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ON THE PART OF THE
MOTION OF THE LUNAR PERIGEE
WHICH IS A FUNCTION OF THE

MEAN MOTIONS OF THE SUN AND MOON'

BY

G. W. HILL

in WASHINGTON.

For wmore than sixty years after the publication of the DPrivcipia,
astronomers were puzzled to account for the motion of the hunar perigee,
simply because they could not conceive that terms of the second and
higher orders, with respect to the disturbing force, produced more than
half of it. Tor a similar reason, the great inequalities of Jupiter and
Saturn remained a long time uncxplained.

The rate of motion of the lunar perigee i3 capable of being deter-
mined from observatioh with about a thirteenth of the precision of the
rate of mean motion in longitude. Hence, if we suppose that the mean
motion of the moon, in the century and a quarter which has elapsed
since BrapLEY began to observe, is known within 3", it follows that the
motion of the perigce can be got to within about the 500,000 of the
whole. None of the values hitherto computed from theory agrees as
closely as this with the value derived from observation. The question
then arises whether the discrepancy should be attributed to the fault of
not having carried the approximation far enough, or is indicative of
forces acting on the moon which have not yet been considered.

' Reprinted, with som additions, from a paper published at Cambridge U. S. A., 1877,
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This question cannot be d(:cisivcly answered until some method of
computing the quantity considered is employed, which enables ug to say,
with tolerable sccurity, that the neglected terms do not exceed a certain
limit. If other forces besides gravity have a part in determining the
positions of the heavenly bodies, the moon is uncuestionably that one
which will earliest exhibit traces of these actions; and the motion of the
perigec is one of the things most likely to give us adviee of them.
Henee [ propose, in this memoir, to compute the value of this quantity,
so aar a3 1t depends on the mean motions of the sun and moon, with o
segree of accuracy that shall leave nothing further to he desired.

[.

Denotine  the potential function by &£, the differentinl cquations of

motion of the moon, in rectangular codrdinates, are

e Y Ay dL

(1) A T aE
- When terms, involving the solar eceentricity, are neglected, as iz done
here, it is known that these efguations admit an intearal,' the Eulerian
multipliers for which are, rezpectively,

v . ly

F= "4 (V== — 'y

dt + A ot !
7' being the mean angulir motion of the sun. When the equations are
multiplied by these factors and the produects added, it is seen that. not
only is the resulting first member an exact derivative with respect to /,
but that the second is also the exact derivative of &. Hence the integral is

dz® + dy? wldy — ydr ‘
5 —_— LI 0 .
8 S e P

" As JacoBr was the first to announce this integral (Comptes rendus de aga-
démic des sciences de Paris, Tome III, p. 59), we shall take the liberty of calling

it the Jacobian integral,
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Let us now suppose that the lunar inequalities independent of the
cccentricity, that is, those having the argument of thé variation, have
already been obtained, and that it is desired to get those which are
multiplied by the simple power of this quantity. Denoting the latter by
dr and gy, and, for convenience, putting

470 a*Q d*0 -
det = 1, dedy — 77 —Jy’ = K,

which will be all known functions of ¢, we shall have the linear diffe-

rential equations

25 2y
(3) lﬂi = Hor + Joy, LU Koy 4 Jo.

The Jacobian integral also, being subjected to the operation @, fur-
nishes another equation.  Here we notice that when the arbitrary constant
C is developed in ascending powers of e, only even powers present them-
selves, hence we have 6C = o. In the equation, morcover, the partial
derivatives of & may be replaced by their equivalents, the sccond diffe-
rential quotients of the coordinates. Then, it is evident, "the resulting

equation may be written °
LAoe ydoy Al da
(4> I th——{-— (r‘dt——m(l.l/——m()y = 0.

This is plainly an integral of equations (3) with the special value o
attributed to the arbitrm'y constant. Tor taking the derivative of it with

respect to ¢,

d*ox Ay d'F a:*d

(s) Pgm + G g — g 0v — oy = o.

Hence the Eulerian multipliers, for obtaining (4) from (3), are, for
the first equation, I, and for the second, G. Making the multiplication
and comparing the result with (s5), we get the conditions

. d*F d*G
(6) ar = M+ JG o

~

= KG + JI,
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On comparing these with (3), we gather at once that the system of

equations
. . ,
oxr = I, oy = (¢,

Is a particular solution of equations (3); and it also satisfies (4). This .
solution, being composed of terms having the same argument as the
variation, is forcign to the solution we scek, and, in consequence, the
arbitrary constant, multiplying it in the complete integrals of (3), must,
for our problem, he supposed to vanish. But advantage may be taken
of it to depress the order of the final equation obtained by elimination.
For this purpose we adopt new variubles o and ¢, such that

dr = [p, Y = ({g.

Relations (6) being considered, (3) and (4) then become

ll:r) 1//" 1]/)
[k 2 - - JO — 7 = 0
£ et + di di + ’('“ 7) <
flt."(r '/(1’ IIIT .
(; ... o] o J1 —_) w=o0),
"4//,." + Ay + /l (IT e (
PY o o ,.,I/ri‘
LA (/- - e .
Mgt =0

Write the first equation

o vl S
a (PG ) + TEG (0 — 0 = o,

and adopt a new variable A such that

d/) - de B s
(‘[t‘ = F ;\, ﬁ _ = (f A

If these values are substituted in the equation after dividing by JF@
and diﬁérentiating it, we get

- d I dil |, [ 1] .
(7) m[“.fm Gl T mtg[i=o.
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Let us mow assume a variable w such thaf

dp '—7—,
TR VI

The second term of (7) is removed by this transformation, and the equa-
tion takes the form of the reduced linear equation of the second order,

d*w

(8) ‘L‘ﬁ;-‘f* QW:O,

in which, after some reductions,

. .I 1172 G'.'
(9) g — U+ )+

d*log (JFG) [(llog (JlGy J ?
G :

2d1* 2dt

It will be perceived that interchanging I and ¢ produces no change
in #: hence had we eliminated p instead of o, the equation obtained
would have been the sune; and this is true in general, — we arrive
always at the same value for @, no matter what variables may have
been used to express the original differential equations,  From this we
may conclude that @ depends only oun the relative position of the moon
with reference to the sun, and that it can be developed in a periodic

serics of the form

6, + #,cos2t 4 H,cos47 4 ...,

in which 7 denotes the mean angular distance of the two bodics.

It may be noted also that @, as expressed above, does not involve
the quantities H and K. It is obvious that, by means of the original
differential equations, all second and higher derivatives may be eliminated
from this expression, and that the Jacobian integral suffices for eliminating
the first derivative of one of the variables. But it is not possible to
express 6 as a function of the codrdinates only without their derivatives.
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As the reduction of @, in the form just given, presents some diffi-
culties, we will derive another from differential equations in terms of
codrdinates expressing the relative position of the moon to the sun.

Let the axes of rectangular coordinates have a constant velocity of
rotation, so that the axis of x constantly passes through the centre of
the sun, and adopt the imaginary variables

W= 4+ -1, S=ax—y\ -1,
0T - . i —
and put ¢V = & In addition, et 1) denote the operation — ’l \— 1
s
so that
D{(al7) == val”,

and m denote the ratio of the synodic month to the sidereal year, or

and g being the sum of the masses of the earth and moon,

-, ",
x = (n — n')i"
Lastly, putting
) z 3 2\ 2
(10) $=—= gm (v + 5)%,
. \r' b

the differential equations of motion are

. - 10

. | D 4+ 2mDu + 2115 = 0,

(11) )
e Y

' D% — 2mDs 4 2-= = 0.
du

Multiplying the first of these by Ds, the sccond by Du, adding the
products and integrating the resulting equation, we have the Jacobian

integral
. DuDs 4 280 = 20,
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When the last three equations are subjected to the operation 4, the
results are

D?*u -+ 2mDou + 2 d;Q = 0,

TAK d?
(12) D?s — 2mDos + 2 — ffS + 255 0du=o,
A DuDgs + DsDou + 2 —'Qou 4 2 %’:—2 08 = o.

If, in these equations, the symbol 4 is changed into D, they evidently
still hold, since they then become the derivatives of the preceding equa-
tions. Hence the system of equations

onw = Du, 08 = Ds,

forms a particular solution of them.  For a like purpose as before, let
us adopt new variables » and 1w, such that

on — Di. v, os == Ds ..

In terms of these, cquations (12) become .
b

Du. P+ 2[DPu+mDu] De —}—l Diu4-2mD* -2 ] HJ r2 (;%?Ds.wroy

’.‘

Ds. D*w 42 [])s~—mf)a]])w+[]) ‘s —2ml)* 9—{—'* Jw—{—_

’ N a0 i ) . d2
DuDs.D(v + w) + [DsD‘u + 2 JTLD“J v -k [Du])‘s -4 2 -(EDS—I w =0.

If the second and third derivatives of » and s are eliminated from
these equations by mrans of equations (11), we get

CdQ ' AN
DD — 2| 252+ mDu| Do — 2 UTS,J)S_.(@ — ) —o,
: .
(13) | Ds.D*w — 2 [2 Zu?—— mDsJ Dw — 2 Dn (w — v) = 0o,

[ng (l.Q

- —Du + mDuDs ](v — w) = o.

DuDs.D(w + w) — 2
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If the first of these equations is multiplied by Ds, the second by
Du, and the products added, the resulting equation will cvidently be
the derivative of the third; but if the products are subtracted, the second

from the first, we get
DuDs. D*(v — w) — 2D Q. D(v — w)

2 () 7
tl]—ff)s? (v—w)=o.

a0
- 2[‘”“)])3__ d'QI)u -+ mDuDs] D+ w)—2 j—'i D +

ds dn

For brevity we will write

42 d8
A =—-—Ds—-=Dy + mDuDs,
ds du
and put
P =0 4 w, o= 0 —,

then the last two equations, which will be those employed for the solution

of the problem, become

’ DuDs. Do—2A .5 = o,
([4) A o A Y
l)[l)l/ I).\'. I)IT] -_— QA . I)/) 2 "m': l)/l' + ;/_, ]).\" 7 = Q.

Lliminating Do hetween these equations, a single equation, involving

only the unknown o, s obtained,

- L2, A0 B 2 A .
(13) D[DubDs. D5} — 2 [clw“ D T Ds® + a7 =o.

In order to remove the term in\folving D, a last transformation

will be made; we put
w

Then the differential equation, determining w, is

D'w = Hw,
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in which

2
__2 22 ( 2A )2 DZ(DU-DS)_ [D(DuDs)]
" DuDs [cln Du? + cl z :l + DuDs + 2DuDs 2DuDs

2 [#e, . @@ l Do [DQ]"’
_Dul)s[du +—D +<DuDs> " DuDs  LDuDsl’

But we have

Do =¥ pu 497
by 40, a0 S A am? _dede
DO = T D’ 4 2 D ¢ Ds + =5 e Ds* 4+ 2mA m?DuDs 45 T

in which, fromn the latter cquation, have been climinated the second
derivatives of » and s, by means of their values obtained from cquations
(11). Irom these is obtained

P d Q L S,
DY 4+ — Dl = n Du® + 2 I)uI)a + == - -+ iy DuDs,
on substitution of \Vl’licil in the value of #, there results
IAXY l .Q a0 . A 2
[6 = ———I-— [t———-—- 2 —_— ] 2 <—-> 2
( ) o DuDs Ldu? D DtD + + 3 DuDs + m’.

The partial derivatives of £, involved in this expression, have the values

a0

Tn =—é%3 +im?(~+8),
%1;{= ériu—}— m’(u + ),
3:‘!2 = i %82 + im%
e in e
T legim

Adeta mathematica. 8. Imprimé le 8 Fevrier 1886,
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where, for us, has been written

After the substitution of these, it will be found that we cap write

[uDs — sDul* + m*(Dy — Dg)? . e
3 A 2
=0 Tale—g] +m

RN

(17) #=Z24

L

in which

A—[ 1 x

?

+ 3 mg] [wDs — s D] \—i’m?(ul)n — 8Ds) 4 a2m(C — ).

which all derivatives of »
ated whenever they presente
is suitable for development in infinite series,
values s employed.  The (uadrant being
of cqual parts with reference to

This expression for #, from

and s, higher
thun the first, have been elimin

d themselves,
when the method of special
divided into a coptain numbher
< We compute the values of the four
variables v, s, i, and Ds of which # is a function, for these speeial
values of z, and by substitution ascertain the corresponding values of @,
I'rom  the lst, by the wellknown process, are derived the soveral coef-
ficicnts of the periodic terms of &, A discussion of the lunay incequalities,
which are independent of every thing

but the parameter m, shows that
the values of » and s have the form

#9241 .. Fnil
= 2 ¢ § == 2 a7 ,
where 4 receives all integral \s

alues from — o¢ to + 00, zero included,
and the coefficients a,

are constant, being equiv
constant multiplied by a function of m w
respect to this parameter,

By taking the derivatives

alent each to the same
hich is of the o; order with

Du = % (27 + 1)a, Ds = — Zi(zi + 1)a, &1

It will be seen from these equations that, in the terms where ¢ is large,
we will he subjected to the inconvenience of having the errors, with whicl
the coctficients 8, are necess:

saarily  affected, multiplied by laree numbers,

r?, the square of the moon’s radiug vector.

.

e A S G R i e

Sl
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_This will be avoided by employing, in the cofnputation of 6, the for-
mula

wDs — sDu = 2mr? — 3 m2 D1 (5% — s?
2 b

where D! denotes the inverse operation of D. This does not give the
constant term of wuDs-— sDu, but this can be obtained from the ex-
pression '

— 22 (21 + 1)a?,

which is not subject to the difficulty mentioned above. Wherever Du
and Ds occur elsewhere in the formula for 6, they are multiplied by
the small factor m? and, in consequence, the given formulac suffice.

This mode of proceeding will give only a numerical result: if we
wish to have m left indeterminate in the development of @, it will be
advantageons to give the latter another form. In this case there is no
objection to the appearance of second and third derivatives of 2 and s
in the cxpression of 6.

From the value of D2, previously given, it is easy to conclude that

2 d*8 2 (l 9

du

e 2< A >2+ om? _ DX(DuDy) | 1 'mou,u.,-)]{
duds DuDs DuDs 21, Duls

=-—4
If this is substituted in the expression first given for 6, and we notc that
are x 2
Tduds + 3m,
A = %[I)u])gs — DsD*u] — mDuDs,

the latter being obtained by substituting in the prevnoualy given value of A,
the values of the partial derivatives of &£ given by equations (11), we get

(a8 = —[Z+m]+ 2 [L (5T m]

’ 1 /D D’s 1 /D% D?s
~|: (G + E)] — o3 (T + )|



12 G. W. Hill.

]

For the development of the first term of this expression, we can employ
cither of the following cquations which result from equations (11),

, D* 4 zmDu + 2 m3
i 2 2 S 5.2
r_3+ m’ = - +5m

. 3,
D% — 2mDs + S mu

2

m-,

+
[SHES,Y

s

which, if one studies symmetry of expression, may be written

e L R s P ey
[ =] % ] 2]

and if half the sum of the sccond members is substituted for the first
teem in (18) we shall have a singularly symimetrical expression for M.
If the values of u» and s in terms of ¢ are substituted in the first

of these equations, we get

o
i

b ) Y -
X 2 5 . ‘-i[ilb(b + 1 + mja; 4 5m“a_,__l},
ghmi=14 2m +°2m* 4 W

Let the last term of the sccond member of this equation be denoted by

the series

- ziRiczi;

since 7 is a series of cosines, we must have, in consequence of the equa-
tions of condition which the a, satisfy, R_, — R,, and the equations,
which determine these coefficients, can be obtained from the formula
‘s 3. 2
Zjai—jRj = 4i(i 4+ 1 + m)a, 4 Smia_, ., .
when we attribute to 4, in succession, all integral values from i = o to
} = o0, or which is preferable, from i = o to i=— co. The following
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arc all the equations and terms which need be retained when it is pro-
posed to neglect quantities of the same order of smallness as m';

a4 (a, +a_)R, + (8, + a_,)R, = gm’a_'l,
a_ R, +-(ao + a_,) R, + a,R, = — 4ma_, +§m9a0,
a, B+ (a_, +a )R +a,R 4 a R = 8(1 —m)a_, +§m"al,
a R, +a_ R, + al, — 12(2 — m)a_, + J m?a,,

a_, R + a_,R, + a_ I, + a, Bk, — mja_, + 3ma,.

I

—

(@)
—~
[#3)

For the purpose of illustrating the present method, we content
otrselves with giving the following approximate formula: —

X .
=+ m?

’

=t em o im— Imta 4 gma_y (a2 + [ Imt— yma_, [(2F 4 ¢

]
-

+ |80 —ma, + Imia — L) + gma, (2 4 ¢,
where, for convenience in writing, it has been assumed that a, = 1, and
consequently that a, denotes here the ratio to a,, which, as has bcen
mentioned above, is a function of m. The absolute term and the coef-
ficient of {* + {™* are affected with errors of the eighth order, while
the coefficient of &* 4 ¢? is affected with one of the sixth order.

We attend now to the remaining terms of 6. If we put

D?*u _ Zi(Zi + I>Qaicji _ z CT 2
= . 25 itis
Duv ~ T,(zi + Dag

it i3 plain that we shall have

D Z (20 + 1)’a

Ds Z (2 + a ™ - Eibi(ﬂ- ’
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and in consequence,

From this it will be scen that the development of ll)fz; will suffice
for obtaining all the remaining terms of 6. Let us put
by = (20 + 1)a,.
The cquations whicl determine the coefficients L are given by the formula
U, = (2i + O,

but, in order to exhibit some of their properties, I write a few, i extenso
thus:

P4

AU DU A b (U — O b U b U e — i
b U Ay Uy 4 h (U — ) 0, 4\//4(1_.+...=~2/, N
(19) Leve U+ 1y U, + b, Uy bbb U o

AUty U0y (L= Oy Ui h Uy o= 20
A by Ul dy (Uy— 1) 0y Ui by Uy oo = gl

When the subscripts of both the % and U in these equations are
negatived, and the signs of the right-hand members reversed, the system
of equations is the same as before. Hence, if we have found the value
of U,, which is a function of the I, the value of U_, will be got from
it by simply negativing the subscripts of all the % involved in it and
reversing the sign of the whole expression.  When this operation “is ap-

plied to the particular unknown U, — 1, we get the condition
Uo — 1= _(Uo - I);

PO

SRR A TR e L

o st it b S

CRAb B -
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whence we have, rigorously,
U, =1. .

This result can also be established by the aid of a definite integral.

Dv+1 .
The. absolute term, in the developmént of ?;—zf in powers of ¢ is given
K12

by the definite integral

27

o 'y
1 /’ D”“ud . 1 a7t 7
2z ) D'u o 27y —1 d’u “r
0 0 dt’

The indefinite integral of the expression under the sign of integra-
tion is '

A ey
log— = log|— + —SyV—1 |,
d7 .dr dr

d'n loo e Ay ——

and if, for the moment, we take p and ¢ such that

d’x Ty .
- == () COS ¢, T o= psing,
dr dz

this integral takes the shape

logp + ¢yv—r.

The first term of this has the same value for r = 0 and 7 = 27,
and consequently contributes nothing to the valuc of the definite integral.

Thus we have
27

1 "D
27

v
D

=0

1
dr = —2;[9”],:0 )

0

When 7= o, let ¢ be assumed between o and 2x: it will be found

T . .
that ¢ has the value o or Z or = or ér according as v is of the form
9 2 - o

“~

4 or 4+ 1 or 4pu + 2 or 4pu + 3. Morcover, when 7 augments, ¢ also
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augments, and when r has passed over one circumference, ¢ has also
augmented by a circumference. Hence

2w
1 ("D
— | ——dr = 1.
2z )] Du
0

It follows, therefore, that v denoting zero or a positive integer, the
v+ 1

[ 2 . .
absolute term of the development of in integral powers of £ is 1.

D'
v+1
s

And, in like manner. the absolute terin of is — 1.

D’s
Equations (19) are readily solved by successive approximations, and
when terms of the tenth order are neglected, we can write

%%L:I-i-z[ by — hohy + ey B )2
—2 hoy— hy hoyA4 b bk }27E
+2(2h, — by by o—2h by A ghy ko by —2hy by by b2
—2[2h_y— b =2 hoy + ah by b y—2h_ bbby ]
+2[3hy —3h by 4+ By Ry b ] ,
—2(3h_y—3h_ by B b b )"
+2(ah, —ahy by by by by —2hy by — N Ry By Iy 1
— 2[4l —ah g ah by —2h by — BB h_ ]2
where we have supposed again that &, = a, - 1.

. . . Y X
With the same degree of approximation we have used for = 4 m?,
{ ”

A can”be written
=1 -+ 2m —'ém* + ;Zm?al + 354a) + (.12 — 4m)a,;a_, + (6 — gm)a’,
+ [(6 + 12m)a, 4 (6 + 8m)a_, ——gmg] &+
+ [2oma? + (16‘—}- 20m)a_, — (9 + 4orh)z;f + 6a,a_,

+ (7 4 amad, —3mi(a —a )] + ¢,
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In the determination of the terms of the lunar codrdinates which
depend only on the parameter m, it has been found ' that, with errors
of the sixth order, v

a _16-+-12m+9m’m2
1716 6—4mtm M

3 3834 28m+gm®* ,”
a, = —= ’

16 6 —4m + m®

and, with errors of the eighth order,

_ 27 2 +4m + 3m* ' 2 29— 35m s
?2'—256 [6—4m + m’|[30—4m+ m?] [238+4om+9m ~326—4m+m’] ’

27 2 4+ 4m + 3m? : - : 7—m 4
4 [6—4m + m’}[3o—4m+m’][ 28— 7m + 246—4m+m*]m )

a_,=

No use will be made of these formulwx in the sequel of this memoir:
they are given only that we may at need easily deduce an approximate
literal expansion for the important function 6. '

111.

In the preceding discussion it has been established that the deter-
mination of the lunar inequalities, which have the simple power of the
eccentricity as factor, depends on the integration of the linear differential
equation ) '

D’w = 6w;
to the treatment of which we accordingly proceed. We assume that the
development of @, in a series of the form '

H=2.6.¢%,

has been' obtained. Here we have the condition 6_, = 6,. If ,, 6,, etc.,

! These expres-sions are cstablished in another memoir. Sce American Journal
of Mathematics, Vol. I, p. 138, '

Acta mathematica. 8. TImprimé le 16 Février 1886. 3
~
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are, to a considerable degree, smaller than #,, an approximate statement

of the equation is
D*w = 6, w;

the complete integral of which is
wo= N* 4+ K'[-°,

K and K’ being the arbitrary constants and ¢ being written for @, .
When the additional terms of # are considered, the effect is to - modify
this value of ¢, and also to add to w new terms of the general form
AZ=* . Tt is plain, therefore, that we may suppose

w= Nl ¢ + Nf{{ —e¢c,
and may take, as a particular integral
W == z,b,-':c“’.

b, being a econstant coctficient.  If this equivalent of w is substituted in
the differential equation, we get the equation

(20) [c + 2/]'b, — X, 6_.b, = o,

which holds for all integral values fory, positive and negative,  These
conditions determine the ratios of all the coefticients b, to one of themn,
as by, which may then be regarded as the arbitrary constant, They also
determine ¢, which is the ratio of the synodic to the anomalistic month.
For the purpose of exhibiting more clearly the propertics of the equa-
tions represented generally by (20), T write a few of them in ertenso:
for convenience let.

[i] = (c + 20)* — #,:

then
v+ [— 2]b_y— Ab_, — by, — A,b, — O,b, — ... = 0,
... —6b, +[—1]b_,— Ab, — O,b, — Ab, —... =0,
(21) | ...— 6,b_, — 0,b_, + [o]b, — 8;b; — 6B,b, — ...

I

co.— 6, —6,b_, ——6b, + [1]b,— Ab, — ..
o= Ob_y  —6b,  —6b, —6b + [2]b,—. ..

I
© 0 0 0 O
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If, from this group of equations, infinite in number, and the number
of terms in cach equation also infinite, we climinate all the b except
one, we get a symmetrical determinant involving ¢, which, cquated to
zero, determines this quantity. This equation we will denote thus: —

(22) - D(c) =o.

If, in (20), we put —¢ for ¢, —j for j, and suppose that b; is
now denoted by b_,, the equation is the same as at first; hence the
determinant just mentioned remains unchanged, when for ¢ in it we sub-
stitute — ¢, and

D(—¢) = D(c),

or, in other words, D(e) is a function of ¢*. Again, in the saune equa-
tion, let ¢ +.2v Dbe substituted for e, » being any positive or negative
integer, and write j —y for /, and suppose that b, is now denoted by
b,,,. The cquation is again the same as at first, and hence the deter-
minant suffers no change when ¢ 4 2v is written in it for ¢. That is,

D(c + 2v) = D(¢)

It follows from all this that if (22) is satisfied by a root ¢ = ¢,
it will also have, as roots, all the quantities contained in the expression

+ ¢, + 2¢,

where i denotes any positive or negative integer or zero. And these arc
all the roots the equation admits; for each of the expressions denoted by
[¢] is of two dimensions in ¢, and may be regarded as introducing into
the equation the two roots 2i + ¢, and 2¢ — c,- Consequently the roots
are either all real or all imaginary, and it is impossible that the equa-
tion should have any equal roots unless all the roots are integral. But
in the last case the inequalities we treat would evidently coalesce with
those having the argument of the variation, and could not be separated
from them; hence this case may be set aside as practically not occurring.

It is evident from the foregoing remarks that, in an analytical point
of view, it is indifferent which of the roots of (22) is taken as the value
of ¢; in every case we get the same value for w. For denoting the
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mean anomaly of the moon by &, we have the ‘infinite series of argu-'
ments
ooy §—47, §—2t, & &4 27, £4 g7, ...

each of which can be made to play the same #dle as &, and analysis
knows no distinction between them, Hence the equation, which determines
the motion of &, must, of necessity, also give the motions of all the ar-
guments of the series above, as well as of thejr negatives.' One has,
however, been in the habit of taking for ¢ the root which approximates
to \/o,.

It may be well to notice here the modifications which the addition
to the investigation of terms of higher orders produces in equation (22).
This may be written

II(r + ¢, + 2i) = o,

where 2 is the unknown quantity and IT is a symbol denoting the
product of the infinite number of factors obtained by attributing to
all integral values positive and negative, zero included, and taking in
succession  the ambiguous sign in both significations.  Had the terms,
involving higher powers of e, been included in the investigation, the equa-
tion would have been

H(;I; + Jje, + 2§) = o,

where ; receives all integral values positive and negative. If, furthermore,
we had included all terms involving the argument r und its odd mul-
tiples, the equation would have been

H’(;E + J¢, + i) = o.

If to these we had added all terms depending on the solar eccentricity,
the equation would have been ‘ )

II(x + jo, + i + km) = o,

where % is also to receive all integral values positive and negative.

' A similar condition of things occurs in many less complex problems; for instance,
in the determination of the principal axes of rotation of a rigid body. Although there
is but one set of such axes, yet the final equation, solviog the question, is of the third
degree, all because analysis knows no distinetion between the axes of €, ¥ and 2.

G R e

5
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A similar thinrr is true in the general planetary problem. Professor
Newcoms' says,' »The quantities by, where b is of similar signification
with ¢, above, »ought, perhaps, to appear as the roots of an equation of
the 3n“‘ degree». But it is .plain, from the foregoing remarks, that not
only does this equation contain the 3n roots by, b,, ..., by, but also
every root given by the general integral linear function of the b

b, + 'izbz + .4 b,
for which, in the analysis, the corresponding argument

ilAl + i".‘,)“.! + e + i3rl)‘3n

can play the same rile as any one of the individual arguments 2. Hence
this equation, in all cases but the problem of two Dbodies, must be re-
garded as transcendental or of infinite degree.

The equations which determine the coefficients b, and the uantity
¢, having the form of normal equations in the method of least squares,
can be solved by the process usually adopted for the latter. Let two
of these equations be written

[/]b, — Ei9j~ibi = O,
[v]b, — Z,6,_;b, = o,

where, in the first, the summation does not include the value i =/, or
in the second the value ¢ = v. The result of the elimination of b, from
these is

.

(01— 2222 b, — % [+ 2252 b = o,

.

where, in the summation, ¢ does not receive the values ; and y. This
equation may be written

[/]¥b, — Z,62.b, = o.

' On the general inlegrals of planetary motion, Smithsonian Contributions
to Knowledge, No. 281, p. 31,
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In ‘like manner we may eliminate from the system of cquations
second unknown b’. And the general form of equation obtuined may
be written ' ' '

[/]""b, — X, 62b, = o,

J—1

where, in the summation, ¢ receives necither of the values j, v and v,
This process may be continued until all the b, having sensible values
but by, are eliminated; and the single equation remaining, after division
Ly b,, may be written

[O](...f‘.’,——l,],‘.’,...) = O.

This determines ¢; when we pursue the method of numerical sul.
stitutions, it will e the most advantageous course to perform the pre-
ceding elimination  twice, using two values for ¢, slightly different, but

ach quite approximate. The last equation will then, in neithep case, a
be exactly satistied, but, by a comparison of the errors, one will discover
the value of ¢ which makes the left member sensibly  zero, By « si-
milar interpolation between the values of the b, given severally by the
first and second climinations, we get the sensibly exact values of these
((uantities.

When it is proposed to negleet terms of the same order as m* the
cquation for ¢ may be written

[~ JeI1) — #][— 1] + [1]] = o

or, when we substitute for the symbols their significations,

TR

RS T e

[(e® + 4 — 6,) — 16¢%](c* — 6] — 20i[c* + 4 — H,] = o.

But, as ¢* — 6, is a quantity of the third order, we may neglect
the cube of it in the first term, and the product of it by #} in the sceond.
Thus reduced, the equation becomes

67— 6]+ 2[6 — 1][e* — 6] + 6 = o;

whose solution gives

i \/1 +v(H,— 1)} — .

This is a remarkably simple expression for obtaining an approxi-
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mate value of the motion of the lunar perigee. The actual numerical
values of the two elements entering into this formula are

6, = 1.15884309, 0, = — o.b57044o._

6, is therefore more than one third of 6, — 1, which explains why such
an erroneous value is obtained for the motion of the lunar perigee, when
we neglect it and take ¢ = /g,.. The numbers being substituted in the
formula, we get ¢ = 1.0715632; and as the ratio of the motion of the
perigee to the sidercal mean motion of the moon is given by the equation

1 dw c

- — =1 —
n dt I 4+ m

)

we get

I'lw-—O'OOS [
n dt 591

L e . r . .
This is about ¢o 1 excess of the value 0.008452 given by obser-

vation. The difference is caused, in the main, by our neglect of the in-
clination of the lunar orbit. The solar force is less effective in producing
motion in the perigee than it would be if the moon moved in the plane
of the ecliptic.

It will occur immediately to every one that the properties we have
stated of the roots of D(c) = o are precisely those of the transcendental
equation

cos(nx) — a = o;
of which, if », is one of the roots, the whole serics of roots is repre-

sented by
. ' + x, + 2i.

Hence we must necessafily have, identically,
D(c) = Afcos(zc) — cos(wc,)],

4 being some constant independent of o. As is the general custom, we
assume that the positive sign is given to the element of the determinant
formed by the product of the diagonal line of constituents containing c.
When, therefore,” the determinant D(c) is developed in powers of ¢,
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using only a finite number of constituents in it, the coefficient of the
highest power of ¢ in it is always positive unity: hence we may assume
that this is the value of the coefficient when the number of constituents
is increased without limit. But from the well-known equation
\ 4 ‘z\< 4 2>< 4 4\
cos(me) = {1 —=¢*) {1 —Te*) (1 —Z¢?)...
s(7) < (¢ 9 23 ) ’

we gather that the coefficient of the highest power of ¢, in the develop-
ment of cos(ze) in powers of ¢, may be regarded as represented by the
infinite product

If then the row of constituents of D (c), containing [0], is multiplied

the rows con-

by — 4, the rows containing [— 1] and [1] by =)

4" —

taining [— 2] and [2] by §4T?7 and, in general, the row containing /]

by ‘(4L,)___4 <, we shall have the constituents of a second determinant, which
may be designated as V(c¢), And the equation
V(e) == o,

having the same roots as D(c) = o, will serve our purposes as well as
the latter.  We evidently now have

V(¢) = cos(ze) — cos (zc,).

As this is an identical equation, it holds when any special value is
attributed to ¢, and we are thus furnished with an elegant method of
obtaining the value of the absolute term of the equation cos(zc,). For

v . . I —
example, substituting for ¢, in succession, the values o, . 1, \O,. we

“~

have our choice between the values
cos(we,) = 1 — V(0)
- 5(3)
= —1— V(1)
= cos(7y8,) — V( 4,).

S P
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As the determinant V(o) appears the simplest, we retain the first
expression.  Then, dropping the now useless subscript (,), the equation
which determines ¢ may be. written

cos(me) = 1 — Vo).

- This is certainly a remarkable equation: it virtually amounts to a
general solution of the equation D(e) = o. It also affords us immediately
the criterion for the reality of the roots of the latter. Using the phrase
of Cavcny, if the modulus of the quantity 1 — V(o) does not exceed
unity, the roots are all real; in the contrary case, they are all imaginary.
The criterion for deciding whether the variable w is always contained
between definite limits, or is capable of increasing or diminishing beyond
every limit, is the same. In the first case, it is developable in a series
of circular cosines; in the second, in a series of potential cosines.

As, in the particular case, where #,, #,, &e., all vanish, the proper.
value of ¢ iz 9., it follows that the clement of the determinant V{(o),
formed by the product of the diagonal line of constituents involyving H,. is

A

| — cos(my @) == 2sin’ (;\U;) .

If therefore cach row of constituents of the determinant V(o) ix divided
by the constituent of it which lies in the just-mentioned dingonal line,
we shall have a set of constituents forming a third determinant (o),
such that

V(o) = 25w’ (2, & ). J(o).

\

In consequence the equation, determining ¢. can be put in the form

\

)

sin® <
= [](0).
sin”® (5\ (-70>

NS

For the sake of exhibiting more clearly the significance of this

dcta mathematica. 8. Imprimé le 18 Feévrier 1886. 4
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equation, I write a few of the central constituents of the determinant
(o), from which the rest can he easily inferred.

i 7 17 o, -
e s T
o 4=, =, A
L “, + . . “, o “, . H,
: Eyp—Y A )
; - - (3] t
D 0) == ' L — 2 - 1 I —_ ! —_— R
( > ; oF U“ 0 — (_’u + o — Hu of — Hu
. Hl . (92 . Hx + I . Hl
IS ) T8,
4 (2 H t
T Tz . T T l + :
7y ey B Y J Ty

The question of the convergence, =0 to speak. of a determinant,
consisting of an infinite number of constituents, has nowhere. so far as
I am aware. been disenszed. Al such determinants mnst be regarded
az having a central constituent; when, in computing in suceession the
determinants formed from the 37 3% 7% &c.. constituents svinmetrically
situated with respect to the central constituent, we approach, withont
limit, a determinate magnitude, the determinant may be called convergent,
and the determinate magnitude iz itz value.

In the present case. there can searcely be a doubt that, as long as
the seriex 22,0,2% is a legitimate expansion of A, the determinant V(o)
must be regarded as convergent.

We will give another equation for determining ¢. We have

cos (70) = cos (x\ &) — V(, B).

The diagonal line of constituents in V(,4,) is represented in general by
the formula
160(i + ' 6,) .

@4 —1
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and when the factor corresponding to i = o is omitted, the product

iﬁ 160 + V/B,) _ msin(zy@,)

i=——oo (41.)’ — 1 8\/?0

Consequently if we put

6, 6, 8, g,
.+ I —_ . — — S o
8(2—y6,) 8(2—\6) 8(2—\'9,) 8(2—\8,)
e 91 — 81 —_ 6! S 9!
4(1—\/6,) 41—V6)  4(1—y8)  4(1—8,)
UWe)=i-+ 6, + 6 + o 4+ & + B, .
i s SO, S — =+ 1 -
4(1+V6)  4(1+yV6,)  4(1+(8,) 4(1+4/86,)
. 84 . Us - 81 . 8: 1
TB(24VE) 8(2+V8) 8z+\6) 8(z+18,)

a determinant, which. having o for its central constituent, presents some
facilities in its computation, we shall have, for determining ¢, the equation

sin® (g c> 7 eotg <g \/E)
Y e L

sin’ (5\@)

In the lunar theory 6, is a quantity of the 2i* order, and 1—\'8,

a quantity of.the first order; hence it is clear that, if we are willing to
admit an error of the seventh order in ¢, the determinant

' e, = — :

If, neglecting then quantities of the seventh order, we put

' 76

—_— = t 0,
SV6.(6, —1) 8
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A will be a small angle, and ¢ will result from the equation

el

o sin <;‘ VO, — H)
S (,5 c) = ey — .

This formula, although it involves the same coefficients 6, and 6,
as the approximate formula previously given, is two orders more exact.
A greater degree of approximation can be arrived at only by including
the additional coefficient #,. Employing the numerical values already
attributed to #, and #,, we find

1 dw

H o= 23" 41.”30s3, ¢ = 1.0715315, o == 0.00857 }.
[

[t iz better, however, to employ the cquations

CON <t\ @u o)

7}
R F cox(mg) = ,
4\ A CH ) coNft
which give
’ 0o, . < N I‘rlm R
== 31" 2276185, C == 1.0715537303, -~ == 0.0083721020.
"ot

The determinants Z1(o) and [J(, @,) can be replaced by infinite series
proceeding according to ascending powers and products of the coetficients
81, H,). &e.

Let us take the first, as being in more respects the simpler. It is
plain that the element of the determinant formed by the product of the.
diagonal line of constituents is the only term of the zero order in it.
Then one exchange always produces terms of the 4® or higher orders,
two exchanges terms of the 8" or higher orders, three exchanges terms
of the 12® or higher orders, and so on. Now let i, /', i". ... be po-
sitive or negative integers, of which no two are identical, written in the
order of their algebraical magnitude, and let {i} stand for (28)° — 6,
Then all the terms of [J(o). which are obtained by o. 1, 2, and 3 ex-
changes. are contained in the following expression. which is, consequently
affected with an error of the 16™ order,
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D =]
.
N | Giibir
R GO DRI
6 —iBi— i B
- B E YT B

9 _,9— —iBiv_jv
i, 4,4, 0, v, ,\{ }’L, 'l”” 7 X\'{
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i, 1,8, 87, Y [ U /}{I’Ht”}{ ‘V}
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Particularvizing the suinmations in this expression, and retaining onl
B | g
terms which are of lower orders than the 16, we get

— N S ST) S R Lo
206 = = 2 e M e Y ey

I
4
4 91; H, + 1 ;;'“: + I}
2 492 )" :
4+ & ‘,% {"'H" + 1}{,}{, + 2}
; I
— 291022 Lilli + 1) + 2)

6
— R

_ I
+ 28{32‘,21 {, + [ /Uz + [\{e + 2‘

I

— 2[8:6; + ’9?93]2: GG+ g+ 2k + 3]
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The functions of #,, which are represented by the summations, can
all be replaced by finite expressions. For brevity, let us put 6, = 467,
then resolving the expression into partial fractions, i being taken as the
variable, we* have, for instance, :

RIS l
TR R 6 S 0 — 0+ + B —i—h)

I | b ¢ D '
= xﬁzilrﬁ*ﬁ:ﬁuu /b-ﬂ_.;_z-]'

where 4, B, ¢ and D are determined by the equations

2h6(20 — k) d = 1. — 2k (280 + k) =1,
— 2kB(20 + k) C = 1, 20(260 — k) D = 1.
But, as is well known,
Lo S S S SN 7
Zi”ﬁ iy T T =i x i k=i — 7 ot .

Z , "—"L—'-,_ - %(‘A 4+ B4 4+ D)yzcotgnf

meotg =l

= 8Ha = i)

oot (517

4 \’!E( Qll - /‘.:)

In like manner will be found

—— |\ TR
AT
I 36, — (k* — bk + k* =
= 76 T "“""TT*t e zeotg <: \, )
16,6,(8, — k) (0, — k)6, — (b — k)] 2

S‘ 1

— M Wy g - ]
tefle + Hp + ]1“L + I+ 1

t 56, — O 4 1) -
32 06,06, — )6, — k8, — (& + 16, — (i — 1 "

Ve B
&
T

A
TE
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By attributing, in these equations, special integral values to F, will
be obtained the values of all the single summations appearing in the
preceding expression for T1(0). With regard to the double summations,
we may proceed as follows: substitute i 4 & for ¢, then resolve the ex-
pression under consideration into partial fractions with respect to i as
variable, and sum Dbetween the limits — co and - co; the fractions
ocenrring in the result thus obtained are next resolved into partial frac-
tions with reference to I, and the summations, with reference to. this
integer, are taken between the limits 2 and 4 oc; or which is the same
thing, between the limits o and 4 oo, and the terms corresponding to
k= o0 and I = 1 subtracted from the result. The single triple summa-
tion may be treated in an analogous manner. Thus we get

— A
Ve

T ecotg ( 3 \70)

3270, (1= 6’

1
o
=l
s

I
—
3
-
T
<
D
3
\te}
—

. \ ﬁ— [ 0 ; - Hu 2(4 - 90)

T -
weoty (% \ (-/u>

zeote(zy H, 1 2 2 3
b (_\ )_A“_ + 5 + + > J’
'}

\ M, H, I — 6 4— H

16\ 5:(1 - Hn>(4 - H\))

3ﬂ‘0tg<§ \ I)

‘weote(z\6,) I 2 2 20 J
prm——— - - b
\h, O, " 1—#, " 4—

64 \/(—9:(I — A4 -—R)

I I
I.’ZS\'E([ — 90):‘l ) Hu I — Hu 2(4 - l')o), \ (7'9.0

v

25 I 2 4 9 9
—880+§f+1—8+(1—80)"’ 3(4-—90)’*'(4—@0)* o— 6, 30
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From which it follows that

7 cote z '7.'/_\ )

j(o>:l+ 4\_0—: | [I_—Ho+4_ﬁu+9_—y"— !

= cotg (; \ T’):)

32y A, (1 — H,)

37 eotg (; \7-l—>

\ll(l—-——ll\(_l,—-l-l)

‘ﬁcotg'r:’—(-—}: I 2
e Ty [

\ B, BT =, 2(a— 8,

-,

= coty ( ‘—:\I> |

19
Z
—
B
~
~
<
'Z"
=
bl
-
|
<
g
A A ik e o A,

128y @, — B P ’;).‘+3‘4 Y \74:
25 1 2 4 9 s
\’l~)u+l!+|—l)|_+u——l-/) Sy — M) ?
4

B T SIS DA PP L PR R TOREL e 15

(24) ;
N 3= oty (;\ i ) f(*()f‘f_{'irr\ﬂ;J 3
\nm_—u)u«um A F—

O '7:

+ = + [iH, i

-— l) ) %

~o “\ 6, —

‘ Uft)' ( \ ) ‘—Cotg[.,—‘\ (‘)|'> 1 + 2 ;;

16\ 6, (1 = B4 — @)1 \ A, B — B, I

2 10 NN

- 4 H; :

+ 4 — (‘.)n + 9 — HuJ b %

(7 — 36,7 cotg (5v 6

4V B, (1 — 0,)(4 — A9 — 6,)

3,6,8,

5 cotg (;\U) | :
= - - 8i6;. '
164 6,(1 — 6)(4 — 6,)(9— 8, F
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This is the same result as would be obtained if, setting out with

the equation D(c) = o, and assuming that ¢ — V6, is an approximate
value, we should expand the function sin? (gc> in ascending powers and

products of the coefficients 8, 6, &c.

IV.

.

In order to obtain a numerical result from the preceding investiga-
tion, we assume

n = 17325594".06083, W = 1295977".41516
whence
m = 0.03084 89338 08311.6.

From an investigation® of the corresponding values of the a, we
have

2h, = 4 0.00909 42448 77375.5

4hy, = + 0.00011 75731 31569.1
6l, = 4 0.00000 12613 28523.8
8h, = 4 0.00000 00126 19314.9
10/, = + 0.00000 000OT 21722.9
12}y, == 4 0.00000 00000 01147.9
14h, = 4 0.00000 00000 00010.6
— 2k, = -—0.01739 14939 23079.4 -
— 4h_, = 4 0.00000 19654 85829.2
— 6h_; = 4 0.00000 00738 11780.8

— 8h_,
— 10/i_; = -+ 0.00000 00000 05777.1

+ 0.00000 00006 87835.7

|

— 12}_; = 4 0.00000 00000 00047.5
— 14h_; = 4 0.00000 00000 0000O. 4

' S8ee American Journal of Mathematics, Vol. I, p. 247.

Acta mathematica. 8 TImprimé le 19 Février 1886, 5
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The values of the U, derived fromm these are

U, = 4 0.00909 40932 76038.2 ‘U_l = — 0.01739 21860 78\260,6‘1
U, = 4 0.00007 62192 02104.5 U_, = + 0.00015 32094 08075.6 ;
U, = + 0.00000 06474 24628.8 U_, = — 0.00000 12670 56302.6
U, = 4 0.00000 00055 23086.8 U_, = + 0.0000000115 67648.9
U, = 4 0.00000 00000 47209.0 U_, = — 0.00000 00000 95049.5
U, = 4+ 0.00000 00000 00403.9 {_, = 4+ 0.00000 00000 00867.3
U. = + 0.00000 00000 000034 _, = — 0.00000 00000 00007.2

In combination with the values of the R, which has been given
elsewhere,! these afford the following periodic series for #: —

6 = 1.1533439395 96533
— 0.114038 80374 93807 cos 27
+ 0.00076 61759 95109 COs 47
~— 0.00001 83405 77790 co8 67
+ 0.00000 01038 95009 €O’ ST
~— 0.00000 00020 98671 €08 10T
+ 0.00000 00000 2103 Cos [27
— 0.00000 00000 00211 COS 147

The values of the coefficients 6, 6, 6,, &c., are the halves of
these coefficients, except 6, which is equal to the first coefficient.

On substituting the numerical values of these (uantities in (24),
and separating the sum of the terms into groups according to their order
for the sake of exhibiting the degree of convergence, we get

Term of the zero order, 1.00000 00000 00000 O
Term of the 4™ order, + 0.00180 4611093422 7
Sum of the terms of the 8™ order, -+ 0.00000 01808 63109 9
Sum of the terms of the 12 order, + 0.00000 00000 64478 6

[(0(0) = 1.00180 47920 21011 2

As far as we can judge from induction, the value of [J(o) would
be affected, only in the 14" decimal, by the neglected remainder of the

' See American Journal of Mathematies, Vol. I, p. 249.




On a part of the motion of the lunar perigee. 35

series, which is of the 16" ‘order. An error in [J(o) is multiplied by
2.8 nearly in c. . '
The value, which is derived thence for ¢, is

¢ = 1.07158 32774 16016.

In order that nothing may be wanting in the exact dgtermination
of this quantity, we will employ the value just obtained as an approxi-
mate value in the elimination between equations (21). The coefficients
[¢], as many of them as we have need for, have the following values: —

[—4] = 46.8, © - [1]=8.27577 98905 1,
C[—3]= 2313045, [2] = 24.56211 3,
[—2]= 741678056151, [3] = 48.85.

[— 1] = — 0.29688 63238 2300,

If the quantities b, are climinated from equations (21) in the order b_,,
b, b_,, b,, b_;, b, and b_,, it will be found that the cocfticient of b,
in the principal equation, undergoes the following successive depressions,

(0] =: — 0.01055 32191 58033,
[0]—" = -} 0.00040 72723 11050,
[o]—tD = -+ 0.00001 50888 038423,
[O]e?,-l,l) = -} 0.00000 00253 21700,
[0]—? -L1LD = -}~ 0.00000 00009 20420,
[O]<_3,,2, ~hL? = - 0.00000 00000 03941,
[o]~®—®~hb2Y = 4 0.00000 00000 00155,
[0]—*—%~%~"12% — L 0.00000 00000 000OS.

The last number is not sensibly changed by the elimination of any
of the b;, beyond b_, on the one side, or b, on the other. This residual
is so small that it will not be necessary to repeat the computation with
another value of c¢: it will suffice to subtract half of it from the assumed
value of ¢. Thus we have as the final result ' '

¢ = 1.07158 32774 16012;

and, consequently,
1 dw
ndE 0.00857 25730 04864.
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Let us compare this value with that obtained from Deraunay’s literal
1

expression A .
ILdo 3 , 225 4071 265493 12822631
il Tl Z{m -+ Eé«m -+ oy M + m—m + 24376 m
1273925965 . , 71023685589 , | 32145882707741
ey T]) —_—— L= m
T 580824 T 7077388 + 679477248 ’

where m denotes the ratio of the mean motions of the sun and moon,
On the substitution of the numerical values we have employed for these
quantities, this series gives, term by term,

I dw

o= 000419 6429 -+ 0.00294 2798 4 0.00099 5700 -4 0.00030 3'577
¢

+ 0.00009 13935 4+ 0.00002 8300 + 0.00000 9836

-+ 0.00000 3468 == 0.00857 1503.

From the comparison, it appears that the sum of the vemainder of
DinauNay’s series 1s 0.00000 1070, somewhat less than would be inferred
by induction from the terms of the series itsell. And, although Dinaunay
has been at the great pains of computing 8 terms of this series, they do
not xuffice to give correctly the first 4 siguificant figures of the (uantity
sought.  On the otlier hand, the terms of the highest order, computed
in the expression for (o), were of the 12™ order only: and yet, as we
have scen, they have sufficed for giving ¢ exact nearly to the 135%™ de-
cimal.  As well as can be judged from induction, it would be necessary
to prolong the series, in powers of we, as far as m*", in order to obtain
an equally precise result. Allowing that the two last figures of the

. I dw .. . . .
foregoing value of - - may be vitiated by the accumulation of error
1 ¥

arising from the very numerous operations, we may, I think, assert that
13 decimals correctly correspond to the assumed value of m. It may
be stated that all the computations have been made twice, and no in-
considerable portion of them three times. '

' Comptes rendus de l'académie des sciences de Paris, Tome LXXIV,

p. 19.




