values ‘4'; depending on v and 7:
Define \P:; by:
+ =3, - Z=3,.,"
¥ = Fup and v] = FI0R)
el P + p +
Then F (‘#j) = “'E' i.e., \Pj are the pre-images of wE with respect to
;j. Define the symbol coding intervals E;.j as follows:
[w;.¥}) for ¥\ > ¥7
E}é [ 3"V 3 j]
0, 1) f <
X \PJ) v [‘4'j ) for ‘PJ \Pj

wlep=dy = Jp-d =
Then F (Efg) = Efg' From that and 7., F (Efg) is either lEZfg or Efg'

Lemma: For y € E;g or Efé FJ(W) and FJH(\P) are on different sides.

Suppose FJ(E;i) =E;_ € 1. Then FJH(E;é)

R F(Eg,) € I by

Efg and

definition of Eg_. Also, F-’(E;g) = FJ(E;g)

FJ“I(E‘J) - F-’*I(E‘-’) = F(E;g) € Ip. Therefore, the lemm

holds. The supposition that FJ(E J) E follows similarly.
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10. Symbol coding procedure

For ¢ € IU' define its symbol sequence as d(y) = do.d1d2d3d4°"
where do represents the side that the initial condition is located
and d, represents the side which the orbit is located at T = 2rj.

J
i.e., after j iterates of the Poincare map. Each digit d, is coded

J
by:
L i er
4,0 = | 3 |
R if Fi(y) € IR
Since 1"‘1 is much more difficult to work with than ;J. an alternate
(but equivalent) method based on ; and E;g is used. First, define

the two successor functions S and S:

S = Use same digit as the previous one (i.e., use R for d.i if

dj-l = R)
S = Use opposite digit as the rpevious one (i.e.. use R for dj
if dj—l = L)
Now define WR = ¥ mod IR' Then d(y) is characterized by:
4 - r L if Y € IL]
o=
R if ¢ € IR
S if w, € Eg3
d _ R fg
#1 7 1 g -3
S if \PR € Efg

Once d(¥) is known in terms of do and a sequence of S and S. the LR
symbol sequence for d(y) is easily found using the definitions of the
successor functions S and S above.

We now explain the coding procedure. For "'R € E;é either

v € E;é or ¢ € E;é Then by 9. above, FJ(\P) and F"ﬂ(w) are on
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different sides. Therefore, the (j't'l)th digit is opposite to the jth

digit (i.e., S is the appropriate coding). For \pR ¢ E;i, neither ¥

I -J
nor Y belongs to Efg‘
same side (i.e., S is the appropriate coding).

Therefore, FJ(‘#) and FJH(\P) must be on the

11. Properties of \lf‘l;
Let ¥ = { wj } ={ \p;, “'3 : §=0,1,2,3,°+°}. Also, let

A=1, -V

R
Suppose 4;; = w‘;_‘_q Vj for some integer q > O. Since F is simply

a translation map, \p; = W}*’q also occurs. By definition then,

FIwh) = v + @ (20 + 7) mod Iy = Ve
Thus, q (2v + 7) = p for some integer p. Hence, (2v + v) must be
rational, having the value % Furthermore. the implication follows
in reverse so that:
qf; = wjﬂl 1ff (20 +7) = g- 1ff E;é = E;éj“”

This implies that dj+1 = dJ"‘Q"‘l Vj so that all sequences d(y) are
periodic with period q. Moreover, the cardinality of ¥ (denoted |¥|)
is at most 2q. i.e. finite. Thus, A contains open intervals of IR in
which every ¥ has the same symbol sequence d(y).

Suppose Vq > O, 4::: # \P:;+q Vj. Then (2v + 7) is irrational and
|¥#] = @. Detailed information about sequences is not known.
However, ¥ is dense in IR because ; is an irrational translation map
on the rational circle [0,1). This i'mplies that given two points wo

and 4«1 of IR no matter how close, there exists a \p'; between them.

Thus, dNO) and d(wl) can only agree for the first j digits because
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they must disagree at the (j+1)th digit. By definition, then, IR has
sensitive dependence on initial conditions.

The discussion of the sequences generated by IL follows
analogously. The characterization of IR above holds equally well for
IL‘

12. Chaos in the system

We have shown that the initial set C either: (i) generates only
periodic symbol sequences; or (ii) has sensitive dependence on
initial conditions. The characterization of C depends only on the
values v and 7, which depend on p and e. For fixed €, both v and ~
are continuous 1-1 functions of p. Therefore, the quantity (2v + 7)
changes continuously with p.

Since the initial set C also changes continuously with p, we see
that (2v + v) changes continuously with the initial set C. Now the
the number of initial sets C within the initial separatrix for which
(2v + v) is rational has Lebesgue measure zero. Therefore, (2v + 7)
is irrational almost everywhere within the initial separatrix.

Consequently, the interior of the initial separatrix has
sensitive dependence on initial conditions almost everywhere. Thus,

the system is chaotic [Dev87].
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8.0 Perturbations of the disappearing separatrix system

The disappearing separatrix system of chapter 7 serves as the
foundation for investigations into more complicated related systems.
In chapter 7, we found that the qualitative dynamical behavior of the
system is predicted by analyzing the system on the (p.7) phase space,
where p is the square amplitude and T is slow time (see sections 7.2
and 7.3). Using the flow on the (é.-r) phase space, computed using
the averaged equations, we showed that the system exhibits chaotic
behavior.

In this chapter, we investigate a related system constructed by
adding a constant linear stiffness 7 and a van der Pol type
perturbation g to the system of chapter 7. This system is
investigated by analyzing its (p.7) phase flow, computed using the
averaged equations. We show that for various ranges of parameters,
this system exhibits transient chaos and "limit tori”, and that the
averaging model predicts attracting chaotic orbits.

Ve begin by using the MACSYMA program AVERAGE to obtain the
averaged system. Then we discuss the effect of v and g by analyzing
the (p.7) flow. Finally, we investigate the averaged system for the
existence of limit cycles on the (p,T) phase space. Such limit
cycles are interpreted as *1limit tori” and attracting chaotic orbits

in the original (x.,x',T) phase space.

189
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8.1 The averaged system

This chapter is concerned with a perturbed slowly varying
Hamiltonian system which is similar to the disappearing separatrix

system of eq.(7.1). In particular, we shall be concerned with the

system in:
" 3 N 2 .
(8.1) xX''+ |[r-cos(T)| x+x +e |5x'+nx x'| =0
In the notation of eq.(0.1), we find:
. 2 .
(8.2) a=v-cos(r) .Bp=1,g=56x"+nNx X

where v, &, and 7 are constant parameters. System (7.1) is
recoverable from (8.1) by taking v = 6 = n = 0. The phase space for
eq.(8.1) is (x.x',T) € R?‘xsl. a plane crossed with a circle. As in
chapter 7, we shall interpret solutions to eq.(8.1) in terms of the
instantaneous phase portrait of the unperturbed system at time 7 (see
section 7.1), i.e. we shall project onto IR2 The unperturbed system
corresponding to eq.(8.1) is the system in vhich g = O and 7 is
fixed.

The averaged system is computed using the AVERAGE program (see
section 3.5). Just as in chapter 7, we take (p.¢) as independent

variables, where p = ;2. rather than (r.¢)., since the averaged
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equations depend on r, only in the form ;2. The averaged system for

(p.¢) is then found to be:

(8.3a) L - F(p.7) + 6 £,(p.7) *+ 1 £5(p.7)

where

F(p.T) = - 2 sin(7) [ - F'K]

fz(p,'r) = -1—2 [8 ['7 - cos('r)]z[l - %] +20p [‘7 - COS(T)] [5 -6 %]

+3p2 [1-2%]]

(8.3b) ¢’

Rl

In eqs.(8.3). p. k2. and a2 are defined as follows:

(8.4a) p = 2
(8.4b) a2 =p + v - cos(T)
2
(8.4c) k* =L 5= ™ £ )

2 a

Since the right-hand side of eq.(8.3a) is periodic in T with period

2w, the phase space (p.T) for (8.3a) lies on the cylinder € = |RxSl.
The position of the instantaneous separatrix as a function of

the time v is important to kmow for describing the qualitative

behavior of orbits in (x.x'.7). Points in (p,7) which correspond to
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the separatrix (i.e., which make k2 =1 in (8.4c)) lie on the curve

ps(-r) given by:
(8.5) ps(r) =2 [cos('r) - -r] . 7 € cos(T)

The curve ps('r) is denoted the separatrix curve.

Recalling section 2.1, the assumed solution form given in
eqs.(2.6) (i.e., x=pur cn(u,k), where u = a t + uo) is oscillatory
only when the instantaneous frequency a is real. Thus, requiring a

to be real in (8.4b) gives the restriction:
(8.6) p 2 cos(T) - 7

Since the unperturbed phase portraits for eq.(8.1) belong to regions
II, III, and IV of Fig.2.1 (because B = 1), the restriction given by
(8.6) is met for any point of the (x,x'.T) phase space. Hence, those

points of the (p.7) cylinder not meeting condition (8.6) do not

correspond to any point (x.x’ ,7) of the phase space: they are not

physically meaningful for the model and should be ignored.

We note that eq.(8.1) has a trivial solution x = 0, which is of
the solution form x = r cn(u,k) for r = 0. Hence, p = ;2 =20 is a
solution to (8.3a) when k2 in (8.4c) is interpreted as also being
identically zero. Because this solution is fully known and not

interesting, we will igmore the existence of the trivial solution

throughout this chapter.
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The restriction given by (8.6) determines a boundary of the

orbits of the (p.T) phase space on the cylinder. We call this

boundary the p-boundary curve and denoted it pb(-r):
(8.7) pb('r) = max (cos(t) - 7. 0)

All orbits on € (except the trivial one) lie above the p-boundary
curve (i.e., p 2 pb).

We first discuss the effect of the linear stiffness v, i.e. we
take 6 = 7 = O in what follows. First, for v > 1, condition (8.6) is
satisfied Vp and no separatrix exists (from (8.5)). The system never
possesses an inctantaneous separatrix at any time T, and the
instantaneous (x,x') phase space always contains just one fixed point
at the origin.

For v < 1, an instantaneous separatrix exists for some interval
in T (since v < cos(7) for some T in (8.5)). Moreover, the
p-boundary curve encloses a physically unmeaningful region of the
cylinder €. For |1| ¢ 1, the separatrix and p-boundary curves

intersect p = O at the value of T given by:
-1
(8.8) r=cos (v) . Il <1
For v < -1, the separatrix and p-boundary curves exist V7 and do not

intersect p = 0. The separatrix curve is twice the height in p of

the p-boundary curve at each value of T (cf. eqs.(8.5) and (8.7)).
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The maximum height of the separatrix occurs at 7 = 0 at which time
Py = 2 (1 -17).

The three intervals of v which are qualitatively different are

then:

(8.9a) Case (i): v 21
(8.9b) Case (ii): -1 <~ <1
(8.9¢c) Case (iii): =~ S -1

For case (i). no separatrix exists. For case (ii), the separatrix
exists for part of the period 2w in 7. For case (iii), the
separatrix exists for the whole period.

A picture of the vectorfield given by eq.(8.3a) for 6 =n =0
and the trivial equation:
(8.10) L
on the (p.T) phase space is shown in Figs.8.la-c. Plates (a-c)
correspond to the cases (i), (ii), and (ii1), respectively.
(Fig.8.1b 1s simply a different representation of Fig.7.4b.) The
flow in each figure is conservative and the (p.T) phase space is
filled with close orbits. This can be seen by tracing along an orbit
from T = -x to T = w following the direction of the vectorfield. The
separatrix curve ps(T) and the p-boundar& curve pb(-r) are shown as

solid lines in each figure.
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Fig.8.1a Effect of 7 in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a) and (8.10) for 7 = 1.5,
6 = n = 0. The phase space is filled with closed orbits.
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Fig.8.1b Effect of 7 in eq.(8.1). Plot of the (p.7)
vectorfield given by (8.3a) and (8.10) for 7 = 0,

6 = n = 0. The separatrix curve is shown using a solid
line. The p-boundary curve, also shown using a solid line,
encloses the unmeaningful region (shown gridded). The
phase space is filled with closed orbits. Some pass
through the separatrix curve, while others do not.
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Fig.8.1c Effect of 7 in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a) and (8.10) for v = -1.5,

5 = n = 0. The separatrix curve is shown using a solid
line. The p-boundary curve, also shown using a solid line,
encloses the unmeaningful region (shown gridded). The
phase space is filled with closed orbits. Some pass
through the separatrix curve, while others do not.
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In Fig.8.1la, the phase space consists of the entire cylinder €.
The p-boundary curve is simply the line p = 0. The separatrix curve
does not exist.

In Fig.8.1b, some orbits cross from outside the separatrix to
the inside and back again, while others remain outside the separatrix
vT.

There are three distinct regions in Fig.8.1lc: (1) a region
where orbits remain outside the separatrix Vr; (2) a region vhere
orbits cross from outside to inside and back again; and (3) a region
where orbits remain inside the separatrix Vr. Orbits which remain
inside the separatrix Vr can never change sides (right or left); the
averaging model works well for these orbits (except for those too
near the separatrix at T = ). The orbits which remain within the
separatrix V7 are simply modulated oscillations with non-zero mean
(i.e.. they oscillate about the instantaneous fixed point within the
separatrix loop).

We now discuss the effect of the damping term & x', i.e., we
take n = 0. In Figs.8.2a-c, a picture of the vectorfield is shown
for fixed 6 at the same 7 values of Figs.8.la~c. In Fig.S.Za. the
entire vectorfield has a negative slope, indicating p decreasing
everywhere in (p.7), i.e., a damped oscillation in (x.x',t).

In Fig.8.2b, much of the vectorfield has a negative slope;
however, near the separatrix for T < O the vectorfield has positive
slope. Investigating fl in eq.(8.3a), we see that fl(p.'r) = 0 on the

separatrix since E/K - 0 as k » 1. So, the only contribution to g%
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Fig.8.2b Effect of & in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a) and (8.10) for v =0, 6 = 0.5
n = 0. The separatrix curve is shown using a solid line.
The p-boundary curve, also shown using a solid line,
encloses the unmeaningful region (shown gridded). While
each orbit damps overall during each period, some which
pass near the left of the separatrix curve increase in p
for a short time in 7.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



201

6.0 A s [ B A T
R NN e N O U U R A
L Vv ss~s~==~>yyvhuhvhvvavahg

s.o\\\\“""“\\\\\\\\\L
YN NS ~ A YA TR TR TR
YN N S YV NN NN

wrP >N NNV VN N NS
) S T NNV NN N Y
f N SN =~ - A W W W N |
Yy N~ = - AUV N N §

O N \\\\:.
Y s~ - - NN N}
+ ~ - - NN N %
20 N
NN T
NN\ T

10 & N

\
T

T 314 1.57 0.00 1.57 314

Fig.8.2c Effect of & in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a) and (8.10) for v = -1.5,

5 = 0.5, n = 0. The separatrix curve is shown using a
solid line. The p-boundary curve, also shown using a
solid line, encloses the unmeaningful region (shown
gridded). While each orbit damps overall during each
period, some which pass near the left of the separatrix
curve increase in p for a short time in T.
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comes from the F(p,T) term, which has positive slope on the
separatrix. Hence, no matter the value of 6, the vectorfield slope
near the separatrix is positive for v < O.

From this, we conclude that while p decreases overall during one
period in T, there exists a region of the (p.T) phase space for which
p must increase. That is, for some interval of slow time T (which may
be a very long time in t when € is very small), the amplitude of the
oscillation increases even under damping.

For this damped case, the averaging model predicts that all
orbits in (p.T) eventually decay in p, becoming asymptotic to pb(T).
the p-boundary curve. If we consider separatrix crossing effects as
was done in section 7.3, we must suppose that some orbits will cross
the separatrix more slowly than the averaging method assumes. These
orbits will increase greatly in p (compared to the averaging model
prediction) by remaining close to the unstable manifold of the saddle
as the séparatrix grows. Once the orbit has crossed the separatrix,
p again decreases. This dynamical behavior has been verified in
numerical simulations of eq.(8.1). In fact, since an orbit must
cross inside the separatrix and then out again during each period in
v, the system is still conjectured to be chaotic in the same manner
as (7.1).

Fig.8.2c is similar to Fig.8.2b in that for 7 < O near the
separatrix, the vectorfield slope is positive irrespective of 6 > O.
The dynamical behavior. however, is different since the p-boundary

curve exists Vr. Points on pb(T) with p > O correspond to the
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instantaneous fixed points within the instantaneous separatrix (cf.
eq.(2.10). eq.(8.7)). Since pb('r) exists V7, these instantaneous
fixed points exist Vr. Therefore, the attraction of an orbit toward
pb(-r) indicates attraction to one of the instantaneous fixed points.

The approach to the p-boundary curve for most points, however,
must pass through the separatrix curve first. Depending on the
strength of the damping 5. an orbit may change sides from R to L many
times before approaching a particular instantaneous fixed point. The
averaging model, then, predicts transient chaos, at least for very
small but positive 6. If we again consider separatrix crossing
effects, the prediction of transient chaos for some orbits still
holds.

Lastly, we discuss the effect of ., i.e., we take 6 = 0. A
picture of the vectorfield in (p.7) is shown in Figs.8.3a-c for the
same values of v as in Figs.8.la-c. It can again be verified that
f2(p.'r) = 0 (with f2 defined by (8.3a)) on the separatrix, so that
there exists regions in (p.T) where p is increasing although 7 x2 x'
is a (nonlinear) damping term. The type of dynamical behavior
follows very closely the case for 5> 0 and will not be repeated. We
do note, however, that the vectorfields for 6 > O and for n > O are
not identical so that the possibility of limit cycles in (p.7) for
particular values of & and n exist. This is explored in the next

section.
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Fig.8.3a Effect of 7 in eq.(8.1). Plot of the (p.7)
vectorfield given by (8.3a) and (8.10) for v = 1.5,
5 =0, n=0.5. All orbits damp toward p = O.
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Fig.8.3b Effect of 1 in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a2) and (8.10) for v = 0. 6=0

n = 0.5. The separatrix curve is shown using a solid line.
The p-boundary curve, also shown using a solid line,
encloses the unmeaningful region (shown gridded). While
each orbit damps overall during each period, some which
pass near the left of the separatrix curve increase in p
for a short time in T.
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Fig.8.3c Effect of 1 in eq.(8.1). Plot of the (p.T)
vectorfield given by (8.3a) and (8.10) for v = -1.5,

5 =0, n=0.5. The separatrix curve is shown using a
solid line. The p-boundary curve, also shown using a
solid line, encloses the unmeaningful region (shown
gridded). While each orbit damps overall during each
period, some which pass near the left of the separatrix
curve increase in p for a short time in 7.
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8.2 Limit Cycles on (p.T)

We now explore conditions for the existence of limit cycles on
the (p.T) phase space and its implications for the (x.x',T) phase
space. In searching for limit cycles on the (p.T) cylinder, we
cannot simply require p' =0 (as is done in chapters 4, 5, and 6 for
r') because p = constant is not a solution to the unperturbed system
(; = constant is a solution to the unperturbed systems of chapters 4,
5, and 6). Therefore, we will derive a condition for the bifurcation
of a limit cycle from the periodic orbits on (p,.T) based on the
Fredholm alternative [Gre78]. (For the systems of chapters 4, 5, and
6. this gives the requirement that r' =0.)

For g = 0, the (p,7) phase space is filled with closed orbits,
i.e., p is 2w periodic in 7. The solution of (8.3a) for 6§ =n =0 is
denoted p*(T;po), where p*(O:po) = Po- For g # O, the closed orbits
(in general) break apart. However, some closed orbit may give rise:
to a limit cycle because the vectorfield in the p direction due to (]
and n cancel on the average.

The derivation of the limit cycle bifurcation condition follows.
First, we must scale the perturbation terms 5 and n in a new

asymptotic variable € (i.e., € << 1):

(8.11a) 5= e 5

(8.11b) n=¢€ M
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Now, we re-write eq.(8.3a) in short-hand notation:

d
(8.12) L = F(p.7) + &) £(p.7) . &) K1
where f(p.7) = 3 fl(p.T) + % f2(p.1)

and F(p.T). fl(p.T). and f2(p.r) are defined in (8.3a)

The solution to the € = O system of (8.12) is p*(t:po). We look for

a solution to the € # O system in the form:
»* 2
(8.13) p=p % 51 q+ 0(61 )

Substituting (8.13) into (8.12) and expanding the result in a Taylor

series in € gives:

]
dp 49 _ p(p* gF * 2
(8.14) i teéi1ar" F(p .7) + ¢ 3p u q+e€ f(p .7) + O(e1 )
p=p

Solving (8.14) for %g-(noting that p* solves the € = 0 system)

gives:
d %
(8.15) T = A(ripg) a + £(p.7)
0y =2E
where A(T.po) =3 N
p=p

Eq.(8.15) is a linear first order equation for q.
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We now introduce a linear operator structure for (8.15). Define
the inner product (u,v) by the integral over 2w in T and the linear

operator L via eq.(8.15):

2w
(8.16a) (u,v) = J‘u v dr
0
(8.16b) L= d—ﬂ- - A(Tipg)

Then eq.(8.15) can be written in operator notation:
%
(8.17) Lq = f(p .7)

A bifurcation from a closed orbit p* (indexed by po) to a limit
cycle occurs if q is 2w periodic in T so that p in (8.13) is periodic
to 0(612). We now suppose q is 2w periodic in T. Then the adjoint

operator L* is found to be:

% d
(8.18) L = - 5 - Al7ipg)

The Fredholm alternative [Gre78] states that for solutions to (8.17)

to exist (for q a 2v periodic function of 7)., (z.f) must be zero for
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all z that make L*z = 0. Since er =0 is a first order linear

equation, we can easily solve it. The solution is given by:
T

(8.19) Z(T)’= c; exp(- I A(s;po) ds)
0

Therefore, the bifurcation condition (z.f) = 0 is written as:

-
(8.20) I exp(- I A(s:po) ds) f(p*.T) dr =0
0 0

For ease of notation, define the function I(po) as follows:

2w T
(8.21) I(p,) = I exp(-I A(s:pp) ds) £(p".T) dr
0 0

Then the bifurcation condition, eq.(8.20). is expressed by I(po) = 0.
The closed orbit p*(T;pO) that makes I(po) = O gives rise to a limit
cycle.

We now find conditions on the paraméters & and n for the
existence of a limit cycle. We first define the functions ;i(po) as

follows:

T
(8.22a) ;l(po) = I exp(- I A(s:po) ds) fl(p*.r) dr
o] 0
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2r T
(8.22b)  f,(p,) =I exp(- | Alsipg) ds) f5(p".T) dr
0 0

Then the bifurcation condition, eq.(8.20), is expressed by:
(8.23) 6 £,(py) + m fa(py) =0

Solving (8.23) for the ratio of /n, we find:

(8.24) 5. P(po
n fl(po)

We define v to be the ratio 6/;1. Eq.(8.24) is then written:

(8.25) v = - £(pg)

~ £ (N
vwhere f (po) = 72—'2-
f,(pp)

A value of Po satisfying eq.(8.25) for a fixed parameter ratio
v = 3/;; = &/n. corresponds to a limit cycle bifurcating from the
»*
orbit p ('r;po) at e, = 0.
As an example of the limit cycle condition given by eq.(8.25).
we consider eq.(8.1) for v+ = 0. From (8.6), we see that Po 21. On

the separatrix, pg = 2 (from (8.5)). A graph of f(po) vs. Pg is
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shown in Fig.8.4. The graph starts with value ;(1) ~ 0.3 and
increases montonical ly as Po increases, becoming nearly a straight
line for large Po- On the range 1 ¢ Po < 2, the curve is nearly
horizontal. For -v > 2(1). one limit cycle is predicted (since a
horizontal line through -v intersects the ;(po) curve at one point).
For -v < ;(1). no limit cycles are predicted.

Now we interpret limit cycles in the (p.T) phase space in terms
of the system phase space (x,x' , 7). Consider an orbit of the
averaging model which lies on a limit cycle in (p,T) located wholely
outside or inside the separatrix. Since p is periodic in T, r.
a(r)., and kz(;) must also be periodic in 7. Therefore, the averaging
approximation for x and x' (given by eqs.(2.6) and (2.21)) lies on a
torus with angles T and ¢. If the period of motion in ¢ over the
time T = 27 is conmnsﬁrate with 27, the motion is periodic;
otherwise, it is quasiperiodic. This is an example of a
"limit-torus”, a generalization of a limit cycle in 2 degree of
freedom systems. The "limit-torus” is predicted to occur in the
original system, eq.(8.1).

Limit cycles on the (p,7) phase space can also give rise to
transient chaos. Suppose a stable limit cycle is contained wholely
within the separatrix. Then motions starting outside the separatrix
which are attracted to the limit cycle pass through the separatrix
curve on its way toward the limit cycle. If the attraction is weak,

an orbit may cross the separatrix curve many times before reaching
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Separatrix condition
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Fig.8.4 Example of the limit cycle condition for v = 0.
given by (8.25). A limit cycle is predicted for the
parameter ratio v = &/n bifurcating from the closed orbit

»*
p ('r;po) for Po values satisfying -v = f(po).
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the limit cycle, changing from right side to left side after each 2w
period in 7 in an unpredictable fashion.

Now consider an orbit of the averaging model which lies on a
limit cycle on (p.T) which passes through the separatrix. The x and
x' motion cannot lie on a torus because the sign parameter p in
eqs.(2.6) is not periodic in 7 (in general). If u were periodic in
T. then every initial condition on an instantaneous energy curve
would switch sides in the same manner, regardless of ¢, which does
not occur in general. The averaging model predicts that the initial
conditions lying on the instantaneous energy curve C(=LUR)

" corresponding to the Po value of the limit cycle have sensitive
dependence on initial conditions (in general). This follows from the
arguments presented in chapter 7. Orbits generated by these initial
conditions are chaotic. Since the limit cycle in the (p,T) phase
space is attractive, orbits initially near C are attracted toward the
orbits of C. Hence, the (x,x',T) phase space is predicted to contain
attractive chaotic orbits.

We found in chapter 7 that the averaging model is an excellent
predictor of the qualitative behavior of a system away from
separatrices. Therefore, the averaging model prediction for limit
cycles which pass through the separatrix must be treated with some

skepticism. In using deriving the bifurcation condition, we assumed

that the orbits p*('r) were periodic. This is not truly the case when

we consider the effects of separatrix crossing, at least for most
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jnitial conditions. Hence, we cannot conclude that limit cycles

exist on (p.7) which pass through the separatrix. Numerical

integrations, however, suggest that the system is chaotic.
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9.0 Separatrix crossing

We briefly discussed the problems with the averaging method near
a separatrix in sections 3.2 and 7.3. Ve extend our discussion in
this chapter. As noted in section 3.2, the averaging method becomes
invalid in a neighborhood of a separatrix because the leading order
instantaneous frequency (i.e., -:4%) becomes zero. The period then
becomes arbitrarily high independent of €. The averaging
approximation, however, is only valid for times of 0(%). which is
less than the period of the unperturbed periodic orbits near the
separatrix. Therefore, the notion that a perturbed orbit remains
close to the unperturbed orbit over one periodic cycle breaks down.

In order to remedy this problem with the averaging
approximation, we introduce a new model of separatrix crossing. This
model will replace the averaging approximation in a neighbbrhood of a
separatrix. In this way, the neighborhood of a separatrix is viewed
as a boundary layer (abbreviated b.l.) in the phase space.

We begin with a general discussion of separafrix crossing
problems. Then we present the separatrix crossing model as a
combination of two different models: one which is valid away from
the separatrix's saddle, the other valid near it. Finally, we apply
the general theory to the disappearing separatrix system of

chapter 7.

216
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9.1 Discussion

Before we can investigate separatrix crossing, we must first
understand some properties of separatrices themselves. A separatrix
is a special orbit of a dynamical system which is asymptotic to a
saddle as t = + ®. Points of a separatrix that are forward
asymptotic (i.e., as t = + ®) belong to the stable manifold of the
saddle; points that are backward asymptotic (i.e., t = - ) belong to
the unstable manifold. It is possible for a point to be both forward
and backward asymptotic to a saddle. In region IV of Fig.2.1, the
separatrix consists of two homoclinic loops (i.e.., the stable and
unstable manifolds of one saddle coincide); in region VIII of
Fig.2.1, the separatrix consists of two heteroclinic connections
(i.e.. one saddle’s unstable manifold coincides with the other's
stable manifold).

In the unperturbed systems corresponding to eq.(0.1) which
contain closed orbits (see Fig.2.1), the separatrix is either
homoclinic or heteroclinic. In the perturbed systems corresponding
to eq.(0.1), however, this is (usually) not true. While the stable
and unstable manifolds of a saddle persist under perturbations, the
saddle-saddle connections generically break.

In both the unperturbed and per turbed s‘ystems. the separatrix
separates qualitatively distinct regions of phase space. In the

unperturbed system, the regions consist of closed orbits. In the
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perturbed system, the regions consist of the global basins of fixed
points and the point at infinity. (The global basin of a sink is the
set of points in initial condition space which is attracted (forward
asymptotic) to the sink. A similar definition holds for sources and
the point at infinity.)

Since the separatrix is an orbit and each orbit is unique (from
the uniqueness theorem for differential equations), no orbits can
cross a separatrix (which is why it forms a boundary). The term
"separatrix crossing” cannot, therefore, refer to a crossing of the

actual separatrix of a system. What it does refer to is an orbit of

the perturbed system crossing the unperturbed system's separatrix.
This can occur because the unperturbed system's separatrix is not an
orbit of the perturbed system.

The unperturbed system's separatrix is important to the
approximation, however, because the approximation is based on the
dynamics of the unperturbed system. Its variables (e.g‘.. the
averaged variables (r.¢)) must be interpreted in terms of the
unperturbed system. For example, the value k(r) = 1 corresponds to a
separatrix in the perturbed (averaged) system just as k(r) =1
indicates a separatrix in the unperturbed system. Thus, the problems
in the averaging procedure noted in section 3.2 arise in a
neighborhood of the unperturbed system’'s separatrix.

For the rest of this chapter, we shall use the term "separatrix”
to mean the separatrix in the unperturbed system, not in the actual

(perturbed) system.
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The concept of separatrix crossing in a perturbed system is not
new. In fact, this has been explored for many years ih slowly
varying Hamiltonian systems from fields such as particle physics,
celestial mechanics, etc. Henrard [Hen82] has studied capture into
resonance for the slowly varying pendulum equation. Cary, Escande,
and Tennyson [Car86] have investigated adiabatic invariant changes
for general slowly varying Hamiltonian systems. Henrard [Hen] has
written a treatise of the adiabatic invariant in classical mechanics.

These works have dealt with perturbed systems which are
Hamiltonian. Their goal is the accurate prediction of changes in the
adiabatic invariant J (see section 2.3) after a separatrix crossing.
They are able to show that the change in J is sensistive to the angle
¢ at entry into the boundary layer. Moreover, J changes by O(e) for
most ¢ values but changes by 0(1) for others. They also show that
the probability of capture into a loop is the same for the left and
right loops of the separatrix of region IV (of Fig.2.1) since the
loops are symmetric with equal area. (More generally, they show that
the probability of capture is proportional to the area of the loop.)
While these results are interesting and do relate to eq.(0.1) through
our variable r. the approach that is used to find the change in J is
not suited for modelling the flow of a particular orbit.

Since the problem with averaging near a separatrix involves the
0(1) instantaneous frequency becoming zero, it is also possible to
view separatrix crossing as a resonance problem. In this way. the

separatrix b.1. is simply a resonance b.l. Resonance b.l.s are
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discussed in the texts by Kevorkian and Cole [Kev81] and Sanders and
Verhulst [San85]. In the boundary layer, the perturbed system is
expanded in a Taylor series using an appropriate normal variable.
The solution to the truncated b.l. equations can then be matched to
the solution outside the b.1. It is this approach which is used in
modelling separatrix crossing in section 9.2.

Finally, we wish to note how the averaging procedure fails on a
separatrix. It is not necessary that the generating functions in the
transformation become unbounded. For example, in the disappearing
separatrix example of chapter 7. the generating function wl(;.np)
remains bounded at k = 1. The averaged equations, however, do not
satisfy the uniqueness condition for differential equations (i.e..
they are not Lipschitz on the separatrix). Hence, solutions to the
averaged equations are no longer unique: once on the separatrix, a
solution may remain there indef initely.

From a practical standpoint, the lack of uniqueness of the
averaged equations on the separatrix is not a problem, at least to
numerical simulations of the averaged equations. Because K
approaches infinity very slowly (see Table 1.3), the computer does
not compute very high values for K (the true high value of K being
the source of the averaging problem). It is easily shown that for
k=1- 10-100. the value of K is approximately 116.17 which is not
very high compared to the highest number that the computer can use.

Since most computers do not have the precision of 100 floating point
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decimal places anyway, the value of K at the separatrix is calculated
to be on the order of 10.

Therefore, the instantaneous frequency -74% is never computed to
be very close to zero, which results in solutions being uniquely
prescribed. These solutions correspond to the separatrix crossing
condition that all orbits cross the separatrix instantaneously, i.e.,
they lie on the separatrix for only one instant of time.

Furthermore, this poor numerical approximation of K near the
separatrix permits ¢ to be defined by eq.(2.21) everywhere in the
phase space. Thus, the averaging model is well-defined numerically,

even close to the separatrix.

9.2 Separatrix crossing model

In this section, we derive a separatrix crossing model from
eq.(0.1) which is valid in a boundary layer about the separatrix. It
is preferable to consider the two different separatrices separately.
Thus, we will model the separatrix in region IV (of Fig.2.1). For
region VIII (of Fig.2.1), one would use the transformed system
variables (w.kz) to model the separatrix crossing. This case follows

analogously.
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Since k2 = 1 corresponds to the separatrix for any r and T, we
take (kz,u) as variables in the boundary layer. For convenience,

define m by:

(9.1) m=K

The variable m measures distances normal to the separatrix; the
variable u measures distances along the separatrix, see Fig.9.1. The
separatrix\boundary layer, then, is defined to be a small
neighborhood about m = 1.

The variational equation for u is given by (2.20c): the
variational equation for m is found from eqs.(2.20a), (2.6c), and

(9.1). The equations are expressed in the compact notation of (9.2):

(9.2a) m' = e F,(mu.7)
(9.2b) u' =a(m7T) + e F2(m.u.'r)
where

amry = [T%; ]1/2

Fy(mu.t) =-¢g (1-2m)2 @E cn’
+ m (1-2m) ({-g% [(2m-l) sn” - 1]

+m (1-2m) -é-gg [m (cn4 -1) + 1]
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Fig.9.1 The boundary layer variables (m,u). The variable m
measures normal to the separatrix; the variable u measures
along the separatrix. m =1 on the separatrix, and m > 1 on
the inside. The saddle is indicated by u = £ @, with u = 0
being the furthest from the saddle.
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Fy(m.u,7) = g (1-2n) -};é cn - 2m (1-2m) cn' %m‘i
+ -;—%g-‘:—_ (1-2m) E-n:nc—rz‘-.-— 4 m %m‘l [1 + (1-2m) snz]]
+ %%—g—gm [Lcn +1()1n‘2m o, 4 (1-2m) g% [m (cn4 -1) + 1]]

Now consider an O(5) neighborhood of m = 1, where 5 <1, and

introduce the boundary layer variable o:

(9.3) m=1+do0

We now substitute (9.3) into egs.(9.2) and expand in a Taylor series

about m= 1, i.e., 6 = O:

: oF, 1.2 2911
(9.42a) 60’ =¢ Fl(l’“'7)+5°aT +§6 0" —5— 4+ oo
m=1 om m=1
(9.4b) u' =a(1.7) + 5022 +L15° 025".2_% 4 eee
om 2 2
m=1 om" |m=1
oF, 1.2 29F,
+ e |[Fo(l,u,7t) + 6 0 53— + = §° of —= 4 ooe
2 Om 2 2
m=1 om~ |m=1

Here & is a free parameter and can be chosen in any way we wish.
Since the problem also involves e, we choose 6 = ¢ for convenience in

what follows. Eqs.(9.4) become:

oF 3°F

(9.52) o' =F(lLu.t)+eo |+ 1o .
m=1 om> |m=1
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) da
(9.5b) u' =a(l,7) + € [a -a—ml + F2(l.u.1')]
m=1
oF
L fady o ]
om" |m=1 m=1

In egs.(9.5). one must remember than u depends on k and
therefore on m. Hence, the derivatives of u with respect to m are

computed to be:

du_dudk _1du__1 du
(9.6a) dn = dk am = 2k dk ~ - K
(9.6b) “2“=_1_9_2_“-__1 du
w2 M g2 kX
i i n
(9.6¢) du . 3 bn(m)ﬂ—;‘1
dm =1 dk

where bn(m) depends only on m. We have noted that %;— is nonperiodic:
d"u
&— is similarly nonperiodic.
am®
n

Furthermore, d—% is unbounded at m = 1. This can be seen by
dm

n
evaluating -d—:‘- by differentiating under the integral sign in the
dm

defining equation for u:

(9.7) u = F(6.m) = Je dy
0 Jl -m sinz(w)
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Then setting m = 1 results in the formula:

u
i '
(0.8) L¥- Lf-i-LI sinhZl(u) du
dm 4" {i! 0
1 2n-1
= dO u+ 2 d_sinh (u) cosh(u)
n

n=1
where dn are simply numbers
diu

Formula (9.8) shows —3 as exponentially unbounded for large u.
dm

Knowing this result, we see that egs.(9.5) can be an asymptotic

series in e only for:

(9.9) lul ¢ <=
diu

so that the 3 terms arising in the series are always bounded. The
dm

condition that u satisfy (9.9) restricts the validity of eqs.(9.5) to
a region in the separatrix boundary layer away from the saddle point
(where u = % ®).

Under the restriction of (9.9). it is valid to truncate

eqs.(9.5):
(9.10a) o' = Fl(l.u.-r)
(9.10b) u' =a(l.7)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



227

In egs.(9.10), we have assumed a(1,7) = 0(1). If this is not the
case, then the u equation must be truncated after the O(e) term. Ve
do not discuss this case.

The solution of (9.10b) is easily found using the two-variable
expansion method or the method of multiple scales. We look for a

solution in the form u = u(t,T) where T = et. The solution for u is

found by:
, _ d 8u du
(9.11a) u ='d-%=-a-€+e-a-1-,=a(l.1') + 0(e)
du
(9.111)) -a-E = a(l.‘r)
(9.11c) u = a(l,7) (t-t,) + u,

where ty and u, are constants. With the solution for u known,

eq.(9.10a) can be solved by quadrature:

t
(9.12) o= IFl(l.a(l.T) (t-t,) + u,.71) dt + 0,
t

»*

The values of x and x' are easily determined from o and u.

First, note that:

(9.13) K

m=1+e¢eo0
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Using (2.6c). we find the amplitude r in terms of k2=

2 K2

1 - 22

(9.14) 2 = z

Expressions for x and x' may then be found using eqs.(2.6):

(9.15a) x = pu v cn(u,k)
(9.15b) x' = ur acn'(u,k)
wherea2=a+Br2andu=:t1

The choice for the sign parameter p is determined upon entry into the
boundary layer. For entries from the right side (i.e., x > 0),
p = +1; from the left side (i.e., x < 0), p = -1.

The inverse transformation, from (x.x') to (o,u), is found by
first solving for o in (9.13) and then for u in (9.15a). In solving
for o, it is assumed that the value of k2 for (x,x',t) is known
(e.g.. from the averaging model). The value of u is chosen to be its

principal value, i.e. u lies within the range given below:
(9.16) -K(k) < u < K(k)

Using (9.16), each point (o,u,t.u) corresponds to exactly one point

(x.x',t).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We now explicitly characterize the boundary layer. A system
point (x,x'.t) lies in the boundary layer if, when expressed as

(o.,u,t,n), its o value satisfies:
(9.17) lo] < %1

where %1 is the half-width of the b.1l. The value of %u1 is rather

arbitrary, cf. eq.(9.13) where & o, , measures the half-thickness of

bl
the b.1l. in terms of the quantity m. For a given e, the value of %1
is chosen to be small enough so that the Taylor series approximations
for (o',u') in the b.1., egs.(9.5), remain valid. In addition, the
value of 91 must be large enough so that the numerical integration
of the averaging model does not step over the b.]1 without passing
through it. The point at which an orbit enters the b.l. determines
the values of (a*.u*.t*.u). The separatrix crossing model then
determines u(t:t*.u*) and a(t:a*.f",u*) using (9.11c) and (9.12).
There are two different ways an orbit can leave the b.l. The
most common is that o no longer satisfies (9.17). The other way
arises from insuring that (o.u.t.p) corresponds to exactly one
(x.x',t) point. This is guaranteed when u satisfies (9.16). But the
solution for u given by (9.11c) may not satisfy (9.16) at some time
t, > t,. This corresponds geometrically to a motion which either (a)
passes across the x-axis close to the saddle inside the separatrix,

or (b) passes across the y-axis close to the saddle outside the

separatrix. If this does occur, then we treat the system point at
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t =t, as a new entry into the b.l. (although the point may always
satisfy (9.17)). The values (a*.u*.t*.u) are re-computed at t = t,
and the solutions (9.11c) and (9.12) are used again.

If we did not treat u in this way, we could not uniquely specify
o'. The expression for o' is a non-periodic function of u because it
is computed from a Taylor series of Fl(m.u.T) (cf. eq.(9.2a)) about
m = 1, the separatrix. On the separatrix, the elliptic functions
appearing in Fl are non-periodic (or, equivalently, they have
infinite period). Thus, allowing two different u values, uy and Uy
to specify the same point in phase space would give two different
values for o'.

The separatrix crossing model based on egs.(9.10) is valid only
under the restriction of (9.9) (insuring that the series in egs.(9.5)
are asymtptotic in e). Therefore, we cannot use these equations when
|lul is arbitrarily large, i.e.., in a neighborhood of the saddle point
{tself. Near the saddle, another model must be used that is not
dependent on the Taylor series expansions in egs.(9.5). For this
model, we use eq.(0.1) directly. First, scale x by x(t) =& ;(T)
where 6 < 1 and T = et. Then eq.(0.1) becomes:

(9.18) 52 X, ta x + 62 x3 + e g(o ;. ed ;'.7) =0
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We assume that ;cﬂ_ is 0(1/62). Then to first order, eq.(9.18)

becomes:
(9.19) e“x _+ax=0

We then can apply the WKB method [Ben78,Sim86] to (9.19) to find x to

leading order:

(9.20) ; = ;:(-r*) cosh(ﬂ%)-) + e x‘r(-r*) sinh(gL:)-)
-a(T,)

T
where &(T) = I\/-a('r) dr
T

(valid for T such that a(t) < 0)

In (9.20), 7, is a constant at which time ;( and ;'r are known (usually
taken to be at the entry point of the saddle neighborhood boundary
layer). The solution in (9.20) is well-defined since the system lies
in region IV (of Fig.2.1) where a < 0. The values of x and x' are

given in (9.21):
(9.21) x=6x and x' =€ 66X
Thus, the separatrix crossing model consists of two parts: (1)

away from the saddle point, where (9.11c) and (9.12) are used: and

(2) near the saddle, where eqs.(9.20) and (9.21) are used. The time
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taken to cross through the separatrix boundary layer is dependent on
the angle u, at entry ijnto the b.1. This property is in contrast to
the averaging model of chapter 7 in which it was assumed that motions
instantaneously crossed the separatrix.

The separatrix crossing model is an analytic approximation for
the flow near the separatrix, which depends on the three parameters

Opr Uy and t_. It is characterized by its action on an orbit as it
crosses through the b.1. Viewed in this way. the model is a

2-dimensional map from (u*.t*) at 0 = 0y, (i.e., at entry) to

determines the time and change in phase within the b.l. for a system

point.
9.3 Application to the periodically disappearing separatrix system

As an example of the separatrix crossing model, we apply the
method outlined in section 9.2 to the disappearing separatrix system
of chapter 7 (a = - cos(7), B = 1, g =0). Ve f:ind I"i and a in (9.2)
to be:

m (1-2m) tan T [2 (1-m) + (2m-1) cn2]

(9.22a) Fl(m.u.-r)

(9.22b) F2(m.u.'r) % (1-2m) tan T SnCh . 4m g% (2 dn2 - cn2)]

dn

1
cCoS T
(9.22c) a = "zu-"-l]
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From (9.22), we then calculate the terms appearing in eqs.(9.5):

(9.23a) Fl(l.u.'r) - tan T sech2

oFy 1 2
(9.23b) 77— = = tan T |3 + sech® (u tanh - 9)
m 2
m=1
1 1 2 2
(9.23¢) —35~ = =— tan T |-64 + 187 tanh® + 67 u sech™ tanh
2 16
om~ |m=1

+ 2 u2 sech? (1 - 3 tanh?) - 2 sinhZ ta.nhz]

(9.23d) a(l.7) = vcos T

(9.23e) n = -Vcos T
m=1
62a 3
(9.23f) -a-m—2 = 5 Veos T

(9.23g) F2(1.u.1') = - -;— tan T [2 tanh - u sech2]

aF

(9.23h) 5m—2| 1=Té-tan'r[~32tanh+l3u+351nhcosh

-21u tamh2 -4 u2 sech2 tanh - tanh sinhz]

where the argument for all hyperbolic functions is u

We see that the expressions in (9.23c) and (9.23h) are exponentially

unbounded in u. Egs.(9.9) become:

(9.24a) o' =-tanT sech2(u)
(9.24b) u' = vcos 1
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The solutions to eqgs.(9.24) are then:

(9.25a) o=—-—20T [tanh(u) - tanh(u*)] + 0,
COS T
(9.25b) u = veos 7 (t - t) +u,

It is also possible to explicitly find &(7) in eq.(9.20) for the

near-saddle separatrix crossing model. Using the substitution:

(9.26a) T = 2 sin }(k sn(z.k))
(9.26b) =3

2(1) is found using elliptic functions! The solution is expressed

as:
(9.27a) e(r) = 22 [E(z) - E(z,) + 5 (2, - z)]
(9.27b) z= sn_l(wfz- v |sin %D

where v = sign(sin 1)

in which z is the incomplete elliptic integral of the first kind and
the modulus is given by (9.26b).

Recall that the crossing dynamics depend on o,. u, and t_, the
b.1. entry values of o, phase and time. For the purposes of
numerical computation, we will now fix o, and t and compute the time
taken to cross through the boundary layer for a set of points on the

boundary layer edge (which are specif ied by u*). We choose € = 0.1
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for convenience. We found that for this e, o, = 0.4 works well
numerically. Initially, all points are located on the same
instantaneous energy curve (determined by o = abl) located inside
the right separatrix loop.

We expect that some orbits will be carried near the
{nstantaneous unstable manifold of the separatrix and quickly moved
away from the saddle and through the b.1. We also expect that some
orbits will be carried near the instantaneous stable manifold of the
separatrix. These orbits will approach the saddle very closely.
remaining there until the separatrix shrinks by them. For these
orbits, the time taken to cross through the b.1. will be much longer.

A graph of the crossing time, computed without the near-saddle
approximation, vs. the initial angle u, for t_ = 5.0 is given in
Fig.9.2. In Fig.9.3. the near-saddle b.1. approximation has been
included in computing the crossing time for the same initial data.
The near-saddle b.l. width associated with eqs.(9.21) was taken to be
0.05 Jé;;_('l’)-. which changes with the size of the separatrix. This
was done so that the near-saddle b.l. model applies only near the
saddle point for any size separatrix.

Both figures bear out our expectations. Ve see that including
the near-saddle approximation does not affect the graph much,
although the crossing times for u, which took a long time to cross
without the near-saddle model have been elongated slightly. This

shows that the near-saddle approximation is not as important to the
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Fig.9.2 Separatrix crossing time, computed without the near-saddle
approximation, for a set of points located inside the right
separatrix loop defined by o, = 0y, = 0.4, t = 5.0, and € = 0.1.

This corresponds to m = 1.04 initially, see the initial condition
inset. Points exit the b.l. when o = O Points carried near the

unstable manifold cross quickly (i.e., in small times); those carried
near the stable manifold cross slowly (i.e., in large times).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



237
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100 [~ t‘ =5 u =-K(m) -

90 I

80 I
L u. =0 -
70 | u. =+K(m)

60 Initial conditions
- (m=1.04)
50

40

Crossing time t
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3.0 20 -1.0 0.0 10 20 30
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U,

Fig.9.3 Separatrix crossing time, computed with the near-saddle
approximation, for a set of points located inside the right
separatrix loop defined by o, = o1 = 0.4, t = 5.0, and e = 0.1.

This corresponds to m = 1.04 initially, see the initial condition
inset. Points exit the b.l. when o = Oy Points carried near the

unstable manifold cross quickly (i.e., in small times): those carried
near the stable manifold cross slowly (i.e.. in large times). This
figure is qualitatively the same as Fig.9.2.
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qualitative behavior of the model as the approximation of crossing
the separatrix away from the saddle.

For comparison of the model with the actual dynamics, we
numerically integrated the same set of initial conditions. Using the
energy h in eqs.(2.7) and (2.8), we computed a "fictitious” k2 value
which was used to monitor the system point. Using (9.13), we
calculated o and checked for exit of the boundary layer. The result
is Fig.9.4, which is very similar to Figs.9.2 and 9.3. Fig.9.4
verifies the qualitative accuracy of the separatrix crossing model.
Finally, we note that the averaging model predicts a single crossing
time, t = 2.048, for each point u. This does not compare well with

Fig.9.4. except for a small interval of u,.
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Fig.9.4 Separatrix crossing time, computed using numerical
integration, for a set of points located inside the right separatrix
loop defined by o, = o1 = 0.4, t = 5.0, and € = 0.1. This

corresponds to m = 1.04 initially, see the initial condition inset.
Points exit the b.1l. when o = “Op1 Points carried near the unstable

manifold cross quickly (i.e., in small times); those carried near the
stable manifold cross slowly (i.e.. in large times). This figure
compares well with Fig.9.2.
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10. The forced Duffing equation

In chapters 3-9, we considered perturbations g which did not
depend explicitly on the time t (but g could depend on T = € t, see
chapter 3). Now, we shall consider the case in which g does exhibit
explicit t dependence. The averaging method is again applied using a
near-identity transformation; however, the method relies on Fourier
series expansions which limits the usefulness of using cn(u.k) as the
solution to the unperturbed system in each region of the a-B
parameter plane (Fig.2.1). Furthermore, a computer program for this
case was not attempted because it would need to be able to generate
Fourier series expansions of products of en®, cn', and Z. Since the
Fourier coefficients must be found using contour integration
techniques in the complex plane (see the derivation of cn
coefficients in section 1.6). such a computer program would be an
enormous undertaking.

Still, the averaging method can be applied explicitly by hand,
at least for simple problems. The best way to show its application
is by example. Hence, we will consider the forced Duffing equation,
i.e., small harmonic forcing of eq.(0.1) for fixed a and B.

First, we will determine resonance zones and compare resonances
in the nonlinear system regions II and III with the linear system

region I (of Fig.2.1). Then, we apply the method of averaging inside

240
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and outside these resonance zones, and qualitatively predict the
behavior of the original system. Next, we show the equivalence of
the subharmonic Melnikov method approach [Guc86,Gre83,San85] .
Finally, we qualitatively predict the dynamics of the forced Duffing

equation with small damping.
10.1 Resonance Zones

We consider the forced Duffing equation given by:
(10.1) x"+ax+ﬁx3—efcos(wt)=0

We take a, B, f. and w as parameters which do not depend on t in any
way. From eq.(10.1). we see that the perturbation g depends
explicitly on t. The phase space for (10.1) is (x.x',t) € lR2xSI. Ve
define projective phase space to be the projection from H(2><S1 onto

IRZ. We shall restrict attention to the parameter range

(10.2) a0 and B 20O

which corresponds to regions I, II, and 111 of Fig.2.1. This is done
for convenience, since in these regions the unperturbed system

(taking € = O in (10.1)) has cn(u.k) as its solution where

(10.3) 01K <3
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so that the Fourier series of cn(u.k) given by (1.42b) holds. For
other regions of Fig.2.1, one must use the transformed variables
(either (v.kl) or (w.kz), see section 1.2) because Fourier series do
not transform to Fourier series under modulus transformations.

We note that the Fourier series of cn(u.k) given by (1.42b)
contains expressions of the form %when k = 0. This is because
K'(0) = » making the sech function zero and %appears in (1.42b).
Since cn(u,k) for k = 0 is simply cos(u), these indeterminate forms

are fully known. For ease of writing the Fourier series expansion of

cn(u,k), then, we use (10.4).

0
(10.4a) en(u,k) = 3 c_ cos(v u)
n n
' n=1
€0 ) LA
(10.4b) where v = 5+ u=2a t +u,
and
w '
(10.4c) c, KK sech('vnK ) for k>0
where K' = K(k') . k2 =1 - ¥

cl=1.c =0 ny1l fork=0
n

From (10.4), we find cn’(u.k):

D

©
g L
(10.5) cn’ = F= = nf.l T, ©n sin('vnu)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



243

Using the Fourier series expansion for cn', we are able to

express the variational equation for r (eq.2.20a) as:

(10.6) r‘'=-=e€ ig cn' = e ::— f cn' cos(wt)

[ ]
21 Th n sin('vnu) cos(wt)

©
e f
=-5a p> "h n [sin(‘vnu + wt) + sin('vnu wt)]

[ 4
= -%% T v c [sin(\lt;) + sin(w;)]

n=1 n
= +
=e Fl(r.\pn)
+
where y_ = v u ¥ ot
n n
1’-‘1 depends on r via a, 7. ¢, k, K, and K'. From (10.6), we see

that u and t reside on a two-torus. If the periods of cn' and cos
are commensurate, then periodic motions of r exist (this defines a
resonance); if they are incommensurate then r is quasi-periodic. The

time derivative of each T and \h: is found to be:

(10.7) v ' = - (2n-1)
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i .
(10.8) (¥)

vy 'u+v u to
n n

1dK .. ,_ '
K&Ek ( 1nu+1nu)+4K1n¢ t Y

4K1n¢'i:w

a T, to+e F2(r.<p.t)

where ¢' = 74% + € F2(r.<p.t)

In (10.8). we have used (10.7), (2.22a), and (2.23). We note that

both F‘1 and F2

(10.8) represents an asymptotic series in e. We can then form the

are bounded in the regions specified by (10.2) and so

truncated system by ignoring the O(e) terms if we assume either (1)

w = 0(1) or (2) a = 0(1):

(10.9) W) =av to
-

Since g is to depend on t and not et, we must take v = O(1), and
(10.9) is asymptotically valid.

Taken together, eqs.(10.6) and (10.9) form an infinite
dimensional system of differential equations of the variables (r.\h:).
It is these equations which will determine the dynamics of (10.1).
Note that the (‘4‘:)' equations contain the O(1) piece of ¢' equation
so that the entire ¢’ equation only provides new information of O(e).
The variational equation for ¢ is not shown because writing this as a

Fourier series involves knowing the Fourier series of Z cn’ and cn3
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which have not been determined (but could be found, in principle,
using contour integration, see section 1.6).

We define an exact resonance to be a value of nﬁ = 0. This
condition occurs for a T 4+ © = 0. Without loss of generality, we

take > 0. Then resonances only occur for 0; = O where:
Ta
(10.10) w=a7 = (2n-1) 3K

We will now examine this resonance condition more closely in each of
the regions I, II, and III.
In region I, k = 0, so that (10.10) becomes w = (2n-1) Vo

independent of the amplitude r. Thus, the entire projective phase

space experiences resonance if (10.10) holds. For n =1, this result
agrees with the linear theory. However, linear theory does not
predict a countably infinite number of resonant values o, occurring
at the subharmonic frequencies (Va is the natural frequency). If we
investigate the Fourier coefficients c for this case (eq.(10.4)). we
find that all the c, are zero at each subharmonic . These are
referred to in linear theory as higher order resonances because they
appear as resonances only at higher orders of e.

A graph of r vs. v of the resonant condition (10.10) for region
1 is given in Fig.10.1la. Since the resonant condition is independent
of r, the graph consists just of straight lines. Curves for the

subharmonics are shown dashed.
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| | |
r | | |
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r
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Fig.10.1 Resonant conditions for regions I (a), II (b) and III (c)
defined by (10.10). In (a). the entire phase space experiences
resonance or not, depending only on w. The subharmonic resonances
(i.e., n 2 2) satisfy (10.10) but are not resonant to O(e), see text.
In (b), there are a finite number of resonant regions in the phase
space, depending on w. In (c). there is an infinite number of
resonant regions for every w.
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For region II, resonances occur on specific orbits in projective
phase space, since both a and K depend on the amplitude r in
eq.(10.10). A graph of the resonant condition (10.10) for region II
is given in Fig.10.1b. There is a resonance curve in (w,.r) given by
(10.10) which emanates from each subharmonic. These curves are
normal to the w-axis at r = O and bend over depending on the size of
B. Each curve is asymptotic to a line to infinity, with slopes
decreasing as n increases. For a fixed @ value, there are a finite
number N of resonant amplitudes in the phase space, where N is given

'by:

P
(10.11) N = integer of 3 (—+1)
va

As w increases, N grows larger and resonant orbits begin to
accumulate onto the origin in projective phase space.

For region III, eq.(10.10) becomes

(10.12) © = (2n-1) %‘-’é r

As in region II, there is a countably infinite number of resonant
orbits. Each resonant curve, shown in Fig.10.1c., emanates from
(v.r) = (0,0) and is a straight line with slopes decreasing as ':Z_nl-_l-
For each value of v, there are an infinite number of resonant zones

which accumulate onto the origin in projective phase space.
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Then, in the progression from region I to II to III for fixed v,

the number of resonant orbits is built from 1 to N to infinity.
10.2 Averaging

We shall now average the r equation given in eq.(10.6) using a
method from Sanders and Verhulst [San85]. A mixed variable

near-identity transformation of the form

o0
(10.13) r=r+e nzl u;(?.w;',) + U;(F.w;)]

is substituted into (10.6). Since r' = 0(e), we find:

. R .
< [sin “'n + sin Wn] + —Tﬂn + ——_-Qn
o N

n

[+ ]
(10.14) r' =-¢€¢ 3

i
n_IZa n

+ 0(62)

where a, T Sp and n: are expressed in terms of r

We now choose U:; as follows:

au*
+ " n f
(10.15a) U8 a~p+ = =% "n %n sin ¢
n
7_C
(10.15b) U; = 2—;- :+ D cos 44;
n
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ou”
- £ - -
(10.16a) Q 5;-_—:—-22‘1!1 <, sin Wn if Qn#O
- f n “n - ~
(10.16b) Un =5 = cos \l:n if Qn #0
n
=0 ifQ_ =0
n

With this choice of generating functions U: almost every term

ocurring in eq.(10.14) is zero. Then the averaged equations become:

(10.17a) Non-resonance: r' =0+ 0(e2)

i

n)'=ﬂ:#0 vn

(10.17b) Resonance: T’

f - 2
—6-2—a-1ncnsin\hn+0(e)

(W;)':Q =eo=x0
(\p;)'=n;;eo

(\pi)'=n§¢o Vn #m

where o is a detuning parameter

For regions of projective phase space away from resonant
amplitudes, the non-resonance equations (10.17a) hold. They show
that all motions are quasiperiodic and that r = r + O(e). where T is
a constant (determined from initial conditions). Motions in the
non-resonant regions of projective phase space remain e-ciose to the

unperturbed orbits of eq.(10.1).
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For regions of projective phase space near resonant amplitudes,

the resonant equations (10.17b) hold. Define o by:
(10.18) eo=0 =av -0

For region I, (10.18) defines o in terms of w independent of r.
Therefore, one must detune in the forcing frequency w. For regions
II and III, (10.18) defines o in terms of r. One then can fix w and
detune from the resonant orbit by moving slightly in the phase space.

Results of the forced linear oscillator are well-known and will
not be presented here. Results for the Duffing equation in which B
is taken as O(e) are also well-known. These results can be inferred
from the region II discussion.

In regions II and III, we have defined o(r) by (10.18). We then
can find o' and form the phase space (a.w;). which is a cylinder. Ve

see from egs.(10.17b) that there exist two equilibrium points given

by:
(10.19a) Py: (a.¥) = (0.0)
(10.19b) P, : (0.¥,) = (0.7)

One equilibrium is exactly in-phase with the forcing: one equilibrium
is exactly out-of-phase. A stability analysis shows that one

equilibrium is elliptic and the other hyperbolic (as it must be).
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This makes the (o.\#;) phase space qualitatively identical with the
simple pendulum, see Fig.10.2.

These equilibrium points correspond to periodic motions in
(x,x',t), one stable (elliptic) and the other unstable (hyperbolic).
This can be seen by finding the solution for x at these equilibria.
First, let r = -1:* be the value of r satisfying o = O in (10.18).
Then to O(e), r = ;* is the resonant amplitude at the equilibrium
points and is constant. The value of u at the equilibrium points is

found using \Jl;:

(10.20) u= % (v- + 0 t)
m
10.21a) u, = 1 wt=at corresponding to P
1"~ 1
m
(10.21b) u, = % (r +wt)s= 5 + a t corresponding to P2
m m

In (10.21), u, is the value of u at Pi' Notice that uy is not

constant in time.
The solutions Xy and Xy corresponding to P1 and P2 are now

easily determined:

(10.22a)

»®
[
]

T cn(ul .k)

(10.22b) Xy r, en(u,.k)
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(-m) YV (+m)

Fig.10.2 The (a.\h;) cylindrical phase space for the forced Duffing
equation is qualitatively a simple pendulum. o (defined by 10.18) is
a measure of the closeness to an exact resonance; W; is the resonant

phase angle. The center equilibrium at (0,0) corresponds to a
periodic motion in-phase with the forcing. The saddle equilibrium at

(0.7) = (0,-7) corresponds to a periodic motion out-of-phase with the
forcing.
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The period T in time of 3 and X, are the same:

(10.23) Period in t =T =

o[

But from eq.(10.18) at the equilibrium orbit:

K T
(10.24) a2~ % (2m-1)
Therefore, T becomes:
(10.25) T=(2n1) Z

So, the period of the motions corresponding to P1 and P2 is a

multiple of the forcing period. Therefore, Pl and P2 are
(2m-1)-order subharmonic periodic orbits in (x,x',t). Moreover, a
Poincare map defined on a cross-section 2 of the flow:

(10.26) 3 = ((x.x".t)| t = 0 mod 2T

will show (2m-1) centers and (2m-1) saddles corresponding to P1 and
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10.3 Melnikov's method for subharmonics

It is constructive to compare the averaging results of
section 10.2 with the subharmonic Melnikov function [Gucs6].
Specifically, we show that the Melnikov approach results in the same
prediction of subharmonic orbits for systems of region II and III.

The subharmonic Melnikov function Mn/p(to) for the system (10.1)

is:
2m/w
(10.27) WYP(t,) = I cn'(u.k) f cos(ot + wty) dt
0 .
where u = a (t - to) and4K—aR.-_-2_%m-

where the exact resonance relation (10.10) holds. It is easily shown
that Hn/p(to) = 0 except whenp = 1. For p =1, (10.27) evaluates

to:
4K-at0

(10.28) M! 1

(to) = f Icn‘(u.k) cos(’rnu + wto) = du

-ato

4K
%Icn' [cos('vnu) cos(wto) - sin(wnu) sin(wto)] du

0
4K
= —-:- sin(mto) I cn’ (u.k) sin('rnu) du
o
f _
= 4K 2™ °n sin(wto) for n = 2m-1
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In (10.28), we have used (10.5). For exact resonance,

\&;l = up=- 78ty = Wt So we can express (10.28) as
@n-1)/1,,~\ _ _ e £ -
(10.29) M (wm) = - 4K = 'n < sin “’m

which shows that the subharmonic Melnikov function is simply a
multiple of the averaged equation for r (eq.(10.17b)) in exact
resonance.

Melnikov theory predicts the existence of subharmonic periodic
orbits provided that (10.29) has simple zeroes and that the
unperturbed system frequency a changes with amplitude r [Guc86].
This is satisfied for systems of regions II and III, but not I.

Obviously, if M(\p;) has simple zeroes then the r' equation has
equilibrium points. The condition concerning the frequency is a
statement about the detuning parameter o. The condition requires
that detuning occur in the phase space and not in the value of the
forcing frequency.

Finally., we note that Holmes [Hol79] has used the Melnikov
method to study the forced damped Duffing equation in which a = -1.
Such a system belongs to region IV of Fig.2.1. Using the Melnikov
function on the separatrix, he shows that the system exhibits chaos.
In addition, Greenspan and Holmes [Gre83] have studied a more

complicated forced Duffing equation using the Melnikov method.
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10.4 Combining averaging methods: Damped forced Duffing equation

We now wish to consider problems in which some of the
perturbation terms in g depend explicitly on t while others do not.

We shall take as an example the damped forced Duffing equation:
(10.30) x"+ax+Bx3+ebx'-efcos(wt):O

Combining the averaging schemes of sections 3.1 and 10.2 to first
order, we find the averaged equation for T as a sum of contributions
from each perturbation term. We again take a and B as fixed on the

range given by (10.2). Then the T equation becomes (using (3.31) and

(10.17)):
(10.31a) Non-resonance: T' =€ & —-17 2a (iE(:- -1) -8 ;2] + 0((-.2)
3pr
(10.31b) Resonance:
r' =eb—1—_— 2a(%-1) —ﬂ;zl -e%vmcmsinw;-rO(ez)
3pr
==e (5D + fF sinvy)
where

1 E -2 1
D=_-3E-E[2a(f-l)-pr] and Fm=§£‘7mcm

Note that both D and F" are positive. We now present a short
analysis of (10.31) for systems belonding regions II and III (i.e.,

we take B strictly positive). We take 6§>0and f > 0.
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Outside the resonance regions, r decreases because of the
damping. Once T reaches a resonant region, eq.(10.31b) holds. Fixed

points of (10.31b) again correspond to periodic orbits. These can

occur for:
5 1-"" -
(10.32) T=~D sin \Pm
provided that
(10.33) -w <y <O and o<?—g%msn“‘(u)

Using (10.10). Rm(w) is seen to be a func-tion of w. For %outside
the range specified in (10.33), r decreases through the resonant
region. When equality holds in (10.33), a degenerate subharmonic
orbit exists. The fixed point in the (a.w;‘) phase space is a
saddle-node. For all other %values in the range (10.33), two
equilibria exist, one a saddle and the other a sink, see Fig.10.3.
These correspond to periodic subharmonic orbits, one unstable and the
other stable. The precise (a.w:n) phase portrait, determined by
particular parameter values, will determine the global basin of
attraction for the sink. In Fig.10.3, all points approach the sink
except the saddle. In this way. the initial conditions at entry in

the resonant region (via 4«;) determine which steady state motion is

attained [Nay79].
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We plot a few of the equilibrium conditions, R™(@) vs. o for
systems of region II in Fig.10.4. Each curve quickly drops to zero
indicating that for large w the damping 6 must be very small compared
to the forcing f for subharmonic orbits to exist. The same type of
plot for systems of region 111 is given in Fig.10.5. This figure is
similar to Fig.10.4, except all curves possess a singularity at @ = 0

since

(10.34) R™(w) ~ ﬁ;
W

Of course, in averaging the cos(wt) term using Fourier series, we had

to take w = O(1) so this region should really be ignored.
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(=) Vo (+m)

Fig.10.3 The (a.\h;‘) cylindrical phase space for the forced damped
Duffing equation is qualitatively a perturbed pendulum. o (defined
by 10.18) is a measure of the closeness to an exact resonance; 44; is

the resonant phase angle. The sink corresponds to a periodic motion
in-phase with the forcing. The saddle corresponds to a periodic
motion out-of-phase with the forcing. The global basin of attraction
for the sink (i.e., for the in-phase periodic motion) is determined
by the particular parameter values a, B. 6, and f; in this figure,
all points are attracted toward the sink except the saddle.
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Region II: Rw)
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I\ R'(w)

040

\ R?(w) —--—-- .
\ RrR3 (QJ) ——— — -

035 F

030

015

010 F

b — —

e
1

m
Fig.10.4 Equilibrium conditions for region 1I, plotting R (w) vs.

o for m =1, 2, and 3 where Rm(w) is defined by (10.33) and
(10.31b). For a given forcing frequency w, the ratio of damping
to forcing amplitude 6/f determines whether an attractive periodic

orbit exists in the mth subharmonic resonance zone. The value
Rm(w) is the maximum 6/f ratio for such an orbit to exist.
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Region III: RMw)

50- M T M L]

R'()
R*(w) - --—-- -
R¥3(w) — — — -

Y0 QS

12 14 1.6 1.8 20

Fig.10.5 Equilibrium conditions for region III, plotting Rm(w)

vs. w for m = 1, 2, and 3 where Rm(w) is defined by (10.33) and
(10.31b). For a given forcing frequency w, the ratio of damping
to forcing amplitude 6/f determines whether an attractive periodic

orbit exists in the mth subharmonic resonance zone. The value

R"(0) is the maximum 8/f ratio for such an orbit to exist.
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Appendix A The CNINT integration routine

The following program, written in the computer algebra system
MACSYMA, computes the integral of cn” using recursion. (An

introduction to MACSYMA can be found in [Ran84]).

/% CN function integrator %/

/% Routine finds the integral of g(xx) where g is polynomial in XX »*/
/% and XX stands for the cn function »/

/% Symbols »/

/% XX = cn function »/
/% YY = cn’ function (derivative of cn w.r.t. argument) */
/% 7Z = Jacobian zeta function »/
/% SS = arcsin(k*sn(u,k)) = arcsin(k¥sqrt(1-xx"2)) */
/% UU = argument and hence 1st elliptic integral »/
/% KC,EC = complete elliptic integrls of 1st, 2nd kinds »/
/% K = modulus */

CNINT(V.K):=BLDG(([TEHP.HI.IC.VAL].
/% Find highest power of cn in V and kill integration function IC %/

TEMP:EXPAND(V).
HI :HIPOW(TEMP,XX).,
KILL(IC),

/% IC[11] = integration function array that defines »/
/% the integral of xx~ii. It is defined recursively %/
/% If k=0, then cn=cos so set the IC to use cosine routine %/

IF SCALARP(K) AND EV(K) = O THEN (

1C[0]:UU.

I1C[1]:-YY.
IC[II]:=RATSIHP((II-l)/II*IC[II-2]-1/II*)O("(II—l)*YY)
) ELSE (
1C[0]:UU,
1C[1]:SS/K.

IC[2]: 1/K~2%(ZZ+ (EC/KC-(1-K"2))»UU).,
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IC[3]: 1/2/K~3%( (2%K~2-1)%SS-K¥YY),
IC[11]: =RATSIMP( ( 11-2)*(2%K"2-1)*IC[ I1-2]+(11-3)%(1-K"2)*IC[11-4]
XX~ (1I-3)%YY)/K~2/(11-1)
) ’

/% Set VALue of the integral to zero ¥/

VAL:O,

/% For each xx*ii expression found in V, substitute ¥/
/% its integral IC[ii] »/

FOR II:0 THRU HI DO VAL:VAL+RATCOEF(TEMP,XX,II)*IC[II],
VAL : EXPAND(VAL)
)$
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Appendix B The GENINT integration routine

The following program, written in the computer algebra system

MACSYMA, computes integrals of the functions appearing in (1.23).

/% F1,F2,W1,W2 integrator »/

/% Routine to integrate integrands of the form : »/

/% () xx*m (b) xx"m yy (c) zz xx"m (d) zz xx"m yy */
/% (e) ss xx*m (f) ss xx"myy ¥/

/% Symbols »*/

/% XX = cn function ‘ */
/% YY = cn' function (derivative of cn w.r.t. argument) »/
/% 7ZZ = Jacobian zeta function */
/% SS = arcsin(k*sn(u,k)) = arcsin(k¥sqrt(1-xx"2)) */
/% UU = argument and hence 1st elliptic integral »/
/% TH = In(theta(u)/theta(0)) */
/% SO = integral of ss with respect to u */
/% S2 = integral of ss¥xx”2 with respect to u »/
/% KC,EC = complete elliptic integrls of 1st,2nd kinds */
/* K = modulus »*/
/% V contains the expression to be integrated. »/

/% Expressions are integrated w.r.t u. »/

/% For integrations w.r.t. phi, multiply by 1/4/kc */

GENINT(V.K) : =BLOCK([ TEMP, STERMS, XTERMS , ZTERMS . XYT , XT,, SYT, ST, ZYT, ZT,
VALX,VALZ,VALS,VAL],
TEMP:EXPAND(V).

/% V is assumed to be linear in YY (Use (1.11b) if necessary) %/ -

/% Separate V into categories: »/
/% */
/% XT contains terms in V of the form (a) %/
/% XYT contains terms in V of the form (b) */
/% T contains terms in V of the form (c) %/
/% ZYT contains terms in V of the form (d) */
/% ST contains terms in V of the form (e) »*/
/% SYT contains terms in V of the form (f) %/
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STERMS : EXPAND(DIFF(TEMP,SS)).

ZTERMS : EXPAND(DIFF(TEMP,ZZ)).

XTERMS : EXPAND( TEMP-SS»*STERMS-ZZ*ZTERMS) ,

XYT : EXPAND(DIFF(XTERMS,YY)).

XT : EXPAND(XTERMS-YY*XYT),

SYT :EXPAND(DIFF(STERMS,YY)).

ST :EXPAND( (STERMS-YY%SYT) ),

ZYT :EXPAND(DIFF (ZTERMS, YY)),

ZT :EXPAND(ZTERMS-YY%*ZYT) ,

/% Create XYINT function to integrate form (b) %/
XYINT(VV) : =BLOCK(VV:EXPAND(VV) . EXPAND( INTEGRATE(VV,XX))).
/% Integrate forms (a) [using CNINT routine] and (b) */
VALX:CNINT (XT K)+XYINT(XYT),

/% Integrate form (d) by integration by parts »/

ARG:XYINT(ZYT).
VALZ : ZZ*ARG-CNINT (ARG*( 1-K~2-EC/KC+K~2%XX"2) ,K) .

/% Integrate form (f) by integration by parts »/

ARG:XYINT(SYT),
VALS : SSKARG-CNINT ( ARGHK»XX ,K) ,

/% Create a general Integration By Parts routine »/
/% for forms (c) and (e) */

INTBYPARTS(VV.K.TYPE)==BLOG(([ARG.UUT.ZZT.SST.YY'I'.)OCT.VALP].
/% VV just contains the XX terms of forms (c) and (e) */
/% TYPE indicates either form (c) or (e) »*/
/% Find DERIV, the derivative of TYPE w.r.t. u %/

IF TYPE = ZZ THEN DERIV:1-K~2-EC/KC+K~25XX"2,
IF TYPE = SS THEN DERIV:K»XX,

/% Set ARG = integral of VV w.r.t. u [using CNINT routine] */

ARG:CNINT(VV.K),
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/» Separate ARG into categories: */
/% »/
/% UUT contains UU terms in ARG */
/% 27T contains ZZ terms in ARG »/
/% SST contains SS terms in ARG »/

/% YYT contains terms in ARG of the form (b) %/
/% XXT contains terms in ARG of the form (a) */

. UUT:DIFF(ARG,UU),
ZZT:DIFF(ARG,ZZ).
SST:DIFF(ARG,SS).
YYT:DIFF(ARG.YY).
XXT: EXPAND(ARG-UUNUUT-ZZ*ZZT-SSHSST-YY*YYT) ,

/% Perform integration by parts %/

IF TYPE = ZZ THEN
VALP: EXPAND(UUT(UUNZZ-TH)+ZZT%(2Z2/2)
+EV(SST*SOXDERIV , XX=SQRT(S2/50))
+XYINT(YYTDERIV)+CNINT(XXT*DERIV.K)).
IF TYPE = SS THEN
VALP: EXPAND(UUT»(UUXSS-S0)+ZZT%( ZZ*SS-K~2%S2-( 1-K"2-EC/KC)%S0)
+SSTH(SS~2/2)+XY INT(YYT*DERIV)+CNINT(XXT*DERIV.K)) .
VALP: EXPAND( TYPE®ARG-VALP)

).
/% Integrate forms (c) and (e) using INTBYPARTS »*/

VALZ:VALZ+INTBYPARTS(ZT,K,ZZ).
VALS: VALS+INTBYPARTS(ST,K,SS),

/% Add together »/

VAL : EXPAND( VALX+VALZ+VALS)
)$

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix C Numerical routines for elliptic functions

This appendix lists numerical routines for the computation of
many of the elliptic functions appearing in section 1.6. The
routines are based on the formulas appearing in chapter 1, which are
found in [Byr54]. The first set of routines is written in the
computer algebra system MACSYMA; the second set is written in

Fortran.

/» ELLIPTIC FUNCTIONS PACKAGE*/
/% by Vincent T. Coppola 25 Apr 1989 Cornell University »/

/% Formulas>> Byrd & Friedman 'Handbook of Elliptic Integrals for %/
/% Engineers and Scientists »/

/% ALL ROUTINES REQUIRE O <= k"2 <= 1 EXCEPT FOR ELLK AND ELLE »/
/% accuracy tolerance for all elliptic function evaluations %/

define_variable(elltol,1.b-7,any)$
define_variable(ellnum,250,any)$

/% complete elliptic integral of first kind (KC) »/

ellk(k):=block([ temp,ksqr.kpsqr.km, bm, 1n,val,float2bf],
mode_declare([k. temp,ksqr ,kpsqr,km,bm, In,val,elltol],
any, f loat2bf ,boolean),
float2bf:true,
val:0,
k:bfloat(k),
1f k=1.b0 then (
val:9.9b999,
return(val)

).
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if k=0.b0 then (
val:bfloat(¥%pi/2),
return(val)
).
ksqr:k"2,
km:1.b0,
if ksqr>1 then (ksqr:1/ksqr.km:bfloat(sqrt(ksqr))).
i1f ksqr<O then (ksqr:bfloat(-ksqr/(1.b0-ksqr)),
km:bfloat(sqrt(1.bO-ksqr))).
/% ksqr now is between O and 1 %/
temp:1,
if ksqr<.5b0 then (
for n:0 while abs(temp)>elltol do (
temp:bfloat(%pi/2/n!/n!»product(1/2+m,m,0,n-1 )*2»ksqr”™n),
val:val+temp,
if ndellnum then temp:2%elltol

)
) else (

kpsqr:1.b0O-ksqr,

In:bfloat(log(4/sqrt(kpsqr))).

for n:0 while abs(temp)>elltol do (
if n=0 then bm:0,
{f n>0 then bm:bm+1/n/(2¥n-1),
temp:bfloat(product(-1/2-m.m.0.n—l)"2/(n!)"2

»*( 1n-bm)*kpsqr~n).

val:val+temp,
if ndellnum then temp:2%elltol

)

)-
val:bfloat(kmeval)
)$

/% complete elliptic integral of second kind (EC) »*/

elle(k) :=block([ temp,ksqr ,kpsqr,km,bm,bml, ln,val,float2bf],
mode_declare([k, temp,ksqr,kpsqr.km, bm,bml, ln,val,
elltol.function(ellk)].any, float2bf boolean),
float2bf: true,
val:0,
k:bfloat(k),
ksqr:k"2,
if ksqr=1.b0 then (
val:1.b0,
return(val)

).

if ksqr=0.b0 then (
val:bfloat(%pi/2).
return(val)

).
km:1.b0,
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if ksqr>1.b0 then (ksqr:l/ksqr.lm:bfloat(sqrt(ksqr))).
if ksqr<0.b0 then (ksqr:bf loat(-ksqr/(1.bO-ksqr)).
km:bfloat(sqrt(1.b0-ksqr))).
/% ksqr now is between O and 1 »/
temp:1,
if ksqr<.5b0 then (
for n:0 while abs(temp)>elltol do (
temp:bf loat(%pi/2/n!/n!*product(—1/2—m.m.0.n—-l ) 2
/(1-2%n)»ksqr-n).
val:val+temp,
if ndellnum then temp:2%elltol

)
) else (
kpsqr:1.b0-ksqr,
In:bfloat(log(4/sqrt(kpsar))).
val:1.b0,
bm:0,
for n:0 while abs(temp)>elltol do (
bml:bm+1/(n+1)/(2%n+1),
temp:bfloat( 1/4%product(1/2+m,m,0,n-1)/n!
*product(3/2+m.m.0.n—l)/(n+1) !
»(2%1n-bm1-bm)*kpsqr”(n+1 )).
bm:bml,
val:ival+temp,
if ndellnum then temp:2x%elltol

)

).
if k~2<¢1.b0 then val:bfloat(1/kmval) .

else val:bfloat(1/km¥(val-(1.b0-ksqr)xel 1k(km))).
val

)$

/% incomplete elliptic integrals as functions of angle theta »/
/% (F(theta,k) and E(theta,k))®/

/» The following eil and ei2 functions were checked against »/
/% exact values per formula 111.03, pg. 10, of Byrd & Friedman */

/% eil function (elliptic integral of first kind u in terms of »*/
/% angle theta) %/

/% note: this function calculates the principal part »/
/% i.e. O <= angle <= pi1/2 %/

eil(theta,k):=block([s.c.t, 1n.kp2,.val,rho2n, t2n, temp, float2bf,null],
mode_declare([s.c.t,1n ,kp2,val ,rho2n, t2n, temp, theta,
k.elltol.null, function(ellk)].any,
float2bf ,boolean),
float2bf: true,
val:O0,
k:bfloat(k).
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theta:bfloat(theta),

if k=0.b0 then (
val:theta,
return(val)

if cos(theta)=0.b0 then (
val:ellk(k),
return(val)

if k=1.b0 then (
val:bfloat(log(tan(thetg)+sec(theta))).
return(val)

)l

if k>1.b0 then return(null),

s:bf loat(sin(theta)),

c:bfloat(cos(theta)),

t:s/c,

In:bfloat(log(t+l/c)).

kp2:1-k"2,

temp:1,

if kp2#t~2<.5b0 then (

for n:0 while abs(temp)>elltol do (
if n=0 then rho2n:In,
if n=1 then rho2n:bfloat(1/2%(s/c"2-1n)),
if n>1 then
rho2n:bfloat(1/2/n*(t‘(2*n—1)/c+(1—2*n)*rho2n)).

temp:bfloat(product(-1/2-m.m.0.n—1)/n!*kp2‘n*rho2n).
val:val+temp,
if ndellnum then temp:2xelltol

) else (

for n:0 while abs(temp)>elltol do (
if n=0 then t2n:theta,
if n=1 then t2n:bfloat(1/2%(theta-s¥c)).
if n>1 then

t2n=bfloat((2*n—1)/2/n*t2n—l/2/n*s“(2*n—1)*q).

temp:bfloat(product(-l/2—m.m.0.n—l)/n!*(—k“2)“n*t2n).
val:val+temp, :
if ndellnum then temp:2%elltol

)$
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/% ei2 function (elliptic integral of second kind u in terms »/
/% of angle theta) %/

/% note: this function calculates the principal part »/
/% i.e. 0 <= angle <= pi/2 »*/

eiZ(theta.k)==block([s.c.t.ln.kp2.va1.d2n.t2n.temp.null.float2bf].
mode_declare([s.c.t.1n.kp2.val.d2n.t2n.temp.theta.k.
elltol,null, function(elle)],any,
float2bf ,boolean),
float2bf: true,
val:O0,
k:bf loat(k).,
theta:bfloat(theta),
if k=0.b0 then (
val:theta,
return(val)

).

if cos(theta)=0.bO then (
val:elle(k),
return(val)

)l
s:bf loat(sin(theta)),
if k=1.b0 then (
val:s,
return(val)

).
if k¥>1.b0 then return(null),
c:bfloat(cos(theta)),
t:s/c,
In:bfloat(log(t+1/c)).
kp2:1-k~2,
temp:1,
if kp2wt~2<.5b0 then (
for n:0 while abs(temp)>elltol do (
if n=0 then d2n:s,
if n=1 then d2n:bfloat(ln-s),.
if n>1 then
d2n:bfloat(1/2/(nr1)*(t*(2*n-1)nc+(1—2un)*d2n)).
temp:bfloat(product(1/2—m.m.0.n—1)/n!*kp2“n*d2n).
val:val+temp,
if ndellnum then temp:2%elltol
)
) else (
for n:0 while abs(temp)delltol do (
if n=0 then t2n:theta,
if n=1 then t2n:bfloat(1/2%(theta-s*c)).
if n>1 then
t2n=bfloat((2*n—1)/2/n*t2n—l/2/n*s‘(2*n—1)*c).
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temp:bfloat(product(1/2-m,m.0.n—1)/n!*(—k“2)“n*t2n).
val:val+temp,
if ndellnum then temp:2%elltol
)
).

val

)$
/% elliptic funtions »*/

am(u.k):=block([kp.kcp.temp.kc.val.float2bf].
mode_declare([u.k.kp.kcp.temp.kc.val.elltol.
function(ellk)].any, float2bf ,boolean),

float2bf: true,

kc:ellk(k).

kp:sqrt(1-k~2),

kep:ellk(kp).

val:bf loat(Xpi/2%u/kc),

temp:1,

for n:1 while abs(temp)delltol do (
temp:bfloat(lln*sech(n*%pi*kcp/kc)*sin(n*%pi*u/kc)).
val:val+temp,
if ndellnum then temp:2%elltol

).

val

)$

sn(u,k):=block([float2bf].
mode_declare([u.k,function(am)].any.float2bf.boolean).
float2bf:true,
bfloat(sin(am(u.k)))

)$

cn(u,k):=block([float2bf],
mode_declare([u.k.function(am)].any.float2bf.boolean).
float2bf: true,
bfloat(cos(am(u.k)))

)$

dn(u.k):=block([float2bf],
mode_declare([u.k.function(sn)].any.float2bf.boolean).
float2bf: true,
bfloat(sqrt(1-k"2%sn(u.k)"2))

)$

/% The inverse functions are defined on -1 <=y <=1 W/
/% for sninv and cninv and by sqrt(1-k*2) <= y <= 1 for dninv »/
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/% sninv returns values on -kc <= u {= kc ¥/
/% (where kc = complete elliptic integral 1st kind) »*/

sninv(y.k):=block([ theta, float2bf],
mode_declare([y.k, theta, function(eil)].any. float2bf ,boolean),
float2bf:true,
theta:bfloat(asin(abs(y))).
signum(y)»eil(theta k)
)$

/% cninv returns values on 0 <= u <= 2%kc »/
/% (where kc = complete elliptic integral 1st kind) %/

cninv(y,k):=block([theta,uu, float2bf],

mode_declare([y.k, theta,uu, function(eil,ellk)].any,
float2bf ,boolean),

float2bf: true,
theta:bf loat(asin(sqrt(y*2/(1-k"2+k"2xy"2) ))).
uu:eil(theta, k),
ellk(k)-signum(y)*uu

)$

/% dninv returns values on 0 <= u {= kc ¥/
/% (where kc = complete elliptic integral 1st kind) »*/

dninv(y.k):=block([theta,f loat2bf],
mode_declare([y.k, theta, function(eil)],any,float2bf .boolean).
float2bf:true,
theta:bfloat(asin(1/k¥*sqrt( 1-y*2))).
eil(theta, k)
)$

/% zeta function »*/

zeta(u,k):=block([kp.kep.kc, temp.k1,scl,val,float2bf],
mode_declare([u,k.kp.kcp. ke, temp.kl,scl,val,elltol,
function(ellk)].any,float2bf, boolean),
float2bf: true,
val:0,
k:bfloat(k).
if k=1.b0 then (
val: tanh(u),
return(val)

).

if k=0.bO then return(val),

1f k<1.b0 then (
kc:ellk(k).
kp:sqrt(1-k~2),
kcp:ellk(kp).
scl:1

) else (
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k1:1/k,
kp:sqrt(1-k1°2),
kc:ellk(kl),
kecp:ellk(kp).
scl:k
) L]
temp:1,
for n:1 while abs(temp)>elltol do (
temp:bfloat (%pi/kc/sinh(nﬂpi*kcp/kc)
ssin(n¥Xpixscld@u/kc)),
val:val+temp,
if ndellnum then temp:2xelltol

v;.l :sclwval

)$

The following routines are wriﬁten in Fortran.

c Elliptic Functions

by Vincent T. Coppola 10 May 1989 Cornell University
Formulas from Byrd & Friedman “Handbook of Elliptic Integrals”

Elliptic integral of first kind (for any k"2)

e I e I B B I I e I o)

function ellk(k2,elltol)

real»8 ellk,k2,ksqr,kp2,bm,1n,val, km, temp,elltol,pi,coef

pi=dacos(-1.d0)

val=0.d0

if (k2.eq.1.d0) then
el1k=9.9999995d99
return

endif

ksqr=k2

km=1.d0

if (ksqr.gt.1.d0) then
ksqr=1.d0/ksqr
km=dsqrt(ksqr)

endif
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if (ksqr.1t.0.d0) then
ksqr=—ksqr/(1.d0-ksqr)
km=dsqrt(1.d0-ksqr)
endif
temp=1.d0
n=0
if (ksqr.lt..5d0) then
10 if (dabs(temp).gt.elltol) then
if (n.eq.0) coef=1.d0
if (n.gt.0) coef=coef/dble(float(n))
1 %( .5d0+dble(float(n-1)))
temp=pi/2.d0%coef*2xksqrxn
val=val+temp
n=n+1
if (n.gt.200) then
val=10.d0O%val
goto 30
endif
goto 10
endif
else
kp2=1.d0-ksqr
In=dlog(4.d0/dsqrt(kp2))
20 if (dabs(temp).gt.elltol) then
if (n.eq.0) then
bm=0.d0
coef=1
endif
1f (n.gt.0) then
bm=bm+1.d0/dble(float(n))/dble(float(2»n-1))
coef=coef/dble(float(n))
»(-.5d0~dble(float(n-1)))
endif
temp=coef»¥2%( In-bm)¥*kp2¥*n
val=val+temp
n=n+1
if (n.gt.200) then
val=10.d0»val
goto 30
endif
goto 20
endif
endif
30 ellk=val¥km
return
end
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c
c Elliptic integral of second kind (for any k~2)
c

function elle(k2,elltol)

real®8 elle,ellk,k2,ksqr.kp2,bm,bml, In,val,km, temp,

real»8 elltol,pi,coef

pi=dacos(-1.d0)

val=0.d0

if (k2.eq.1.d0) then

elle=1.d0
return

endif

ksqr=k2

km=1.d0

if (ksqr.gt.1.d0) then
ksqr=1.d0/ksqr
km=dsqrt(ksqr)

endif

if (ksqr.1t.0.d0) then
ksqr=-ksqr/(1.d0-ksqr)
km=dsqrt(1.d0-ksqr)

endif

temp=1.d0
n=0
if (ksqr.lt..5d0) then
10 if (dabs(temp).gt.elltol) then
if (n.eq.0) coef=1.d0
if (n.gt.0) coef=coef/dble(float(n))

1 »(-.5d0-dble(float(n-1)))
temp=p1/2.dO*coef**2/db1e(float(1-2*n))*ksqr**n
val=val+temp
n=n+1
if (n.gt.200) goto 30
goto 10

endif

else

kp2=1.d0-ksqr

In=dlog(4.d0/dsqrt(kp2))

val=1.d0

bm=0.d0

20 if (dabs(temp).gt.elltol) then

if (n.eq.0) coef=1
if (n.gt.0) coef=coef/dble(float(n¥(n+1)))

1 %( .5d0+dble(float(n-1)))

2 »(1.5d0+dble(float(n-1)))
bml=bm+1.d0/dble(float((n+1)%(2%n+1)))
temp:.25d0*coef*(2.dOﬂln-bml-bm)*kp2!*(n+1)
val=val+temp
bm=bm1
n=n+1
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if (n.gt.200) goto 30
goto 20
endif
endif
30 if (k2.1t.1.d0) elle=1.d0/kmval
if (k2.gt.1.d0) elle=1.d0/km*(val-(1.d0-ksqr)
»el lk(ksqr,elltol))
return
end

Incomplete Elliptic Integrals

Incomplete elliptic integral of first kind for k™2 < 1

[ I B e I e I e B ¢

function eil(theta,k2,elltol)
real»s eil.theta.kz.elltol.val.temp.ellk.s.c.1n.t.kp2
real*8 rho2n, t2n,dfn,coef
val=0.d0
if (k2.eq.0.d0) then
eil=theta
return
endif
if (dcos(theta).eq.0.d0) then
eil=ellk(k2,elltol)
return
endif
s=dsin(theta)
c=dcos(theta)
t=dtan( theta)
In=dlog( t+1.d0/c)
kp2=1.d0-k2
temp=1.d0
n=0
if (k2.eq.1.d0) then
eil=ln
return
endif
1f (kp2%uvee2.1t..5d0) then
10 if (dabs(temp).gt.elltol) then
dfn=dble(float(n))
if (n.eq.0) then
rho2n=ln
coef=1.d0
endif
if (n.eq.1) then
rho2n=.5d0%(s/c¥¢2-1n)
coef=-.5d0
endif
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if (n.gt.1) then
rho2n=.5d0/dfn*(t**(Z*n—l)/c+dble(float(1-2*n))*rh02n)
coef=coef/dfn¥*(-.5d0-dble(float(n-1)))
endif
temp=coef »*kp2»mn¥rho2n
val=val+temp
n=n+1
if (n.gt.200) goto 30
goto 10
endif -
else
20 if (dabs(temp).gt.elltol) then
dfn=dble(float(n))
if (n.eq.0) then
t2n=theta
coef=1.d0
endif
if (n.eq.1) then
t2n=.5d0%( theta-s¥c)
coef=-.5d0
endif
if (n.gt.1) then
t2n=dble(float(2%n-1))/2.d0/dfn¥*t2n
1 - .5d0/dfn¥s»e(2%n~-1)%c
coef=coef/dfn*(-.5d0-dble(float(n-1)))
endif
temp=coef¥*(-k2)¥xn¥*t2n
val=val+temp
n=n+1
if (n.gt.200) goto 30
goto 20
endif
endif
30 eil=val
return
end

c
c Incomplete elliptic integral of second kind for k"2 < 1
c
function ei2(theta,k2,elltol)
real*8 ei2.theta.k2.elltol.val.temp.elle.s.c.t.1n.kp2
real»8 dfn,d2n, t2n,coef
val=0.d0
if (k.eq.0.d0) then
ei2=theta
return
endif
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if (dcos(theta).eq.0.d0) then
ei2=elle(k2,elltol)
return
endif
s=dsin(theta)
c=dcos( theta)
t=dtan( theta)
In=dlog(t+1.d40/c)
kp2=1.d0-k2
temp=1.d0
n=0
if (k2.eq.1.d0) then
ei2=s
return
endif
if (kp2%te2.1t..5d0) then
10 if (dabs(temp).gt.elltol) then
dfn=dble(float(n))
if (n.eq.0) then
d2n=s
coef=1.d0
endif
if (n.eq.1) then
d2n=1n-s
coef=.5d0
endif
if (n.gt.1) then
d2n=.5d0/dble(float(n-1))*( tsx(2%n-1)%*c
1 +dble(float(1-2%n))*d2n)
coef=coef/dfn*(.5d0-dble(float(n-1)))
endif
temp=coef»*kp2¥n*d2n
val=val+temp
n=n+1
if (n.gt.200) goto 30
goto 10
endif
else
20 1f (dabs(temp).gt.elltol) then
dfn=dble(float(n))
if (n.eq.0) then
t2n=theta
coef=1.d0
endif
if (n.eq.1) then
t2n=.5d0%( the ta-s¥c)
coef=.5d0
endif
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if (n.gt.1) then
t2n=dble(float(2%n-1))/2.d0/dfn¥*t2n
1 ~.5d0/df n¥see(2%n-1)%c
coef=coef/dfm¥(.5d0-dble(float(n-1)))
endif
temp=coef*(-k2)mn*t2n
val=val+temp
n=n+l1
if (n.gt.200) goto 30
goto 20
endif
endif
30 ei2=val
return
end

c
c Elliptic functions for O <k<«<1
c
function am(u,k2,elltol)
real»s am.u.k2.elltol.kc.kp2.kcp.va1.temp.pi.ellk.dfn
pi=dacos(-1.d0)
ke=ellk(k2,elltol)
kp2=(1.d0-k2)
kep=ellk(kp2.elltol)
val=pi/2.d0»u/kc
temp=1.d0
n=1
10 if (dabs(temp).gt.elltol) then
dfn=dble(float(n))
temp=1/dfn/dcosh(dfn*pi*kcp/kc)*dsin(dfn*pi*u/kc)
val=val+temp
n=n+1
if (n.gt.200) goto 20
goto 10
endif
20 am=val
return
end

function sn(u.,k2,elltol)
real»8 sn,u,k2,elltol,.am
sn=dsin(am(u.k2,elltol))
return

end

function cn(u,k2,elltol)
real®8 cn,u,k2,elltol,am
cn=dcos(am(u.k2,elltol))
return

end
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function dn(u,k2,elltol)

real»8 dn,u,k2,elltol,sn
dn=dsqrt(1.d0-k2%sn(u,k2,elltol)**2)
return

end

Inverse Elliptic functiohs

sninv returns values on -kc <= u <= kec (kc=ellk(k))

0On0n0o00o0

function sninv(yval, k2,elltol)

real»8 sninv,yval,k2,elltol,eil,theta
theta=dasin(dabs(yval))
sninv:dsign(l.dO.yval)*eil(theta.k2.e11tol)
return

end

0

cninv returns values on 0 <= u <= 2x%kc (kc=ellk(k))

function cninv(yval . k2,elltol)

real»8 cninv.yval.k2.e11tol.theta.uu.ellk.eil
theta:dasin(dsqrt(yval**2/(1.dO-k2+k2*yval**2)))
uu=eil(theta.k2,elltol)
cninv=ellk(k2,elltol)-dsign(1.d0,yval)*uu
return

end

0

dninv returns values on 0 <= u <= kc (kc=ellk(k))

function dninv(yval,k2,elltol)

real»8 dninv,yval,k2,elltol,theta,eil
theta:dasin(l.dO/dsqrt(k2)*dsqrt(1.d0~yval**2))
dninv=eil(theta,k2,elltol)

return

end

¢ Zeta function

function zeta(u,k2,elltol)
realx8 zeta,u,k2,elltol,val, kc, kcp.kp2, temp
real»8 pi,pikc,pikcp.dfn
val=0.d0
if (k2.eq.1.d0) then
zeta=dtanh(u)
return
endif
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if (k2.eq.0.d0) then
zeta=val
return

endif

ke=ellk(k2,elltol)

kp2=1.d0-k2

kep=ellk(kp2.elltol)

pi=dacos(-1.d0)

pike=pi/ke

pikcp=pikcxkcp

temp=1.d0

n=0

10 if (dabs(temp).gt.elltol) then

n=n+1
dfn=dble(float(n))
temp:pikc/dsinh(dfn*pikcp)*ds1n(dfn*pikc*u)
val=val+temp
if (n.1t.201) goto 10

endif

zeta=val

return

end
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Appendix D Derivation of the variational equations for (r,u)

using MACSYMA

This appendix shows the derivation of the variational equations
for (r,u) in a MACSYMA session. Readers unfamiliar with MACSYMA

should consult [Ran84].

/% Derivation of the variational equations for (r,u) ¥/

/% Set dependencies for derivatives »/
/% Set kval to the value of k %/

(C3) (REMOVE(U,DEPENDENCY),
DEPENDS(K. [AL ,BE,RR].[RR,X,Y,TAU,U], T, [AL,BE], TAU,CNF.[U.K]))$

(C4) KVAL:RR»SQRT(BE/2/ (AL+BE*RR"2))$

/% Derivative simplification rules %/

(C5) SIMPS: [DIFF(TAU.T):EPS.DIFF(K.BE):DIFF(KVAL.BE) ,
DIFF(K,AL)=DIFF(KVAL,AL) ,DIFF(K,RR)=DIFF(KVAL,RR),
DIFF(RR.T):RNT.DIFF(U.T):UWI‘B

(C6) SIMPS:MAP(RADCAN,SIMPS):

dTAU dK
(D6) [~ = EPS, — =

dT dBE

2
AL RR SORT(BE RR + AL)
5/2 4 /2 2 2 '
2 SQRT(2) BE ' RR + 4 SORT(2) AL BE  RR + 2 SQRT(2) AL SQRT(EE)
2
dK SQRT(BE) RR SQRT(BE RR + AL)
- 2 4 2 2

2 SORT(2) BE RR + 4 SORT(2) AL BE RR + 2 SQRT(2) AL
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2
di  SOQRT(2) AL SQRT(BE) SQRT(BE RR + AL) dRR du
———= , —— = RDOT, -- = UDOT]
dRR 2 4 2 2 dr dr
2BE RR + 4 ALBERR + 2 AL

(C7) CNSMPS1: [DIFF(CNF,U, 2)=CNFx(2%KVAL"2-1-2%KVAL"2CNF~2),
DIFF(CNF,U)~2=1-KVAL~2+ (2%KVAL"2-1)%CNF~2-KVAL"2%CNF"4,
DIFF(CNF,U)~3=DIFF (CNF , U)*(1-KVAL"2+

(2%KVAL~2-1)%CNF~2-KVAL~2%CNF~4) ]$

(C8) CNSMPS1:MAP(RADCAN,CNSMPS1)$

(C9) CNSMPS2:RADCAN(DIFF(CNF,U, 1.K,1)=1/DIFF(QNF,U)
»(~KVAL( 1-CNF~2) ~2+DIFF (CNF, U, 2)*DIFF (CNF K) ) )$

/% Compute x and its derivative »*/
(C10) X:RR*CNF$
(C11) XDOT:DIFF(%.T):
dONF dU dONF dBE dK dTAU dAL dK dTAU &K dRR
(D11) RR (- —- + === (= e + ——m— —mm e + - =
dU dT dk dTAU dBE dT dTAU dAL dT dRR dT
dRR
+ CNF ——
aT
(C12) XDOT:EV(XDOT,SIMPS)$
/% Compute y and its derivative »/
(C13) Y : RR%SQRT ( AL+BEXRR~2 )*DIFF (CNF ,U)$
(C14) DIFF(X.T):
2 2
2 dONFdU dONF dBE dK dTAU
(D14) RR SQRT(BE RR + AL) (———— - + ———— (-—— - ——-
dT dK dU dTAU dBE dT
du
dAL dK dTAU dK dRR dONF 2 dRR

+ = = e + - - )) + ——- SQRT(BE RR + AL) ——-
dTAU dAL dT  dRR dT du dT
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dCNF dBE 2 dTAU  dAL dTAU dRR
——- RR (-——- RR + + 2 BE RR —-
dau dTAU dT  dTAU dT dr
+
2

2 SQRT(BE RR + AL)
(C15) YDOT:EV(X,SIMPS)$

/% Create the matrix equation [W] [DOT] = [B] which %/
/% arises from setting xdot = y and ydot = diff(x.t.2) in eq.(¥*) %/

(C16) W:MATRIX([RATCOEF (XDOT,RDOT) ,RATOOEF (XDOT,UDOT) ],
[RATOOEF (YDOT , RDOT) , RATCOEF(YDOT , UDOT) 1) $

(C17) DETW:EXPAND(DETERMINANT(W))$

(C18) DETW:EV(DETW,CNSMPS2)$

(C19) DETW:EV(DETW,CNSMPS1)$

(C20) DETW:FACTOR(DETV):

(D20) - RR SQRT(BE RR2 + AL)

(C21) B:MATRIX([RATSIMP(Y-EV(XDOT,RDOT=0,UDOT=0))].
[RATSIMP(-EV(YDOT , RDOT=0, UDOT=0)-AL*X-BE¥X"3-EPS*G) ])$

/% Compute the solution for [rdot,udot] by inversion »/
/% and store as ANSwer */

(C22) ANS:INVERT(W).B$

/% Simplify solution %/

(C23) ANS:EV(ANS,CNSMPS2)$

(C24) ANS:EV(ANS,CNSMPS1,RATSIMP)S

(C25) ANS:EV(ANS,CNSMPS1,RATSIMP)S

/% Show the equation for rdot in simplified form %/
(C26) REQN:FACTOR(RATCOEF(ANS[1].G) %G

+FACI‘0R(RAT(I)EF(ANS[1].DIFF(AL.TAU)))*DIFF(AL.TAU)
+FACTOR(RATOOEF (ANS[ 1], DIFF (BE, TAU) ) )%DIFF (BE, TAU) ;
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dCNF dAL
—-— EPS G ———— (ONF - 1) (ONF + 1) EPS RR
du dTAU
(D26) [- +
2 2
SQRT(BE RR + AL) 2 SQRT(BE RR + AL)
dBE 2 3
—— (CNF - 1) (ONF + 1) (CNF + 1) EPS RR
dTAU

+

2
4 (BERR + AL)

/% Simplify the equation for udot »*/

(C27) REMOVE(U,DEPENDENCY)$

(c28) UO:EV(ANS[ 2], DIFF (CNF ,K)=-DIFF (CNF,U)*DUDK)$
(C29) UO:EV(UO,RADCAN)S

(C30) UO:PART(UO,1)$

(C31) UO:EXPAND(UO)$

(C32) U1:MAP(FACTOR,UO)$

(C33) U1:SUBST(2%AA~2%DNF~2, BEXCNF ~2%RR"2+BE*RR"2+2%AL,U1)$
(C34) U1:SUBST(AA~2,BE*RR"2+AL,U1)$

(C35) U2:MAP(FACTOR,U1)$

(C36) U2:SUBST(AA,ABS(AA),U2)$

(C37) U2:MAP(FACTOR,U2)$

/% Parse U2, the simplified solution for udot */
/% into four pieces and simplifiy further */

(C38) U2G:MAP(FACTOR, EXPAND(RATCOEF (U2,G)*C))$

(C39) U2G:SUBST(AA~2, BEXRR"2+AL,U2G)$

(C40) U2A:MAP(FACTOR, EXPAND(RATCOEF (U2, DIFF (AL, TAU) )*DIFF(AL.TAU)))$
(C41) U2A:FACTOR(RATCOEF (U2A, DUDK) )*DUDK+FACTOR(EV(U2A,.DUDK = 0))$
(C42) U2B:MAP(FACTOR, EXPAND(RATCOEF (U2B, DIFF (BE, TAU) )*DIFF(BE. TAU)))$
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(c43) U2B=FACI‘0R(RATG)EF(UZB.DUDK))*DUDK+FACI‘OR(EV(U2B.DUDK = 0))$
(C44) U2E: FACTOR(EXPAND(EV(U2,EPS=0)))$

(C45) U2E:SUBST (AA~2,BE*RR"2+AL,U2E)$

/% Show equation for udot »/

(C46) UEQN:U2E+U2G+U2A+U2B;

dCNF
SQRT(2) AL SQRT(BE) --—- DUDK EPS G
du
(D46) AA -
4
2 AA
dAL dONF
CNF EPS
BE ONF EPS G RR AL CONF EPS G dTAU du
+ + +
3 3 2 2
AA AA RR 2 AA DNF
dAL
SQRT(2) ——-- SQRT(BE) DUDK EPS RR
dTAU 2 2
- (BE RR - AL ONF + 2 AL)
5
2 AA
dBE
SQRT(2) AL ---- DUDK EPS RR
dTAU 4 2 2
+ (BE ONF RR + BERR + 2 AL)
5
4 AA SQRT(BE)
dBE 2  dONF 2
———— CNF (ONF + 1) -— EPS RR
dTAU du
+
2 2
4 AA DNF

/» The above form of udot can be simplified further by hand »*/

Symbolics 3670 time = 2 hrs
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Appendix E The AVERAGE program listing

This appendix lists the AVERAGE program which applies the method
of averaging to eq.(0.1) using elliptic functions. The program calls

the CNINT and GENINT routines of appendices A and B.

/% Elliptic averaging of: %/
/% x'' + alpha(tau) x + beta(tau) x"3 + e g(x,x',tau) = 0 »/
/% where tau = eps t and g is polynomial in x and x' %/

/% Second order version where the phi eqn is averaged to lst order »/
/% but t is to 2nd order ¥/

/% This is incomplete for k*2>1 (within the double homoclinic »*/

/% loops) where some expressions cannot be averaged analytically. »*/
/% These do not always occur for k*2>1, but when they do they are »/
/% identified as, for example, by: mean_of_zsqrcn”3 %/

/% Variable names and their meanings »/

/% 74

/% X = variable in differential equation %/
/% Y = dw/dt »/

/% T = time ¥/

/% TAU = epst »/

/% G = g(x,x',tau) = g(x,y,tau) is a perturbation */
/% AL = alpha(tau) %/

/% BE = beta(tau) */

/% RR = amplitude »*/

/% AA = instantaneous time frequency %/

/% BB = phase angle constant »/

/% K = modulus of the elliptic functions »/

/% U = argument of elliptic functions »/

/% CN(U,K) = a jacobi elliptic function »/

/% ON° (U,K) = - sn(u,k) dn(u.,k) = derivative of cn(u.k) w.r.t. »*/
/% . the argument u %/
/% ZZ = jacobi zeta function %/

/% KC = complete elliptic integral of the first kind »/

/% EC = complete elliptic integral of the second kind »/

/% PHI = angle variable [where u = 4 kc phi] #/

/% MU = +1 or -1 depending on the sign of the x-initial condition %/
/% when alpha < O »/
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/% KSQR_GT_1 = 1 when k*2 > 1 otherwise 0. This is a flag for an ¥/

/% orbit being within the double homoclinic loop
/% separatrix. This equals H(k*2-1). where H is the
/% Heaviside step function

/% The 2nd order differential equation is written as */
/% 2 first order equations: %/

/% »/
/ExX =y »/
/%y’ = - eps g(x,y,tau) - alpha(tau) x - beta(tau) x"3 %/

/% For alpha and beta fixed %/

/% [and proper interpretation of elliptic variables %/

/% for k between minf and inf]. the differential equation is %/
/% solved exactly by: %/

V.

/% x=mrr cn(uk) y=murraa en'(uk) u=aat+bb
/% aa~2 = al + be rr*2 k"2 = be rr*2/2/aa"2

/%

/% where initial conditions determine the values of rr and bb ¢/

/» But, it is more convenient to find slow flow equation */
/% for phi [using uu] rather than bb %/

/% The Variational equations to be averaged are: ¥/

/% %/
/% diff(rr.t) = eps F[1] %/
/% diff(phi.t) = aa/4/kc + eps F[2] */

/% Averaging uses a near-identity transformation as follows: ¥/

/% »/
/% rr= rbar+eps®W1(rbar,phi)+eps~2%Vl(rbar, phi) */
/% phi=phibar+eps*W2(rbar,phi )+eps~2%V2(rbar,phi) »/

/% Symbols used in the computation »/

/% XX = cn function »/
/% YY = cn’ function »/
/% 7ZZ = zeta function »/
/% SS = arcsin(k*sn(u.k)) = arcsin(k¥sqrt(1-xx"2)) »*/
/% UU = argument »/
/% SD = sn/dn »/
/% TH = LN(‘I‘HE'I‘A(U)/'I'HETA(O)) »/
/% SO = integral of SS with respect to u »/
/% S2 = integral of SS¥XX"2 with respect to u »/
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»*/
t 74
»/

*/
»*/
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»*/



/% Symbols used on output %/

/% CONF = cn elliptic function »*/
/% CNP = cn' elliptic function »/
/% SNF = sn elliptic function »/
/% ZETA = Jacobi zeta function »/
/% THETA = an elliptic theta function »/
/% SO = see above */

/% S2 = see above

»/
AVERAGE():'—'Blm(([x-Yoxxnw-H-V-K-AL-BE-RR.ZZ.$.SO.82,
UU, TH, TAU, KC,EC,EPS,RBAR, KBAR, PHIBAR,
CNF, SNF,CNP, THETA , ZETA, ARCSIN],

/% Input problem ¥/

PRINT("AVERAGING OF X** + ALPHA(TAU) X + BETA(TAU) X~3",
"+ EPS G(X.X’,TAU) = 0"),
PRINT("  WHERE TAU = EPS T AND G IS POLYNOMIAL IN",
"X AND X'"),
PRINT(" ").ALVAL:READ("ENTER ALPHA(TAU):"),
PRINT(" ").BEVAL:READ("ENTER BETA(TAU): ").
PRINT(" *).PRINT("ENTER G(X.X'.TAU) USING Y=X':"),
G:READ().
PRINT(" "),
PRINT ("UNPERTURBED SOLUTION IS: X = RR CN(U.K)".
“AND X' = Y = RR AA ON'(U,K)").
PRINT("WHERE RR = AMPLITUDE AND U = 4 KC PHI = PHASE").

/% Kill variables used by routine %/
/% and check for AL and BE dependency on tau »/

KILL(K.AL.BE,RR,XX,YY,2Z.SS,S0,S2,UU,SD,TAU,KC.EC, EPS,
RBAR . KBAR, PHIBAR, CNF , SNF, CNP, THETA, ZETA, ARCSIN,
KSQR_GT_1,FF,CNMEAN),

DEPENDS([AL.BE],TAU),

IF ALVAL = O THEN K:SQRT(1/2).

IF BEVAL = O THEN K:0,

IF SCALARP(ALVAL) AND ALVAL>=O THEN KSQR_GT_1:0,

IF SCALARP(K) THEN SCALARPK:TRUE ELSE SCALARPK:FALSE,

IF NOT SCALARPK

AND (DIFF(ALVAL,TAU)#O OR DIFF(BEVAL,TAU)#0) THEN
TAUFLAG: TRUE ELSE TAUFLAG:FALSE,

/% Input whether to do phi eqn and the averaging order (1 or 2) %/
PRINT(" "),DOPHI:READ("DO PHI EQN (YN)? "),

IF DOPHI # Y THEN DOPHI:FALSE ELSE DOPHI:TRUE,
PRINT(" u)'
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IF SCALARPK AND DOPHI THEN DOSEC:READ("DO SECOND ORDER IN R",
"AND PHI (Y/N)?")
ELSE DOSEC:READ("DO SECOND ORDER IN R",
"(Y/N)?'l)'
IF DOSEC # Y THEN DOSEC:FALSE ELSE DOSEC:TRUE,

PRINT(" ").PRINT("AVERAGING WILL USE A NEAR-IDENTITY".
“TRANSFORMATION FROM"),
PRINT("(RR,PHI) TO (RBAR,PHIBAR) AS FOLLOWS:"),
PRINT(" ).
IF DOSEC THEN PRINT("RR = RBAR  + EPSwW1(RBAR,PHI)",
"4+ EPS~2%V1(RBAR,PHI)")
ELSE PRINT("RR = RBAR + EPS%W1(RBAR,PHI)"),
IF DOPHI THEN (
IF DOSEC AND SCALARPK THEN
PRINT("PHI = PHIBAR + EPS%W2(RBAR,PHI)",
4+ EPS~2%V2(RBAR,PHI)")
ELSE
PRINT("PHI = PHIBAR + EPS%W2(RBAR,PHI)")

).
PRINT(" ").

/% Create REDUC routine that reduces an expression involving 74
/% YY (cn’) into its even and odd components and apply the %/
/» identity (cn’)"2 = (1-cn~2)%(1-k"~2+k"2%cn"2) »*/

REDUC(EXPR) : =BLOCK( [EVEN,0DD, VAL],
EVEN: EXPAND( (EXPR+EV(EXPR, YY=-YY))/2).
ODD: EXPAND( (EXPR-EVEN) /YY),
ODD: YYXEXPAND(EV(ODD, YY=SQRT( ( 1-XX~2)%(1-K"2+K"2xXX"2)))).
EVEN : EXPAND(EV(EVEN, YY=SQRT( ( 1-XX~2)%(1-K~2+K"2%XX"2})))).
VAL : EVEN+ODD

).

/% Substitute x =rcnand y =t acn’ into g »/
G:EV(G,X=RR»*XX, Y=RR*SQRT (AL+BE%RR"~2)%YY),
/% Compute F[1] and F[2] »/

F[1]: -REDUC(YY~G)/SQRT(BEXRR"2+AL) ,
IF DIFF(ALVAL,TAU)#O THEN
F[1]:F[1]+DIFF(AL,TAU, 1)%RRR(XX~1)%(XX+1)/(2%(BEXRR"2+AL)).
IF DIFF(BEVAL,TAU)#O THEN
F[1]:F[1]+DIFF(BE, TAU, 1)*RR"3x(XX~1)#(XX+1)%(XX"2+1)
7(4%(BEXRR"2+AL)) .

F[2]: -REDUC(Gw(2ALXBENRR~2¢YYNZZ+2%AL"2%YY*ZZ
— ALBEMRR~25%XX~3-BE~2¥RR~4%XX—-2%ALXBE*RR ~ 25#XX
—2MAL~2%XX) )
/(4%RR*(BEXRR2+AL) " (3/2)%(BEXRR"2+2%ALKC) ,
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IF DIFF(ALVAL,TAU)#0 THEN
F[2]:F[2]+DIFF(AL,TAU, 1 )x(AL*)O(“zﬁzz-BE*RR“z*ZZ—Z*M.*ZZ
+AL&XX*YY)/(4*(BE*RR“2+AL)x(BExRR“2+2&AL)uKC) ,
IF DIFF(BEVAL,TAU)#0 THEN
F[2]:F[2]+DIFF(BE.TAU, 1 )*(AL*BE*RR"%)O(“MZML*BE*RR’Q*ZZ
+2%AL~2%Z7Z+AL ¥BEXRR"2%XX "~ 3%YY+BE~2%RR "~ 4XX»YY
+2%AL ¥BEXRR " 25XXYY )
/ (8*BE*(BE*RR“2+AL)*(BE*RR"2+2*AL)*KC) .

/% If k=0 or k*2=1/2 then simpify above »*/

IF K = O THEN (
F[1]:EV(F[1].BE=0),
F[2]:EV(F[2].22=0,BE=0)

)'

IF K = SQRT(1/2) THEN (
F[1]:EV(F[1].AL=0),
) F[2]:EV(F[2].AL=0)

/% Integrate F[1], find mean of F[1], F1BAR %/

FI1:GENINT(F[1].K).
FF1:EV(FI1,XX=0,YY=0,22=0),
F1BAR: RATOOEF (FF1, UU)+KSQR_GT_1%RATCOEF (FF1,SS)»*XP1/2/KC,

/% Find W1 %/

KILL(W1,WIMEAN,W1INT,W1r,W2),
W1:1/SQRT(AL+BERR"2)%*( EV(FI1,UU=0)

-KSQR_GT_1#RATOOEF(FF1,SS)»*%P1/2/KC*UU ).
W1INT:GENINT(W1.K),
/» when ksqr_gt_1 then ss-Xpi/2/kc»*uu has zero mean »/
W1MEAN:RATOOEF(W1INT,UU,1)

+KSQR_GT_1%RATOOEF (W11INT,SS)»*XP1/2/KC,

W1:W1-WIMEAN, .
PRINT("DONE WITH FIRST ORDER RR EQN"),

/% Find W2 %/

IF DOPHI THEN (

W1R: SQRT (BERR~2+AL )% (BEXRR~2%KC+2%ALXKC~2%ALXEC)
/(4%RR%(BEXRR*2+2%AL)%KC"2) ,

IF ALVAL=0 THEN (WI1R:EV(WIR,AL=0),W1R:EV(WIR,ABS(RR)=RR)).

IF BEVAL=0 THEN WIR:O,

FI2:GENINT(F[2].K). ,

FF2:EV(FI2,XX=0,YY=0,22=0, TH=0).,

F2BAR : RATOOEF (FF2, UU)+KSQR_GT_1¥RATCOEF (FF2, SS)»*XP1/2/KC,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



293

W2: 1/SQRT(AL+BEXRR~2)%( EV(FI2,UU=0)
~KSQR_GT_1%RATOOEF(FF2, SS)»*XP1/2/KOUU
~W1Rs(W1INT-WIMEAN*UU) ),

DW2PH]I : 4%KC/SQRT (AL+BERR~2)%(F[2]-F2BAR+W1R*¥1),

PRINT("DONE WITH FIRST ORDER PHI EQN")

).

/% Goto end if first order »/
IF NOT DOSEC THEN GO(JUMPEND),

/% Reduce expression swell by parsing F[1] and W1, i.e., by %/
/% replacing the very large coefficients of function forms */
/% appearing in F[1] and W1 by dummy expressions %/

PRINT("PARSING F[1] AND W1"),

F[ 1]:EXPAND(F[1]).W1:EXPAND(W1),

F1PARSE:0,W1PARSE:O,

KILL(F1XXCOEF , F1YYCOEF , W1XXCOEF , W1YYCOEF , W1SSCOEF ,
W1ZZOOEF , W1UUCOEF , F1IBARCOEF) ,

HI:MAX(HIPOW(F[1].XX) HIPOW(W1,XX)).
COEFVALS:[],
FOR I1:0 THRU HI DO (
TEMP: RATOOEF(F[1].XX, II).
TEMPNOY : EV(TEMP, YY=0),
TEMPY : DIFF(TEMP, YY),

/% Find xx~ii coefficients in F[1] »*/
IF TEMPNOY # O THEN (
OOEFVALS: APPEND(CQOEFVALS,
[F1XXOOEF[ 11]=FACTOR(TEMPNOY)]).
F1PARSE : F1PARSE+F1XXOOEF[ I1]»XX"11

).

/% Find xx"iidyy coefficients in F[1] %/
IF TEMPY # O THEN (
OOEFVALS : APPEND(COEFVALS,
[F1YYCOEF[ 11]=FACTOR(TEMPY)]),
F1PARSE : F1PARSE+F1YYCOEF[ 1T JpeYY»XX"11
).
TEMP : RATOOEF (W1,XX, IT).
IF II = O THEN (

/% Find zz coefficients in W1 »/

TEMPZ:DIFF(TEMP,22),

IF TEMPZ # O THEN (
OOEFVALS: APPEND(OOEFVALS, [WIZZG)EF=FACIOR(TEMPZ) 1.
W1PARSE : W1PARSE+W1ZZOOEF*ZZ

).
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/% Find ss coefficients in W1 */

TEMPS:DIFF(TEMP,SS),

IF TEMPS # O THEN (
OOEFVALS : APPEND(COEFVALS, [WISS(I)EF=FACI‘0R(TEHPS) 1.
W1PARSE : W1PARSE+W1SSCOEF%SS

).

/% Find uu coefficients in W1 %/

TEMPU : DIFF(TEMP,UU),

IF TEMPU # O THEN (
OOEFVALS : APPEND(COEFVALS, [WlUU(I)EF:FACI‘OR(TEMPU) 1.
W1PARSE : W1PARSE+W1UUCOEF»UU

).
TEMP: EV(TEMP, ZZ=0,5S=0, UU=0)

).
TEMPNOY : EV(TEMP, YY=0) ,
TEMPY : DIFF(TEMP, YY) .

/% Find xx~ii coefficients in W1 »*/
IF TEMPNOY # O THEN (
OOEFVALS : APPEND(COEFVALS,
[WlXXCDEF[II]:FACI‘OR(TEHPNOY)]) .
W1PARSE: W1PARSE+W1XXOOEF[ IT]%XX"11
).

/% Find xx~ii%yy coefficients in W1 »/
IF TEMPY # O THEN (
OOEFVALS: APPEND(COEFVALS,
[WlYYG)EF[II]:FACI‘OR(TEHPY)]) .
WlPARSEtWIPARSE+W1YYCDEF[II]*YY*XX"II
)
).

/% Store real coefficient values in a list called COEFVALS »/
OOEFVALS: APPEND(COEFVALS, [ F1BARCOEF=FACTOR(F1BAR) .
/% Give dummy coefficients proper dependencies %/
DEPEINIB([FI)O((I)EF.FIYY(I)EF.WI)O(CDEF.WIYYCDEF.WIZZ(I)EF.
W1SSOOEF, W1UUCOEF ], RR),

IF TAUFLAG THEN DEPWIB([WI)O(CI)EF].TAU).
/% need not consider others »/

/» Set dependencies of elliptic functions »*/
DEPENDS([XX.YY,ZZ,SS,UU].RR),
IF NOT SCALARPK THEN DEPENDS([KC.EC].K.K.RR),

IF TAUFLAG THEN DEPENDS([XX.YY.K],.TAU),
/% need not consider z,ss,uu %/
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/% Define elliptic derivatives #*/

IF K # O THEN
DIFVALS: [ DIFF(UU, RR)=U/KC/K/(1-K~2)*DIFF(K.RR)
»(EC-(1-K~2)»KC),
DIFF(XX,RR)=—1/K/(1-K~2)»*DIFF(K,RR)
2 ZZHYY+K 20X ( 1-XX"2) ) ,
DIFF(YY.RR)=-1/K/(1-K~2)*DIFF(K.RR)
24 ZZ3XXre( 20K~ 2~ 1 ) -20K "~ 206XX “3nZZ
+K~20YY%(1-20XX"2) ) ,
DIFF(ZZ,RR)=-K/(1-K~2)*DIFF(K,RR)
2( ZZHXX~2+XX*YY) ,
DIFF(SS,RR)=DIFF(K,RR)*(SD-1/(1-K"2)
2 ZZ3XX~-K~2%SD¥XX"2) ) ]
ELSE
DIFVALS: [DIFF(UU,RR)=0,
DIFF(XX,RR)=0,
DIFF(YY,RR)=0],

IF TAUFLAG THEN
DIFVALS: APPEND(DIFVALS,
[DIFF (XX, TAU)=DIFF(K, TAU)/DIFF (K,RR)
¥EV(DIFF(XX,RR) ,DIFVALS),
DIFF(YY.TAU)=DIFF(K,TAU)/DIFF(K,RR)
%EV(DIFF(YY,RR) . DIFVALS)]
).

/% Find diff(Wl,phi) »/
DW1PHI : 4%KC/SQRT (AL+BE*RR~2 )%(F1PARSE-F1BARCOEF)
/% Find diff(F[1].rr) %/
PRINT("FINDING DIFF(F1,RR)"),
DF1R:DIFF(F1PARSE.RR),
DF1R:EV(DF1R,DIFVALS),
/% Find diff(Wl,rr) »/
PRINT(“FINDING DIFF(W1,RR)"),
WW:EV(W1PARSE, ZZ=0,SS=0,UU=0).
/% zz,ss,uu contribute zero mean in diff(wl,rr) »/

DW1R:DIFF(WW,.RR),
DWIR:EV(DWIR,DIFVALS),
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/% Find diff(W1,tau) »*/

DW1TAU:O,

IF TAUFLAG THEN (
PRINT("FINDING DIFF(W1 .TAU)"),
DW1TAU:DIFF(WW, TAU),
DW1TAU:EV(DW1TAU,DIFVALS)

).
/% Find H2 »/

IF DOPHI AND SCALARPK THEN (
DF2R:DIFF(F[2].RR).
DF2R:EV(DF2R, DIFVALS),
H2: EXPAND(DF2R¢W1PARSE-DW2PHI*(F[ 2]+W1R=W1PARSE) ) .
H2:REDUC(H2)
).

/% Remove elliptic function dependencies »/
REMOVE([)O(.YY.ZZ.SS.UU].DEPENDENCY).
/> Find H1 »/

PRINT("FINDING H1"),
H1 : EXPAND( ~F 1 BARCOEFDW1R-F[ 2]%DW1PHI-DW1 TAU+DF 1R*W1PARSE) .

/% Find length of Hl and parse into two pieces: »/
/% H1Y contains yy; HINOY does not ¥/

LEN:LENGTH(H1),
PRINT("DIVIDING UP H1 (",LEN," TERMS)").
H1Y:0,HINOY:O,
FOR II:1 THRU LEN DO (
TEMP: PART (H1,11),
EVEN: EXPAND( 1/2%( TEMP+EV(TEMP, YY=-YY))).
ODD: EXPAND( 1/2/YY%(TEMP-EV(TEMP, YY=-YY))).
HINOY : HINOY+EXPAND(EV(EVEN, ~
YY=SQRT( (1-XX~2)%(1-K~2+K~2%XX~2)))) .
H1Y : HIY+EXPAND(EV(ODD,
YY=SQRT( (1-XX~2)*( 1-K~2+K~2%XX"2))))

).
KILL(H1).
/% Parse H1Y into pieces %/
PRINT(“PARSING H1Y").
TEMP:DIFF(H1Y,UU),
H1YZAPU:EV(TEMP,ZZ=0), /» Functions: uwec i inyy »/

TEMP:DIFF(H1Y,SS).
H1YZAPS:EV(TEMP,ZZ=0), /» Functions: ssiox™ 1 inyy */
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TEMP:DIFF(H1Y,2Z),
H1YZAPZ:EV(TEMP,SS=0,UU=0,ZZ=0), /% Functions: zzox 1 iyy ¥/
KILL(H1Y),

/% Find means of functions indicated above using formulas »*/
/% where cnmean[ii] = mean of cn“ii = mean of xx"ii »/

PRINT("FINDING H1Y MEANS"),

HI:HIPOW(H1YZAPZ,XX) ,H1YZAPZBAR: O,
FOR I1:0 THRU HI DO
H1YZAPZBAR: H1YZAPZBAR-RATCOEF (H1YZAPZ . XX, IT)/(11+1)
%( (1-K~2-EC/KC)*CNMEAN[11+1]
+K~2%CNMEAN[ I11+3] ).
HI :HIPOW(H1YZAPS, XX) ,H1YZAPSBAR: 0,
FOR I1:0 THRU HI DO
H1YZAPSBAR: H1YZAPSBAR-RATOOEF (H1YZAPS, XX, 11)
¥K/(11+1)%CNMEAN] 11+2],
HI :HIPOW(H1YZAPU,XX) ,H1YZAPUBAR:O,
FOR II:0 THRU HI DO
H1YZAPUBAR: H1YZAPUBAR-RATOOEF (H1YZAPU, XX, I1)
wK/(11+1)%CNMEAN[ I11+1],
KILL(H1YZAPZ,H1YZAPU ,H1YZAPS),

/% Parse HINOY into pieces %/

PRINT("PARSING HINOY"),

/% Functions: xx"ii »/

HI1NOYZAPX: EV(HINOY,ZZ=0,SS=0,UU=0,SD=0),

HINOYZ2: 1/2%DIFF(HINOY,ZZ,2), /% Functions: zz "0 11 »*/
HINOYZS:DIFF(HINOY,SS,1,ZZ,1), /% Functions: zz¥ss¥xx" i1 ¥/
HINOYZU:DIFF(HINOY,UU,1,ZZ,1), /% Functions: zz¥uudexx~1i »/
KILL(HINOY),

/% Find means of functions indicated above »/
PRINT("FINDING MEANS"),

/% Find mean of xx*ii */

HI : HIPOW(H1NOYZAPX, XX) ,HINOYZAPXBAR:O,

FOR 11:0 THRU HI m.HlNOYZAPXBAR:HlNOYZAPXBAR
+RAT(I)EF(H1NOYZAPX.XX.II)NGNEAN[II].

/% 1f k=O then rest of the means are zero: skip to end »*/
IF K=0 THEN (

HINOYZUBAR:O,

HINOYZ2BAR: O,

HINOYZSBAR:O,

GO(JUMP1)
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HI2:HIPOW(HINOYZ2,XX) ,HIS:HIPOW(HINOYZS,XX),
HIU:HIPOW(HINOYZU,XX).

/% Separate HINOYZU, HINOYZS, and HINOYZ2 into even »/
/% and odd pieces in xx ¥/

/% Use flags for means of functions which cannot »/

/% be explicitly computed %/

HI:MAX(HI2,.HIS,HIU) ,HINOYZ2BARODD:O,

HINOYZUBAR:0,H1NOYZSODD: O,

FOR II:1 THRU HI STEP 2 DO (
H1NOYZUBAR : HINOYZUBAR+RATOOEF (HINOYZU, XX, 11)

/4/KC*INT_OVER_4KC_OF_ZUCN"1I,
H1NOYZ2BARODD: H1NOYZ2BARODD+RATOOEF (HINOYZ2, XX, IT)
#KSQR_GT_1%MEAN_OF_ZSQRCN~11I,

H1NOYZSODD: HINOYZSODD+RATCOEF (HINOYZS, XX, IT)»XX*11

).

HI:MAX(HI2,HIS,2), \

H1NOYZSBAREVEN : RATCOEF (HINOYZS , XX, 0)¥KSQR_GT_1¥MEAN_OF_ZSU,

H1NOYZ2EVEN: RATOOEF (HINOYZ2,XX,0) .,

FOR I1:2 THRU HI STEP 2 DO (
H1NOYZSBAREVEN : HINOYZSBAREVEN+RATOOEF (HINOYZS , XX, IT)

*KSQR_GT_1%MEAN_OF_ZSUCN~II,

H1NOYZ2EVEN : H1NOYZ2EVEN+RATOOEF (HINOYZ2, XX, 11 )*XX~11

).

/% Find mean of HINOYZS (for xx odd) by procedures B,C »*/

TEMP1 : GENINT (SS*H1NOYZSODD , K) .

TEMP2: 1/2%DIFF(TEMP1,SS,2),

TEMP1:EV(TEMP1,5S=0,YY=0),

TEMP1 : EXPAND(-TEMP13¢( 1-K~2-EC/KC+K~2%XX"2) ) ,

HI:HIPOW(TEMP1,XX) , TENP1BAR: 0,

FOR II:0 THRU HI DO TEMP1BAR:TEMP1BAR+RATOOEF(TEMP1,XX,IT)

%CNMEAN[ 117,

TEMP2BAR : ~TEMP2%( 1-K~2-EC/KC)*MEAN_OF_SS"2
—TEMP2%K~2%MEAN_OF_SS_SQR_CN"2,

H1NOYZSBARODD: TEMP1BAR+TEMP2BAR,

/% Find mean of HINOYZ2 (for xx even) by procedure A ¥/

TEMP1 : GENINT(HINOYZ2EVEN K) ,
TEMP1 : EXPAND(-TEMP1%25( 1-K~2-EC/KC+K~2%XX"2)) .
TEMP2: DIFF(TEMP1,YY),
HI : HIPOW(TEMP2,XX) . TEMP2BAR: 0,
FOR II1:0 THRU HI DO
TEMP2BAR : TEMP2BAR-RATOOEF (TEMP2, XX, 11)/(11+1)
%( (1-K~2-EC/KC)%CNMEAN[11+1]
+K~2%CNMEAN[ 11+3] ).
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TEMP3:DIFF(TEMP1,UU),
TEMP3BAR : ~RATCOEF (TEMP3, XX, 0) *MEAN_OF_TH
~RATOOEF (TEMP3, XX, 2) /K*2/2%(
MEAN_OF Z~2+23¢(EC/KC+K~2-1)*MEAN_OF_TH ).
TEMP1:DIFF(TEMP1,2Z).
TEMP1BAR : RATCOEF (TEMP1 , XX, 0)*MEAN_OF_Z"~2
+RATCOEF (TEMP1,XX,2)/3
»(~2/K~2%( 1-K~2-EC/KC) “24MEAN_OF_TH
+1/K~2%{EC/KC+K~2-1)
¥ (MEAN_OF_Z~2+2%(EC/KC+K"2-1)*MEAN_OF_TH)
-2/K~2%( 1-K~2-EC/KC)*MEAN_OF_2"2).
H1NOYZ2BAREVEN : RATSIMP( TEMP1BAR )+ TEMP2BAR+TEMP3BAR,

/% Add together the even and odd components to the mean */
/% of HINOYZS and HINOYZ2 »/

H1NOYZ2BAR : HINOYZ2BAREVEN+H1NOYZ2BARODD,
H1NOYZSBAR : HINOYZSBAREVEN+H1NOYZSBARODD,

JUMP1, /» jump for k=0 */
/% Find H1BAR %/

H1BAR:H1YZAPZBAR+H1YZAPSBAR+H 1YZAPUBAR+HINOYZAPXBAR
+H1NOYZ2BAR+H1NOYZSBAR+H1NOYZUBAR,

/% Find H2BAR if able »/

IF DOPHI AND SCALARPK THEN (
H2X:EV(H2,YY=0,22=0,SS=0).
H2Y:DIFF(H2,YY),
H2YZ:DIFF(H2Y,ZZ).
H2YS:DIFF(H2Y,SS).,
H2Z2:DIFF(H2,2Z,2)/2.
H2S2: DIFF(H2.SS,2)/2,
HOBAR : HOZ2#MEAN_OF _Z~2+H2S2%MEAN_OF_SS"2,
HI : MAX(HIPOW(H2X , XX) , HIPOW(H2YZ , XX) . HIPOW (H2YS . XX) ) .
FOR I11:0 THRU HI DO
H2BAR:H2BAR
+RATOOEF (H2X , XX, T1)%CNMEAN[ I1]
_RATOOEF(H2YZ, XX, 1)/ (11+1)%( {1-K*2+EC/KC)
MCNMEAN[ 11+1]+K~2%CNMEAN[ 11+3])
—RATOOEF(H2YS. XX, T1)/(11+1)%K~CNMEAN[ 11+2]
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/% Find cnmean[ii] %/

IF K=SQRT(1/2) THEN KBAR:SQRT(1/2),

IF K=0 THEN (
CNMEAN[07]:1,CNMEAN[ 1]:0,CNMEAN[ 2] : 1/2, CNMEAN[ 3] :0,
CNMEAN[ 11 ]: =RATSIMP( (11-1)/1I*CNMEAN[ 11-2])

CNMEAN[0]:1,

CNMEAN[ 1] :KSQR_GT_1%%P1/2/KC/KBAR,

CNMEAN[ 2] : 1/KBAR~23(EC/KC-1+KBAR"2).,

CNMEAN[ 3] : KSQR_GT_1/2/KBAR"~3%( 2%KBAR~2-1 }»%P1/2/KC,

CNMEAN[ I1]:=RATSIMP(1/(11-1)/KBAR"2%(

(11-2)%(2%KBAR"2-1)%CNMEAN[ 11-2]
+(11-3)%(1-KBAR2)*CNMEAN[ 11-4]))
),

/% Simplify HIBAR »/

HI1BARSIMP:RATSIMP(EV(H1BAR)),
PRINT("EVALUATING H1BAR IN TERMS OF COEF VALS"),
H1BARSIMP:EV(H1BARSIMP, COEFVALS, DIFF),
H1BARSIMP:EV(H1BARSIMP ,DIFF (K, RR)=AL®SQRT (BE/2)
/(BEXRR*2+AL)~(3/2)).
H1BARSIMP:EV(H1BARSIMP,
DIFF(K, TAU)=RR*2/4/KBAR/ (AL+BEXRR~2)"2
»( AL*DIFF (BEVAL, TAU)-
BEXDIFF(ALVAL,TAU))).

/% Simplify H2BAR %/

IF .DOPHI AND SCALARPK THEN (
H2BARSIMP: RATSIMP(EV(H2BAR)).
H2BARSIMP: EV(H2BARSIMP, COEFVALS)

).

JUMPEND, /% jump for first order r only */
/% Create a list of substitution rules for output »/

IF SCALARPK AND K = O THEN
PF: [XX=C0S(2XPI*PHI ) , YY=—SIN(2%XPI¥PHI)
UU=2%XPI*PHI , ABS(RR)=RBAR,
RR=RBAR,KC=XP1/2,EC=XP1/2,AL=ALVAL ,BE=BEVAL]
ELSE
PF: [ XX=CNF (4%KOXPHI ) , YY=CNP(4%KO*PHI ) , ZZ=ZETA(4*KO*PHI) ,
TH=LOG( THETA(4%KC*PHI ) /THETA(0) ) .
SS=ARCSIN(KBARXSNF (4#KC*PHI))
UU=4*KOXPHI , ABS(RR)=RBAR, RR=RBAR, AL=ALVAL , BE=BEVAL] ,
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IF NOT SCALARPK THEN
PFK:[  K=RBAR%SQRT(BEVAL/2/(BEVAL¥RBAR"2+ALVAL)).
KBAR=RBAR®SQRT (BEVAL/2/ (BEVAL¥RBAR"2+ALVAL)) ]
ELSE PFK:[].

/% Change results to output form »/

F1BAR: RATSIMP(EV(F1BAR, PF, PFK,DIFF) ),

IF DOPHI THEN F2BAR:RATSIMP(EV(F2BAR,PF,PFK,DIFF)).

IF DOSEC THEN H1BARSIMP:RATSIMP(EV(H1BARSIMP,PF,PFK,DIFF)).

IF DOSEC AND DOPHI AND SCALARPK THEN (
H2BARSIMP: RATSIMP(EV(H2BARSIMP, PF,PFK)).
HOBARSIMP: EV(H2BARSIMP, ABS(RBAR)=RBAR)

).

/% Save averaged system into Rflow and Pflow »/

RFLOW: EPS*FACTOR(F1BAR),
IF DOSEC THEN RFLOW:RFLOW+EPS~2%FACTOR(H1BARSIMP),
IF DOPHI THEN ( :
PFLOW: EV( 1/4/KC*SQRT(AL+BEXRR"2) , PF ) +EPS*FACTOR(F2BAR) .
IF DOSEC AND SCALARPK THEN
PFLOW: PFLOW+EPS~2%FACTOR (H2BARSIMP)

l%.i’LOW:FACI‘OR(EV(RHDW.ABS(RBAR):RBAR)) .
PFLOW: EV(PFLOW, ABS(RBAR)=RBAR) ,

/% Print averaged system, k™2, kc and ec »/
/% (VAL contains this list of output) »*/

DERIVABBREV: TRUE,

VAL: [DIFF(RBAR(T).T)= 1.

IF DOPHI THEN VAL:APPEND(VAL,[DIFF(PHIBAR(T),T)=PFLOW]).

VAL : APPEND(VAL,, [ 'KBAR~2=FACTOR(BEVAL¥RBAR"2/2
/(ALVAL+BEVAL®RBAR2))7) .

IF K=0 THEN VALOOMP:[KC=XP1/2,EC=XP1/2]

ELSE VALOOMP: [KC=KC(KBAR) ,EC=EC(KBAR)].

VAL : APPEND( VAL , VALCOMP) ,

PRINT("THE AVERAGED EQUATIONS ARE"),
PRINT(" ").PRINT(VAL).PRINT(" ),

/% Simplify transformation %/

PRINT("SIMPLIFYING TRANSFORMATION"),
W1:EXPAND(EV(¥1, PF, PFK,DIFF) ), W1:EV(W1,ABS(RBAR)=RBAR) .
IF DOPHI THEN (
W2:EXPAND(EV(W2, PF, PFK,DIFF)),
W2:EV(W2, ABS(RBAR)=RBAR)
).
RTRANS : RR=RBAR+EPS*MAP(FACTOR, W1)+EPS~2%V1NOTCOMPUTED,
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IF DOPHI THEN (
PTRANS : PHI=PHIBAR+EPS*MAP(FACTOR, ¥2) ,
IF DOSEC AND SCALARPK THEN
PTRANS : PHI=PHIBAR+EPS*MAP(FACTOR, W2)
+EPS~2xV2NOTCOMPUTED,
TRANSF: [RTRANS, PTRANS]
) ELSE TRANSF:RTRANS,

/% Print transformation on request %/
Q2:READ("DO YOU WISH TO SEE THE TRANSFORMATION? (Y/N)"),
IF Q2#N THEN (

PRINT("THE TRANSFORMATION IS "),

PRINT(" ").PRINT(TRANSF)

)
)$
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