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INTRODUCTION. 

To the pure mathematician of the present day the tensor calculus is a notation of 
differential geometry, of special utility in connection with multi-dinlensional spaces ; 
to the applied mathematician it is the backbone of the general theory of relativity. 
But when it is recognised that every problem in applied mathematics may be regarded 
as a geometrical problem (in the widest sense) and that the geometrical forms which 
many of these problems take are such that the tensor calculus can be directly applied, 
it is realised that the possibilities of this calculus in the field of applied mathematics 
can hardly be overestimated. It has a dual importance : first, by its help, known 
results may be exhibited in the most compact forni ; secondly, it enables the 
mathematician to exercise his most potent instrument of discovery, geometrical intuition. 

In the present paper we are concerned with the development of general dynamical 
theory with the aid of the tensor calculus. In  view of the present close association 
of the tensor theory with the theory of relativity, it should be clearly understood that 
this paper only attempts to deal with the classical or Newtonian dynamics of a system 
of particles or of rigid bodies. The subject is presented in a serni-georuietrical aspect, 
and the reader should visualise the results in order to realise the close analogy between 
general dynamical theory and the dynailiics of a particle. Mathematicians display 
a strange reluctance in summoning to their assistance the power of visualisation in multi- 
dimensional space. They forget that they have studied the geomnetry of three dimen- 
sions largely through the medium of a schematic representation on a two-dimensional 
sheet of paper. The same method is available in the case of any number of dimensions. 

The reasoning of the present paper is essentially analytical, but the results are trans- 
lated as far as possible into geometrical language ; it is to stress the geometrical character 
of the theory that the title " Geometry of Dynamics " is adopted in preference to that 
more commonly used in kindred discussions, viz.. " The General Problem of ~ynamics." 

In  Chapter I. the various types of dynamical manifold are outlined. The further study 
of these manifolds with the aid of the tensor calculus is suggested as a fruitful field of 
research. They afford interesting extensions of familiar geometrical ideas. For example, 
the manifold of configurations of a top with fixed vertex is a three-dimensional manifold 
with a novel connectivity. Chapter 11. is concerned with certain geometrical properties 
of Riemannian space. Chapters 111. and IV. contain discussions of the manifold of 
configurations with the two important types of line-element. Attention is directed to 

F 2 
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the generalisa tion of BONNET'S 'I'heorein ($ 3.3), the Principle oi Let-)st Curl ature 
(5s 3.6, 4.5) and the determinate form of I~AGRANGE'Sequations applicable to non-
holonolriic systems (5 3.8). I11 Chapter Tr. there are given ilecessary and sufficient 
conditions that all the co-ordinates but one should be ignorable. 

The rest of the paper deals with the question of tbe stability of states of motion. The 
discussion is based on the Lagrangian equations, which are well adapted for the 
tensorial method. In Chapter TI. there is given a, geometrical definition of stability 
which yields three types of dyllamical stability. The current definition of steady 
motion, so well suited to the Haniiltonian method, is replaced by definitions nlodelled 
to meet the requiremexlts of the subsequent cliscussion of sribratiolls about a 
state of motion. The definitions adoptecl are, however, connectecl wit11 the currenh 
definition. Chapters T7J.I.,TrII1. and 1X. contain analytical treatments of the problem 
of the stability of a state of motion (not necessarily steady). The curvature tensor 
makes its appearance in these chapters. On account of the rather heavy analysis 
connected with the case of N degrees of freedoni, the important cases of tn-o and three 
degrees of freedom receive preliminary treatment. The method employed is in a 
sense a generalisation of the method of moving axes. The generalised Prenet-Xcrret 
formuls, due to play a fundamental part, the displacement froni the BrAasc~r~re, 
undisturbed to the disturbed trajectory being resolvecl into components >],long the 
tangent and the normals to the trajectory. In Chapter TX. the theory is purely 
geometrical, the time being eliminated by the colldition of fixed total energy. The 
results are simpler than those obtained in the preceding chapters, the qxestion of 
stability being merely a problenl in the geometry of geodesics in a Rieniannian space. 
However, there is the compensating disadvantage that only disturbances which d o  1iob 
change the total energy are taken into consideration. Some sinlple applications of the 
tests are given. 

5 1.1.  The rna.il$~ld of c~~' iyzcrut ions.  

Each point of the manifold of configurations ~epcrlscnts a co~~f'lgurationof ihe system, 
If the dynarnical system has I\: gc11eralisec.l co-ordinates f (i. -;1, 2, . . . , N), this manifold 
is X-dimensional with co-ordinates qr. JYhen a pointoof- the mai~iiolcl is given, Ihe 
positions of all the particles forming the system arc also given. This is the dyliarnical 
manifold most commonly considered. 

There are two types of: line-element of particular importance. li'e shall assume 
throughout that the kinetic energy T is honlogeneous and quadratic in the generalised 
velocities and does not contain the t in~e  explicitly. Let us write 
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The forue systetxl is not involved in this defiriition of ds and for that reason we shall 
call (1.11) the kinematical line-eletncllt in the manifold of configurations."ft is not 
assumed that the systeni is holonoinic. 

The second type of line-element is 

where h is a constant and V is the potential energy. This type of line-element is 
obviously only available for the discussion of conservative systems, and, indeed, is only 
of importance for the discussion of motions having a total energy lz. In that case the 
natural motion takes place along a geodesic of the inanifold, a familiar deduction from 
the Principle of Tmst Action.$ For that reason me shall call (1.12) the uction line-
cleincnt in the ~~iaiiifold of configurations. 

5 1.2. The naunifold of co~~jiqu~atiovasayad time. 

Each point of the manifold of configurations and time represents a configuration and 
an instant. The inanifold is of (N+ 1) dimensions. the co-ordinates of a point being 
qr ( Y  = 1.2, ... , X)and t. MTheil a point of the manifold is given, the positions of all 
the particles forurling the system and the time are also given. 

It is morc difficult to pick out a line-element in this manifold, for although rnany 
arc available they do not appear to be of much interest. The follo~ving line-element 
suggests itself as a possible basis for the gcometry of the manifold of configuration^ 
and time :-
(1.21) ds"=- aLdtd-- a,,,,dplJd~il- e vd12. 


'I'hid bears a certaill reserr~blance to the line-clement in a statiorlary gravitational field 

in the general lheory of relativity. 

But there is another form 

Certdin a ~ l ~ e c t . ~  theory of the manifold of configurdtions with this line- of the geonlet~*ico-dyna~nicdl 
element have becrl discuised by M. LEVY,Co~t~ptes il'hrorie des ,3261-retzdus, 86 (1878), 875 ; G. DAREOUX, 
faces, PL. 2 (1315), 516 ; E. KAFNIGR,lIl?a)/s. ,4?ner. Math. Soc., 10 (1909), 201 ; J. LIPKA,Tra7zs. A ~ ~ l e l .  
Math. Soc., 13 (1912), 77, I'roc. Anw.  Acnd. of Sits and Scie~ices, 55 (1920). 285, BJLIL. A?ncr. Math. Sot., 
27 (18%0), 71, Jou,itul of Mulh. a i d  I'llys., Massuchi~settsbnst. of Techrbology, 1 (1921), 21 ; L. &I,J<ELL~,  

Arne?. Jou.rizal oJ Muth., 46 (1924), 258. Xone of these writers appear to havc made use of the tensorial 
notation. The only xvork with M hich I arn acquainted in which this notation has been applied to classical 
dynamic5 is the \\-ell-linown rnelnolr of RICCIand LEVI-CIVITA,,!&lath. Ann., 54 (1900)) 178-190 (cf. J. E. 
T ~ R I G H T ," Invariants of Quadratic Differential Forms," Can~brzdge T ~ a c t ~ ,  PtinciplesNo. 9, 80). H. H E ~ T Z ,  
of Mechanics (translated by JONEJ 1899), considered the manifold of 3N dimensiorls corre- and WALLEY, 
bponding to a system of N particles, using a line-elemeul essentially the same as the lrinenlatical Ilne- 
element. The line-element being a suin of squares oi differentials with constnlit coefficients, HERTZwas able 
to proceed without the tensorial notation. 

$ Cf. APPELL, Micutzigue rutionnelle, 2 (1911), 436. 
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For this line-elenlent the natural trajectories are geodesics by virtue of Hamilton's 
Principle. It is possible that the developirlent of a geometrico-dynamical theory based 
on this line-element would form an interesting subject for research. However, since ds 
is not the square root of a ho~nogeneous quadratic form, thc geonietry is not Etienianniaii 
and there is a certain cliIEculty in the clefiiiition of angle in such a manifold.-1- 

$ 1.3. The manifold of states. 

Each point of the lnaiiifold of states represents a state of the system. If p,. ( r  = 2, 
..., N) are the generaliseci components of niomentuni (p, = ;IT,/?q)),the co-ordinates 
of a point of the lna?lifoltl are '1'. 12, (1' = 1 ,  2, . . A?) ; the inanifold is therefore of 2N 
dimensions. \TT1len a point of tlle manifold is given, the positions anrl velocities of ,211 
the particles loriiling the sytein are also given.$ Tllis ailcl the iollo~ving nlatlifoltls appear 
t o  be non-metrical ; their inost iiiterestiilg properties are associated with the integral- 
invariants. 

3 1.4. T h e  ?iac~nijXdof stutes uiad time. 

Each point 01 tlie ~naiiifoltl of states and time represents a state arid an instant. The 
nlanifold is therefore of (2N $ 1) clinlensions, the co-ordinates of a point being pr, p, 
(y == 1, 2, . ) a n  t When n point of the ulanifold is given, the positions and 
1-elocities of all the particles forming thc systeiu and tlle tiine are adso given.$ 

The present payer treats only of the r~ianifolcl of configurations (I.I ) ,  results being 
developed both for the Irinematical line-element ( 1 . 11) and for the action line-element 
( 1 . 1  As the theories colinectecl with these two line-elerulents run inore or less in 
parallel. the syrrlbol (10  is ~daced after the nunibcr of every theorem in the enuiiciation 
of which the ltinenlatical line-element is implied, vith a siirlilar use of the symbol (A) 
where the action line-element is understood. \There a theorem is stated in such a way 
that neither of these line-elements is riecessarily involved, as in the cases of theorenls 
of Riemannian geoinetrr and of theorenis of a purely dynaniical significance, no such 
syrnbol is employed. 

To avoid overloading the syinbol~ with indiccs, 1 have thought it proper frequently 
t o  use the same symbol in two different but similar senses. tile sense to be understood 
being sufficiently evident froin the section or chapter in u-hicll it occurs. In any given 
section (other than those containing matter of a l~urely geometrical import) me have 

The geometry of tllis inore general type of metrical manifold has been developed to a certain extent ; 
cf. P. FINSLER,'.Urber Knrve~l und Flachen i11 allgelneiuen Raurnen," Dissertntioiz, Gottingel? (1918); 
J .  L. SYNGE,'' Uerleralisatioil of the R~enlannian Line-Element," Tvtcns. Antel.. Math. Xoc.. 27 (1923).61 ; 
J. H. TAYLOR," Fo~~nnlas ,"A Gmeraliiation of Ilevi-Civita's I'arallehs~ll and the P ~ e n e t  ibiil., 246. 

For the use of thv nlanifold of stateb in corlnection nith stat lst~cal  ~rrechanics, see J. H. J E A ~ ~ ,Tile 
Dynni,lical Theoi y qf (:asps (1925), 69. 

$ This is the ~lianrfold oonsidered by CARTAL.Lepjzv sur les inanrirtitfs i~zthgraux(1922). 
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under consideration a definite line-element, either kinen~atical or action, and such 
quantities as Christoffel symbols, curvature tensors, etc., are to be calculated with 
respect to the fundamental tensor belonging to the line-element under consideration. 
In  any case where it is necessary to introduce symbols which are to be calculated for 
a line-element other than that to which the section is devoted, explicit statements make 
matters clear. We shall adopt g,,,,, as standard notation for the funclamental tensor 
of the line-element under consideration, so that when we are thinking of Ihe kinematical 
line-element we have 

(1.51) anzn,Ymlz = 

and when me are thinking of the action line-element, 

(1.52) ,ClmT1 = ( h- V )a,,,,, 

where uniformly we write 

q' being the co-ordinate systen~. 
The force system is in all cases supposed to be independent of the time and of the 

velocities, so that the geueralised forces are functions of position in the manifold of 
configurations. 

It is important to distinguish between the words curve and trajectory. A curve is 
a purely geometrical concept in the manifold and consists of a one-dimensional continuum 
of points. A trajectory is a curve along which the co-ordinates are given as functions 
of the time. A natural trajectory corresponds to a motion under a given force system 
according to the la,ws of dynamics. 

$ 2.1. Contren~ions~forsurnnaation ;wmgnitude of a vector ;an.gle. 

As stated in $ 1.5, this paper deals with two different line-elements in the manifold 
of configurations. It seems therefore desirable to preface the geometrico-dynamical 
developments of later chapters with some definitions and theorems couched in purely 
geometrical language. Of much of the substance of this chapter it may be said that 
i t  is already known in some forni or other. It is necessary, however, for clarity and 
uniformity in notation to give a list of formulx for later use. 

The manifold under consideration being of 1%' dimensions, the co~nmon convention 
of summation with respect to indices repeated in a procluct is adopted, except when 
the indices are capital letters ; the range of summation is from 1 to N for sniall italic 
indices and from 1 to (N - 1) lor srnall Greek indices. Repeated capital indices imply 
no summation, unless such is indicated by the sign C .  Xnlall italic indices unrepeated 
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imply a range of values from 1 to X ,  small Greelr indices from 1 to ( N  - 1), while 
unrepeated capital indices imply no range of val~~es ,  except where such is specifically 
indicated. 

Indices which do not imply tensorial c1;aracter are generally enclosed in rounc! braebets, 
except in the case of n~~merical intliees denoting powers. 'Po aT-oid ~onfl~sion betwcen 
~lilwerical tensorial illdices and indice.: tle~loti~xg po\TTers, ilie fovnicr are prisitetl in 
italics, e.g,, q2 means the second component oC n contravariant vector, qQmesns "q 
squared." 

If X is any contravariant vector, its nnzaynii~rdcis X where 

A zmwit vector is one whose magnitude is unity. 
The angle O between two contravariant vectors X p nnd Y is given bj7 

cos 8 -
8 2.2. T h e  con,lravariant space derivcctizle cisad tlze contravariant tinze-Juz. 

MTe shall denote derivatives with respect t o  the arc s of a curve by an accent (e.g., 
q"') and derivatives with respect to the time t by a superposed point (e.g., 4'). 

If X" is a co1iCras7ariant vector given along a curve, we shall write 

and call 2~the con t r~ i~~~~r ic i i l t  XIalong the curve, Similn.rly, if JY'space de~ivat ive of 
is given as a, function of f nlong a trajectory, we slisll wrile 

and call 2' the c o n t r n v a r i c  tiilae-jlux of 91along tho trajectory. It is well lcno~vn 
that XI and A?> are contravariant vectors.-1- 

5 2.3. Relative curvature ;$rst c~ l~vn ture .  

Lipkal has given a very simple descriptive definition of the relative curvature of 
two curves. Let C and C'k be two curves toucliiiig one another at  a poinl; 0. Let P 
and P:': be points on C and C* respectively such that OP = OP':' =- s ( s : i y ) .  Let 
PP* ':nn. 'i'ben the relative cuvvaiure of C' anti C:': is clefinecl to be 
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When the curve C* is a geodesic, this definition gives us the curvature (absolute 
curvature) of C.? If we write 

the curvature K of a n y  curve is the magnitude of the vector K", SO thr?,t 

(2 .33)  K3 = ,g,n,,K77% 
K 

n . 
The relative curvature of two curves C and C* is given analytically by 

the unasterisked quantities being calculated for C ,  the asterisked for C*. 
The vector K~ defines the first or principal normal of a curve, and thus, if v r  denotes 

the unit vector in the tljrectioil of the principal nor~nal, 

The curvature of n trajectory is defined to be the curvature of i ts curve. 

5 2.4. Co-plunnr vectors and co~nporhents. 

If X and Y are two vectors a t  a point, tve shall say tha t  the vector 27 is co-pla?aar 
with then1 if A and B exist so that  

(2.41) Z =  AXr$- BY.  

Further, if X and 171'are unit vectors, we shall call A and B the comqonents of 27. in 
the directions of Sr and Y' respectively. 

The same idea is available in the more general case. If &,, X[2,, ..,, qJ1,are M 
contravariant vectors a t  a point and if A"), A'2), .,., A(-'1)exist so that  

then tve shall say that Y r  is coplanar with q1,,X:2,, ..., and, if these latter 
are all unit vectors, then A''', A(2', .. , A'.") are the components of Y in the directions 

of Xk,, .., XGn. 

3 2.5 .  A special co-ordinate system ; curuuttcre of a surface geodesic. 

We shall use the word surface to denote a manifold of (N - 1) dimensions immersed 
in the fundamental manifold of iY dimensions. 'The properties of a surface are often 
expressible in simple form by the use of a special co-ordinate system. It is well known 
that  the congruence of geodesics normal to  a surface is a normal congruence and that 

Vf.RIANCRI, ZOC. cit., 455. The curvature liere coilsidered is the first or pri~icipal curvature. 
Curvatures of higher orders arc cliscussed in 3 2.7. 

VOL. CCXXV1.-,4. G 



40 J. L. SYNGE ON THE GEOMETRY OF DYNAhllCS. 

ally two of the normal surfaces give equal intercepts on all the geodesics. Now if 
y*, qs, ..., q" be a co-ordinate system selected arbitrarily on the given surface, and if 
the normal geodesics be the parametric lines of q", q q e i n g  the distance from the giver1 
surface measured along these geodesics, we have a system of co-ordinatesl- for which 

Tre shall call such a system of co-ordinates " geodesic orthogonal trajectory with respect 
to qS " or briefly G.O.T. (yJ') since the parailietric lines of pA' are geodesics and are the 
orthogonz! t~ajectories of the surfaces g" - constant.]: 

h family cf pa~ullr lsurfaces is defined by the property that  any pair of the surfaces 
gives equal intercepts on :dl the orthogorial trajectories. It is easily seen that  the 
orthogonal trajectories must be geodesirs, and therefore, given a fanlily of parallel 
surfaces, i t  is always possible to choose a G.O.T. ( y A )  co-ordinate system such that  the 
equations of the surfaces of the fanlily are qx = constant. 

A G.O.T. (qS)  co-ordinate system is clraracterised by the equations 

A simple expression for the curvature of a surface geodesic can be found when a 
G.O.T. (y") co-ordinate system is employed, the equation of the surface being qK --
constant.$ The equations of a surface geodesic are 

C 

,,qs,, + [p;] y" ,q"' "0,  

and the components of curvature (relative to the fundamental n~anifolcl of N 
dimensions) are 

or, sitice the cnrlTe is contained in the surface y" = constant, 

lience, using (2.63) and (2.52), nTehave 

so that. since gsS 71,  

-1 Cf.BIASCHI,IOC.  cit., 423, 450 ; BIAKCHIcalls (2.51) '' forinn geodetics del ds"'. 
:f.Cf. Psoc. hTationnZAcuden~yof Sciences, 8 (1922), 200. 
$ q.B T A X ~ H I ,loc. cit., 457 ; the preserlt method is more direct. 
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'I'he illinus sign in this expression is adopted in order that the forrrlula 

may be true, A' being the contravariant unit vector normal to the surface drawn in 
the direction of g" increasing. 

The above result does not supply us directly nrith a method by ~vhich, given the 
equation of a surface for an arbitrary co-ordinate system, we can determine the curvature 
of a surface geodesic in any assigned direction. We do not propose to answer that 
question in its general form, but will deal with a special case which is of importance 
later. 

Let us suppose that for the general co-ordinate fiy~tenl q' with fundalnelltal tensor 
y,,,,, we are given a farnily of parallel surfaces whose equatioils are 

Let us choose a G.O.T. (p")  co-ordinate system p' for which the given parallel surfaces 
are pL' = constant, and let the fundamental tensor for this co-ordinate sjrstem be f,?,,, 

where, as in (2.52), 

(2.581) . f ~ ~  fxx;= 0 ,  = 

Let us distinguish CihristofTel symbols for the p' co-ordinate system by the subscript 
( p ) .  Let the components of the unit vector normal t o  the systen~ (2.58) be denoted 
by A' in the qr co-ordinate system and by p' in the p' co-ordinate system, so that 

Consider the expression 
(2.583) E = - - I ,  r5 l1"Il", 

where q'' i s in  any direction lying in the surface (2.58) tlirci~~ghthe point. and A,, is thz 
covariant derivative of A,. It is clearly invariant, and therefore we have 

But 

(2.585) 

and thus, by (2.582), 

But by (2.57) the curvature of a surface geodesic is given by 

(2.587) K ZY - 17pp'pu',c";fpw 
?$IL 


and thus, by (2.584) and (2.386), 

(2.588) -8= K .  

Hence we have the result : 
cr 2 



THEOREMI :-The curvature of a surface geodesic 01olae of u f a m i l y  of parallel 
surfaces i s  

.- A,.,y" f') 

where A' i s  the u n i t  vector having at every point a direction w,or?i~al to the surface of the 
fami ly  througlz the point and q" i s  the u n i t  uector t a f ~ g e n t  to tlze surface geodesic. 

Now the unit vector having at  every point a direction normal to the surface of the 
family (2.58) through the point is 

(2.59) hr = PI (gmfilPy'n)l~2,  

where 

(2.591) F' -gn"lr',,, F,,, = (3 Pl2y'". 

Thus we have 

(2.592) A, = 1 2 ,F7/(g1i'7LJ'77L8'rJ1 

and by covariant differentiation 

and hence the following result : 

TEIEORE~I curvature K geodesic of cc naelnbe~ of a f f~i ihi ly  qf parallelII :-The of u S U I ~ C C C  

surfaces 
P ( y l ,  q2,  . . . , yx) = constant 

i s  given by 

~ 6 ) ~ c lqT' i s  tlze u n i t  vector ta~ayent to the s u ~ f a c e  geodesic. 

5 2.6. Conditions that the o~ fhogov~al  trajectories of a j a t n i l y  of surjcbces should be geodesics. 

We shall now find necessary and sufficient conditions that the ortbogonal trajectories 
of a fainily of surfaces should be geodesics,? the equations of the faniilp being 

If we are given a congruence (~iorrnal or not) defined by the equations 

? RICCIand LEVI-CIVITA,loc. cit., 154, have given conditions tliat a collgrlience of an " ennuple " should 
be geodesic. However, i t  is hoped that  the method of the present paper will be found more direct. Cf. 
also J. E. WRIGHT," Invariants of Quadratic Differential Forms," 71. 
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A?' being the unit vector having a t  every point the direction of the curve oI the congruence 
passing through the point, these equations may be written 

and hence, by differentiation with respect to the arc of the curve of the congruence, 

(2.64) _ ;j;l. = --ALAS,  

or in covariant form, 

(2.65) 	 K,. = ArshS, 

where A,, is the covariant derivative of A,.. Thus, since the vanishing of all the 
components of K, is the characteristic of a geodesic, me have the result : 

THEORE~I  order that the curves of n congruence mccy 6e geodesics, i t  i s  laecessary III :-112 

nl~dsu$icient that 

(2.66) 	 A,,hs = 0, 

zohere 	hJ  i s  the unit vector everywhere co-directional with the congruence. 
It is important to note that from the mere fact that h r  is a unit vector we have 

(2.662) 

and therefore 

(2.662) 

Sow tlie orthogonal trajectories of the family of surfaces (2.61) are defined by the 
equations 

where 

(2.671) 


Thus the unit vector A' having everywhere the direction of the trajectory is 


(2.672) 	 = 2.F/(gW12P71,E11L)1 

Thus, applying (2.593), we obtain 

(2.673) (y'1ZJ1F7,LFn)2= . yl'bZLF,,tE1,LEl, . y't"2.B'1JLSE11,)j,,.S),b (Fr5 - F'. 

?'he curves in question therefore are geodesics if and only if 

(2.674) P,.,P". yl'"'"P,,$P,, - P,.. y""P ,,,,Pk', - 0. 

But this may be written 



-- -- -- 

it being renlernbered that s~mimatjon with respect to a repeated index applics only to 
a product-not to a quotient. 'rhus the coliditions 

F,.,;,F'" PrmPi;, 

P,. 3, 


are necessary. It is not dificult to prove that they are also scficient, for if they are 
satisfied each of tlle equal fractions is equal t o  

which is the right-hand side of (2.675). Tlence we have the result : 

r L ' ~ ~ ~ ~ ~ ~ ~11' : - I P ~  orde?. that the orthoyoltnl t1-ckjectories of u f a m i l y  of sullficccs 

3'(q l ,  p" ,. . . ,q X ) =- constant 

should be geodesics, it i s  rbecessnry a ~ ~ d  suficietzt t l ~ u t  

2.7. T h e  syslei~b of nor~rbals u ~ ~ d  c5 curue.curvatul*es for 

RLASCHKE~has developed a system of normals and curvatures for a curve in Hie- 
mannian space of N dimensions with a positive definite line-element. I have developed 
similar results: in the case n~here the Ijne-element is not necessarily positive definite. 
?'he notation of this latter paper is more compact for the purposes of the present paper 
than that of MLASCKICE and I shall adopt it here with slight modifications, writing 
K ( ~ , ;K ( ~ ) ,..., K ( ~ ~ - ~ )  - hi,,, . . .,for the first, second, ..., (X 1)th curvatures, I+,, ,-,, 
for the unit vectors in the directions of the first, second, . . ., (n' - I) th normals and 
A;,, for the tangent unit vector. Thus K,,, is tlle K considered in 9 2.3, A'(,)is v t ant1 
the first norrnal is the principal noriiial. 'I'he various norn~als and curvatures are 
connected by the generalised Prenet-Serret forrnul~ 

-1 1Wath. ZeitschiiJt, 6 (192U), 9.1. 

$ Proc. International Mcc.the?natical Co?zyress, Toronto (1924).  
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These equations serve to define the curvatures and normals. As cases of particular 
importance, we Itlay note that in two dimensions (with the notation of $ 2.3) 

and in three djmensions (where to avoid the clu~nsy subscripts rye put p' for ?4,,n ~ i d  
G for K ~ ~ ) )  

(2.712) XI' = p j r ,  < r  fJpT - K),v,  
-rp --.- - ovT.  

i f  it should happen that the Ai2th curvature is zero. the Mth normal and all norlnals 
of higher order become indeterminate. TlfTe can, ltowever, still use (2.71) by putting 
the Jf th  curvature and all curvatures of higher order equal to zero, hi,,, A{.,,+,,, 
..., A;,-,, being mutually perpendicular unit vectors normal to the curve, perpendicular 
to the (iT1 - 1)existing normals and undergoing parallel propagation along the curve. 

Thus we may always speak of " the (N - 1 )  normals of a curve," even if the curve 
Itas vanishing curvatures, recognising, however, in this case tha.t some of the norrnals 
are to a certain extent arbitrarily selected. If only one of the curvatures ( IC( , - , , )  

vanishes, the ( N  - 1)th normal is then uniquely defined (except with respect to sense) 
by the condition of being perpeiidicular to the (A' - 2) existing norinals and to the 
%angent. Thus. in Euclidean space of three dimensions, a curve of vanishing second 
curvature (torsion) has a urlique second normal (bi-normal), which is propagated 
parallelly along the curve. 

$ 3.1. Xirzen~cctics. 

Before introducing the force system we shall proceed with some purely kinenlatical 
considerations, bearing in mind as an obvious source of suggestion for nomenclature 
the alialogy between the niotion of a point of the nlaliifold and the motion of a particle 
i11 the 5:uclidean space of three dimensions. 

We shall call the vector 

(3.11) = Yo' 

the velocity vector, the magr~itucle of the velocity being 

(3.111) 0 = 2 , (27')' 2 .(am,c@yncjll)l = 

Defining the acceleration vector f' as the contravariant time-flux of the velocity vector, 
we have 

f = 6.. 
 i~+ l m n l D m V n
P I 


- j11%721 . ,,, 
$,. - P o ' - t I  J Y  
.nY " '  
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the magnitude of the acceleration being 

Transforming the parameter from t to s, we find 

By (2 .32)and ( 2 . 36 )t'his may be written 

(3 .123)  f r  =-S A T  1-K S z \ r ~= bj," $ Kv2,1v, 

where hr is the unit vector tangent to the trajectory, K is the curvature and vr  is the 
urlit vector in the direction of the principal normal. Thus we have the result : 

']'HEOREM 1-( K ):---If& any  trajectory t h ~  acceleraiiorc vector is co-planar with the tangewt 
and p~ inc ipa l  normal of the trajecto~y. 

Since hr and v' are unit vectors, their coefficients in (3 .123) are the cornponents of 
the acceleration vector in the directions of the tangent and principal normal respectively. 
But 

(3 .13)  ,i22 T ,= 

and hence 

(3 .131)  s = T ( 2 T ) - : = T ' .  

'L'hus (3 .123)can also be written 

(3 .14)  f'T = T'hr 4-~ K T v ' ,  

and we have the result : 

' T H E O R E M  TTJ ( K ):-In any  trqjectory the coraponenf of acceleratiofz cl,long the tungent 
to the trajectory is 

i or 4 or T ' .  

and the comnponent cdong the p i f zc ipal  n o ~ ~ n a l  is 

?[)herev is the velocity nnd K flze curvature of the t~ctjectory. 
Iff, denote the covariant components of the acceleration vector, we havef 

'1'0 obtain an expression for the rate of change of kinetic energy, mt? ciifl'erentiate 

(3 .16)  1 1 ~= 2T = a,,L;~71'viI 
with respect to t and obtain 

t Cf.WRITTAKER,A~zal?yticaZ Dynamics (1917). 39. 
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$ 3.2. Lazo of unconstrained motion. 

'I'he Lagrangian equations of motion are 

where &, is the generalised force vector -covariant since Q,By" = BTIr is invariant. 
By (3.15) these equations can be written 

(3.211) fy= Qp, 

or, in contravariant form, 

(3.212) ,f'= &", 

where Q" = a"'"&,,, is the contravariant force vector. 'I'hus we have the generalisation 
of the fundamental law of particle dynamics : 

THEOREX VII (K) : - - I n  a trc4jectory the acceleration vector i s  identical zrrith n a t u ~ c ~ l  
the contravariant ,force vector. 

Let us now suppose that a certain line of force is a geodesic and let us think of a rnotion 
along this line of force defined by the equation 

(3.22) ,=, Q. 

We wish to know whether this is a natural motion or not. Since the trajectory is a 
geodesic i t  has no curvature, and thus by (3.14) the acceleration vector is tangent to 
the trajectory and therefore co-directional with the force vector. By (3.22) tlhe accelera- 
tion has the same magnitude as the force vector. Thus, by Theorem VII, the motion 
considered is a natural motion. 

Conversely, if there exists a natural motion along a line of force, the acceleration 
vector must be tangent to  the line of force. Thus the curvature of the line of force 
must be zero and i t  must therefore be a geodesic. Hence we have the result : 

THEOREMVIII (I<):-Natural motion can take place along a line of force if  and only 
$the line of force i s  a geodesic. 

For any natural motion we note that by (3.161) and (3.211) 

which inerely states that  the rate of increase of kinetic energy is equal to  the rate of 
working of the forces acting on the systen~. To extract the full geometrical significance, 
we note that 

(3.231) &,,qll= VQ cos $, 

where + is the angle between the velocity vector and the contravariant force vector. 
Thus we may state the following theorem : 

VOI,. CCXXV1.--A. H 
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'I'HEOREM IX (I<) :-J)a a na twa l  ?notion tlze ?-ate of incl-ease of kinetic energy i s  equcrl 
to tlze product qf ihe u~u~pz i tude  of he v~loc i ty  vector, the v ~ a p i t u d e  qf the force vector C L ~ 

the cosine qf the angle between these vectors. 
We shall speak of any motion for which (3.23) is true as " satisfying the la~v of 

energy." 
Equation (3.23) may also be written in the for111 

Sow if the force vector be resolved into components along S mutually perpendicular 
directions, of which one is tangent to the trajectory, & cos $ is equal to the coniponent 
in the direction of the tangent. Thus, by Theorem TI, we have the result : 

'I'HEOREX X (K):--Elor any  trajectory the tangential cowaponent q[ accelerution i s  equal 
to the tangenticcl colnpo.12es~t of f o ~ c e  $afid only if the lato of energy i s  satisJied. 

Equation (3.24) shows that, given a field of force and any curve in the manifold of 
configurations, there is an oo family of motions along the curve for which the lam of 
energy is satisfied, the velocity and liinetic energy for such n~otions being defined as 
functions of the arc by the cquatioris 

where Tois the value of T a t  the point s = s,. 

3.3. BONNET'St heo~e?)~ .  


'IJTe now proceed to generalise the well-known theorem of OSSIANBONNET-/.
with 
regard to orbits under superimposed fields of force. 

Let &;,), ..., Q;,, be LWdifferent force systems which can act either separately 
or all together on a given holo~zomic rlgnamical system. Let us suppose that there 
exists a curve C in the manifold of configurations which can be described under each 
of the several force systems acting alone. Let T!,,, T,z,,  .. ., ToJ,be the kinetic energies 
in these several motions, each of these quarltities being of course a function of the arc s 
of C measured from sorlie fixed poir~t. Then by (3.14) and (3.212) 

Now let all the force systems act at  oi~ce and let W" be the additional force systes~i 
necessary to make the systenl describe the curve (7 ~vith liinetic energy T given by 

Jy Jou~ilalde Math., 9 (1844), 113 ; cf. WHITTAKER,lot. cit., 94. 
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We have then 

so that, by (3.31), all the colnponents of are zero, and we have the following result :QY 

THEOREMXI (BONNET'S n laolononaic dynamical syste.i.1~ cat,, pass tlarougl~. Theorem) :--I f  
a certain sequefice of conjiyurations under the separate inj'ueszces of a nunaber of force 
systems, then. if  all tlae force systenzs act toyethey, the system cat? puss t h r o ~ ~ ~ g hthe .same 
sequence of conjigurations with a kinetic energy equal to the sznj~ qf the lci~aetic cneyqies 
which i t  had in tlce separate ?notiofis zrfider tlae several force systenzs. 

$ 3.4. Curvature of a trajectory. 

The curvature of a, trajectory. defined as the curvature of its curve. is a purely 
geometrical or " statical " conceptio~z. For our purposes, however, i t  is more useful 
to  employ the time t as an indepeiident variable. We proceed to find an expressiolz for 
t'he curvature of any trajectory, natural or unnatural. 

Equation (3.123) may be written 

(3.42) &2K7 =$r - s;4'‘', 
and hence, multiplying by i 2 ,  we have 

(3.421) 4TSKr= 2Tf' -TQy. 

Thus 

(3.422) 	 1 6 ~ ' ~ "  co,,,. (2Tf  -Ti1).)( 2 ~ f .- ~ 4 ~ ) 
--- 4 T ' 1  - 4TTa ~s.'Q"+ .LJ7i'2 

I l1 , l  ) 

and hence, using (3 .1(il), me obtain? 

If 4 denotes the angle betmeen the acceleratio~z aiid velocity vectors, then 

so that, substituting in (3.43) and taking the square root, we have 

f '  sin ci5
K 

2T ' 

-t ;211 eyuivaleilt form was obtained by LII~ICA, 	 j i zs t .  of Tech-Jour~zalof BZ/rfR. and P h y ~ . ,  Illtrssach~c~cti.; 
nology, 1 (1921)) 33, for the curvature of a natural trajectory. 

I3 2 
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This result is really intuitively obvious from Tlleorern V I .  sincef sin $ is the component 
of the acceleration vector in the direction of the principal normal. 

T e  verify at  once the well-l~nown fact that a natural trajectory under no forces is a 

geodesic.-/- For. if there is no force, the acceleration is zero and therefore by ( 3 . 45 )the 
curvature is zero, which is a sufficient condition for a geodesic in the case of a positive 
definite line-element. 

$ 3.5,  Curvature relative to a natural t~a jec tory ,  

We now proceed to find an expression for the curvature of any trajectory C relative 
to the tangential natural trajectory C*. having the same velocity vector at  the point of 
contact (P). 

From (3 .421)we have 

(3 .51)  4Ta ( K ~- K 8 ~ )= 2Tf7 -pP'.- 2T*f  * I  +pq*', 

where the unasterisked quantities refer to C ,  the asterisked to C*. On future occasions 

we shall not trouble to explain this obvious notation. Prom the condition of identical 
velocities we have at P 

(3 .311)  q1 =: q * ] ,  T = T * .  

Thus (3 .51) may be written 

(3 .512)  4TA ( K ~-- K * ~ )  2T  ( f  -- f * I )-- (T -- T * )2'. 

Substituting in (2 .34)sve obtain 

= (,f(3 .32)  1GT4[U ( C ,  C*)l2 ~ T * O , , , ~ ~"'- - f * 7 i 1 )( j "-f 

- 4 ( - ) a ,  ( f  1 ) 7 ' 4-( - ) 
Itill 

*lllq)l. 

Kow niakiirg use of the kinematical equation (3.161) and the corresponding asteriskecl 
equation, together with the clynarnical equation of C*, namely 

(3 .53)  j*i--r= QT)  

we obtain 

( 3 . 54 )  8T3[ K  ( C ,  C*)IL = ( f  -- Q'") (f i l  - Q n )  - (3" -~ T c L , , , ~  U , , ~ ~ Q ~ ~ ~ ~ " ) ' .  

By introducing the force system, we have succeeded in getting rid of all explicit reference 
to the coiiiparison trajectory C*. Since a,,,,,X " T  is a positive definite form for arbitrary 
x-alues of Xt'. the first term on the right-hand side is positive unless f '  = Q 1 .  The last 
bracket vanishes if the trajectory C satisfies the law of energy ( 3 . 23 ) .  Thus we have 
the result : 

THEORENX I 1  ( I < )  :-If in  a n y  trajectory sutisfyi7,g the lalc qf energy the curuature 
ut every ins tant  relative to the natural  trajectory hncing the same c o ~ ~ j u r a t i o  and velocity 
u~c tor  i s  zero. then the trajectory i s  cc natural t~a~ jec tory .  

T f  sve are dealing .with a conservative system, in which casc 

(3 .55)  Q, = - - a v p p 7 ,  
Cf. RICCIand LETTI-CIVITA,loc, cat., 170. 
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we have 

Thus, if H denotes the total energy, we have 

(3.552) H 4 V = T -- a711)~Q1'"", 

and (3.64) becomes 

(3.56) ST:[ K  ( C ,  C*)I2 = ( f 7 "- 0"')(j"'- &") -- H 2 -~ T C L ~ ~ . ~ ,  

§ 3.6. T h e  Principle of Least Guruatwe. 

Suppose that a holononiic dynamical system, whose kinetic energy is given by 

is subjected to the external force system &". Let stationary coiistraints, holononlic 
or lion-holonomic, be put on the system, expressed by the equations 

(3.62) A(,),,,dpl" = A,,),,dp"' = .. . - A,,,,,, dy"" 0 ,  

the coefficients being functions of position only. 'l'he equations of nlotion for the 
system so constrained are 

(3.63) f = Q" $-p',1, 

where 1"' is the additional force vector introduced by the constraint, such that  

for all clisplacenients 82'' satisfying the equatioiis of constraint (3.62). 

ll'e wish to consider three trajectories in the manifold of configurations. all 2iaviag 
the same velocity vector a t  a point R (and therefore touching one another a t  tha t  
point) : 

( 1 )  an arbitrary unnatural trajectory C ,  satisfying the conditions of constraint ; 
( 2 )  the constrained natural trajectory C* ; 
( 3 )  the free natural trajectory C**. 

MTe have, by (3.54). a t  the point I2 


(3.64) ~ Y ' L K  ~Tcc,,, ,"LQ v h )  - Qn) -- ($-( C ,  C**)lL = ( f  (p ,,n,7Q7~~qn)z, 

(3.641) 8 T i  [ K  (C*,  C**)12 ~Tu, , , ,  p)( f * n  - Q7'),= (j'*"' -

use being made of the facts that the law of energy (3.23) is satisfied for C* and that,  
a t  R. T* is equal to T. Wow the equations of niotion for C* are, as in (3.63) 

and therefore, using (3.631): 
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6p: being any displaceinent satisfying the equations of constraint. But 

along C and C* respectively, and therefo~eby differentiation with respect (o I 

A,,,,f" + B(i),nnq7n4* = ... -: A(j l ) , s f"6-k iItJ1j7n,,qin4z --- 0 ,
(3.661) 

f *nL  ,,,, q*7'1q*n ... =, J':!:wL $ A q*,il$*n = 0 
71A(l) , l l  --I = A(dl)7Ja ( J I )iilr! 

with the usual notation for covariant derivatives. ITence, by subtraction, we have at  R 

(3.662) A ( 1 , , , ( f 7 1 L - f * i i 1 )  ( f )71- f*; ib)  ..+.- = O .= A ( 1 )118 z - / I  ( , , , I , IA ( f 7 1 1 - - f * n z )  

Thus the displacement By' = (f -p')87, where 8:  is an arbitrary infinitesimal, 
satisfies the equations of constraint, and therefore, by (3.651),  

(3.663) a,nznuf * "~  , f ~ L( J'*") - a Z I  n ~ j l "(J'" --$:$"). 

Subtracting (3.641) from (3 .64)sve ha-ire 

(3.67) 87" { [ r c  ( C ,C'*)l" == 1f'ntf n  - - -p")('$1[ K  (C*, c**)12)2 2 7 ~ ~ ~ ~ ~ ~  2 (f"'-f * l " ~ * i z  
- (T --- u ~ , $ ~ ~ Q ~ ~ ~ ) ~ ,  

and substituti~~gfrom (3.663)we find 

Kow the curve of the unnctt~aralcol~strai~iedtrajectory C is perfectly arbitrary except 
in so far as i t  satisfied the conditions of constraint and h.38 an assigned direction at  R ; 
the motion along C is restricted solely by an assigned velocjtr at  R. Without further 
limiting the arbitrariness of the curve of C, let the liiotion along it be defined by (3.241),  
T,,being the assigned kinetic energy a t  R ; tlle laiv of energy (3 .23) is then satisfied. 
The last tern1 on the right-hand side of (3.671) vanishes and the remaining term is 
essentially positive. Tbus 

and we have the following theorelll : 

THEOREMSIT1 (I<)(Least C u r ~ a t r ): e n n dynnqniccrl syst~nl  i sh ~ l o / / o i ) ~ i c  
sthjected to coilstraints. I~olononbic or f l~t?btittb~(!Zconst?"c~ir~ec jeetoryno)b-holo"/~o"ri~i(~, t ,*(~ 
has, .r.elc&tivelo t l ~ cuncotastruined natural trc~jecko~y~.c*iththc s n i ~ evelocity vecto~,a snarxllrt* 
curvature t h a ~chny otl~efzculsve Tzchving tlze scx file tangent alzd scxtisjg iszg the condilio?as qf 
conslraint. 
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$ 3.7 .  LULL)o f  wzotion in the case of one constraint, holono9nic or non-holonomic. 

'1 he preceding theorem enibodies a descriptive law of motion for a systeni subjected 
to constraints. We shall now present the law of motion in a different and more explicit 
form, treating first the case of a single constraint. holonorliic or non-liolonomic, 

Let &' be the external force vector and 

(3 .71)  A,7Lq7'L0= 

the equation of constraint, the coefficients being functions of position. This equation 
implies that the velocity vector must always be perpendicular to the contravariant 
vector A', which we shall call the constraint vector and which is giver1 a t  every point 
of the manifold. The equations of motioii are (3 .71)and 

where 0 is unrleterminer1.j- Cii-Eerentiating (3 .71)with respect to t we obtain 

(3 .73)  A1,LfDl = 0,f A?i2?1q712q12 

where A,,,, is the covariant derivative of A,,,. Multiplying (3 .72)  by A,. ancl sunlining 
as indicated, we have 

(3 .74)  A, fl - A,Q7 4-8A,Ar,  

or, if A is the magnitude of the vector A', 

( 3 . 75 )  rjA2= A, , f  - A,&". 

Hence, by (3 .73) ,  

(3 .76) 
 ;.o , d ~  i icit  q n l q ~Atn~QJJL, 

Substituting for 0 in (3 .73)we obtain the equations of rnotion in the form 

(3 .77)  f" = Q" - (A,,Qii"F A,,q"'qn)A"/A2.  

But A"/A is a unit vector ; hence we have the following result : 

'I 'HEOREN XIV (I<): -Then  a holonomic dynamical system i s  subjected to a cons tmi f~ t ,  
holonon~ic or fio.12-holonomic. deJined by the co"lztmmcL"lant vector AT, the system moves as i f  
ufider the iajuence of a n  additional contravariant force vector co-directional with the 
cof~straintvector and of (directed) magnitude 

-- (A,,,&"" / A .AA,,q"qq") 

Fj 3.8. Law of motion in the case of several cofistraints, 12olo~~ornic or non-?~,olononzic. 

Let us now suppose that  instead of one constraint we have the following : 

(3 .81)  A(I),,$qnz= A(2,,,qiTLI= .. . = A(.+,,,qm= 0 .  

Geometrically these equations imply that the velocity vector must be perpendicular 

7 Cf.WHITTAKER,Zoc, cit., 215, where the covariant form is given. 



51 J .  I,. SYNGE ON THE QEOJIETRY OF DYSAIIIICS. 

to each of the nf directions A;,,, A;,,, i , A;,, ; thus the velocity vector a t  any point 
is constrained to lie in an  elenient of (S - M )  dimensions. forinIf these ele~nei~ts  
in tlieir totality M systems of surfaces, each of (X - 1) dimensions, the equations 
(3.81) are integrable and the system is holonomic. This nre do not suppose necessarily 
to be the case. 

Let a system of &I inutually perpendicular unit vectors R;,,. H;,,,. . . ,R;,I,be selected 
in the eltitilentary manifolci of 1W dinlensions defined by the vectors di,,, A;,,, ...Ai u,. 

This is, of course a process that  can be carried out in an infinity of ways, and the choice 
of methocl may be dictated by convenience in n particular problem. We may, 
however, generally proceed as follo~vs. Pu t  

(3.811 )  q ~ )A;I)/A(L+= 

so that B;,, is a unit vector. Pu t  

* f  -(3.82) ( 2 ,  - &(is1, B[,)+ 5(2,2)  A;q; 

where the ratio 5 ( 2 ,,,: 5,,, ,,is defined by 

(3.821) E( i ,  1)  --;+ E(2,  2) U,,,L7L p( 1 )  A:i) -- 0,  

and the magnitudes of t ,,,,, and 4 ( , , 2 , by 

(3.822) a,,LnBElBib, = I. 


Then B;,, is a unit vector perpendicular to 4,)and co-planar with A;,, and A;,,. Put  


(3.83) B -3 )  - 3 , 1)B - "T < ( y ,  <(:3, 2) A;,),( 1 )  2) BB;i)--t 

where the ratios E(,, , ,  : ii ( 3 , 2 )  : t(,,,)are defined by the equations 

and the magnitucles of these quantities by 

Then Bi,, is a unit vector perpendicular to B;,, and B , ,  and co-planar with A;,,, 
A;,, and A;,,. Proceeding in this manner we ultimately obtain M nlutually per- 
pendicular unit vectors Bi,,, Rjl), ... , B;,,, co-planar with A;,).A;,,, ... A;,,,, so that 

Sow the velocity vector, being by (3.81) perpendicular to each of the A directions, 
must be perpendicular to every direction co-planar with these directions and therefore 
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perpendicular to each of the I? directions. Thus we may substitute for (3.81) the new 
equations of constraint 

(3.85) B(,)7zqli7L= B(2)7Wq71L= ... = B(M), ) L @ J J L  = 0. 

'l'he equations of motion are (3.85) together with 

(3.86) f?' == Q r  -+ @ ( l ) R , ; ,  4-8'" qL-+.., 4-8(5i)BJf,,,, 
where 8(1),  8 '2 ) .  ... , 0"") are undetermined. Differentiation of (3.85) with respect to 
t gives 

(3.87) B(l),,,fnz 4 4 1 ,  ,,,,,$"zq7L + = B(iiq,,f "9f (nr),,,,, qfngI= 0-

Multiplying (3.86) by B(,,,and sulnniing as indicated, we obtain 

(3.871 ) B(l)lfr= B(I,,Q' + 
using the fact that the B vectors are of unit niagnitude and ~liutuallyperpendicular. 
15ence by (3.87) 

(3.872) 8") = - B(l),,a&m -- B(,),,,, im$. 
Similar expressions may be obtained for o ( ~ ) ,..., B ( M ) .  When we substitute in (3.86) 
we obtain the equations of motion 

(3.88) /" = Q' - (B~I,,,Q" -1- Bm,,,,,q""qn)BFI, 
- (4 2 )  i,L CPJL+Biz)i i l l z  $""*) B 2 )  

. . * ' .  
- (B(',f)m &7iz -i- B(',f),,a, qnhq)')B[Af).

Thus we have the result : 

THEOREMXV (K) :-Wheril a holonomic system i s  subjected to M constraints, holotzomic 
or no%-holonomic. these constraints can be dc?fined by M 1.nutually perpendicular uni t  vectors 
B ,  B . ,B .  T h e  system moves as if u ~ m ! e ~the injtcence of a n  ccdditional contra-
variant force vector co-planar with the B vectors ancl hcvvi~agin the directions of these vectors 
comporhents 

-Pi,),, QnL4- B(1),,L, in,$),-- ,, Q U L  -L B(2),,L,LqliLqn),.. 9 -- (B(JI),i ,&nl -1- B(,,I),l,,qJiLq~'),  

where 4,),,, B(z),,,, ... ,B(N),,,,are tlze covariant derivcctives of B,,),,, B(,,,,, ...B(.,I),n 
respectively. 

Equations (3.88) may also be written in the equivalent eovasiant forrn 

- (B(2,iia Qrn-1- B(2)n,, g?'7q7L)B(%)r 

ltTehave here an extended ancl conipletely determinate form of LAGRANGE'Sequations 
applicable to non-holonomic systems. 

VOL. CCXXV1.-A. I 
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CHAPrFER IV.  

STIJDYO F  T H E  MANIFOLDO F  CONFIGURATIONSTIrIrFTI T H E  ,~CTION JAINE-ELEMENT. 

In  the previous chapter we had under consitIeration the kinematical line-element 
and all Christoffel symbols, curvatures, etc., were calculated for that line-element. 
Xow we introduce the action line-element and, since it is necessary to use the previous 
theory to establish our results, we must be careful to avoid all confusion. Wre shall 
adhere to the general rule laid down in 3 1.5 that expressions are ordinarily to be 
calculated for the line-element under consideration which for the present chapter is 
that of action. TVherever expressions calculated for the kinematical line-element have 
to be introduced, they will be nlarked with a subscript (R),e .g . ,  

The general theory connected with the action line-element is of somewhat restricted 
interest for three reasons : 

(1) The force system must be conservative. 

(2) We cannot compare the results of different force systems without changing the 
line-element. 

(3) It is awkward to compare two i~iotioiis \+.it11 different total energies. 

The compensation for these restrictions lies in i h  certain greater simplicity in our results. 
We shall only take into consideratioli motions cvitli a total energy equal to the constant 

h occurring in the expression for the line-element. 'I'hus to a cnrve there correspond6 
only one trajectory. time being defined in terms of are-length (to within an additive 
constant) by the equation 

(4.12) S2 = 2 ( f2  - T7)j. 

Our discussions are not intended to take illto co~isicleratioii the singularities of this 
relation which arise when T7 - h, that is, when the kinetic energy vanishes. 

Our theory is, in a sense, a statical theory anti the expression of the laws shot11cX not 
involve the time. 

§ 4.2. Curvature vector of any c?rrz5c; lazu of zazconst~ai~ted motion. 

For the covariant components of the curvature vector of any curve we have 
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the accent now, of course, indicating differentiation with respect to the action line- 
element. But by simple calculation we find 

where T7, = ?V/aqT, and therefore (4.21)may be written 

If we now introduce t as the independent pammeter and remember that 

(4.221) 

we obtain 

f, being the covarialat acceleration vector as considered in Chapter 111,and thus, since 
by (4.12) 

(4.24) ii s = - 2 ( h  - V )v == - 2 ( h- V ) Vnqn, 

we have 

Using (4.12) we see that the second and third terms on the right-hand side cancel and 
we have for the curvature vector K, of any trajectory 

(4.26) 2 ( h- V )K, =f,f V,.. 

Thus, if the motion is natural and unconstrained, so that 

the components of the curvature vector vanish and the curve is a geodesic--a result 
which is well known. 

5 4.3. Law of motion in the cuse of otte coltstraiuzt, holonomic or no+%-holo~tomic. 

When holono~nic constraints are put on a system, the law of motion is simply that 
a natural curve is a geodesic in a submanifold defined by the constraints. If, however, 
the constraints are non-holonomic, no submanifold is defined and we have to look further 
for a geometrical statement for the law of motion. 

Let us consider the case of one constraint given by the equation 
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The equations of motion are, in the covariant form of (3.72), 

Thus from (4.26) we have 

(4.321) 2 (1, - v)K ,  ==8A2,  

or in contravariant form 

(4.33) 2 ( h  -- V) K~ := OAT. 

We note that the principal normal of a natural constrained curve is co-directional with 
the constraint vector A'. 

Let us differentiate (4.31) with respect to s, obbaining 

If we multiply (4.33) by A, and sum as indicated, we obtain 

where A is the magnitude of the constraint vector. Thus, by (4.34)) 

and if we substitute for 8 in (4.33), we have the equations of the natural constrained 
curve in the form 

(4.35) - A/I? . Ar/A2.11Awb'4~~ '  

Hence 

(4.351) K~ = (A,,,,lqnL'q11'/A)27 

and we have the result : 

THEOREMXVI (A) :-When a Izolono~~zicconservative s y s t ~ m  i s  subjected to a sin-yle 
constraint, holonomic or non-Izolono~.i~ic,tiic principal norlnal of the itaturn1 cwve i s  
co-directional with the constraint vector Ar and the curvatu?.e i s  

iA,,,.q"'ql" /A,  

where A,fi,i s  the covariant derivative of A,. 

5 4.4. Law of motion irz the case of several constraints, holonomic or non-holonomic. 

The suggestion of the method immediately preceding, coupled with that of § 3.8, 
is so easy to follow that we shall not delay over the question of the law of motion in 
the case of several constraints. We shall inerely state the result : 

THEOREMXVII (A) :-When a holonon~ic conservative system i s  subjected to JII con-
straints, holo~zosnic or non-holonomic, the complete constraint can be de$ned by M mutually 
perpendicular unit  vectors B;,,, B';,,, . . . , BtAII,. The  natural curve i s  such t lut  its 
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principal n o m a l  i s  co-planar with these uni t  vectors and !he contravariant czl.rvature vector 
K?' has co.^r~zponents in their directions equal to 

-R,l)m,q"Z'qn', -H,2),,q"'qn', , -B,M),,zq""qn'. 

T h e  cl,~r.z~ature of the natural curve i s  the square root of 

$4 .5 .  T h e  Principle of Least Cunlature. 

A principle of least curvature in the case of the action line-element follows easily 
from the similar principle for the kinematical line-element as established in $ 3.6. 
Remembering that plain symbols refer to the action line-element and those marked (X) 
to the kinematical line-element, we have 

(4.51) ds = d h  -V (ds ),x,, 

and therefore, when we examine the definition of relative curvature as given in $ 2.3, 
we see at  once that 

1 
K (C, C*) -

q h -
-

V 
CK (C, Q"")I,K,, 

where C and C* are any two curves touching one another. 
Now let us suppose that a holonomic conservative system is subjected to certain. 

constraints. holono~nic or non-holonomic. Let us thinli of three curves in the manifold 
of configurations, touching one another at  a point P : 

(1) any unnatural curve C, satisfying the conditions of constraint ; 
(2) the natural constrained curve C* ; 
(3) the natural unconstrained curve C*:I. 

Remembering that we are considering only notions with a total energy h,  so that the 
velocities of the natural motions on C* and C** are equal at  P, we can apply Theorem 
XI11 (9 3.6) to obtain the inequality for curvatures with respect t o  the kinematical line- 
element 

(4.53) [K (C*, C"~':)],10 < [K (C, C**)](IO. 
Hence by (4.52) 

(4.531) K (C*, C**) < K (C, C**), 

But C** is a geodesic with respect to the action line-element and curvature relative to it 
is curvature in the absolute sense. Thus we have the result : 

THEOREMXVIII (A) (Least Curvature) :-When a holonomic conservative system i s  
~ubjected to constraints, holonomic or non-holonomic, the natural constrained curve has a 
smaller curvat'ure thun a n y  other curve having the same tangent and satisfying the 
conditions of constrcbint. 
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5 5.1. Statement o j  the y~obiefia. 

A conservative dynalnical system is said to have an i,qno~ableco-ordinate when that 
co-ordinate does not occur explicitly in the kinetic potential L. The importance of 

ignorable co-ordinates lies in the fact that the nulizber of degrees of freedoill of a dynamical 
systeni can i)e reduced by a number equal to  the number of ignorable co-ordinates.1- 

If 

the necessary and sufficient conditions that the co-ordinates ql,  g2, ..., 2'' should be 
ignorable are -
(5.12) 

and 

?'he existence of ignorable co-ordinates is clearly dependent on the particular system 
of co-ordinates q" used to  specify the configurations of the system. F G ~exanlple, in the 
case of a particle in a plane, attracted t o  n $xed centre by a force depending on the 
distance only, the argument 0 is an ignorable co-ordinate when the configurations are 
specified by polar co-ordinates (r ,  6),  but ~rl-ien cartesian co-ordinates are eixployed 
there is no ignorable co-ordinate. Thus if we take a dynamical systeni with ignorable 
co-ordinates and transform to a new system of co-ordinates, it will in general happen 
that none of the new co-ordinates are ignorable. 

An important problem presents itself : being given a dynamical system, to determine 
whether it is possible to find a co-ordinate system for which some of the co-ordinates are 
ignorable. An answer to this problem in terms of rigid-body displacements in the 
manifold of configurations has been given by LEVY: and the existence of a linear integral 
has been discussed by RIGCI and EEVI-CIVITA,~ but these treatments do not seem to 
afford tests by means of which we can deterniine by niere calculation whether a systenl 
admits ignorable co-ordinates or not. 

In  the present paper we shall not attempt a sol~ttion of the general problem of deter- 
mining the maximum number of ignorable co-ordinates which a system may admit. 
Tlre shall confine our attention to the determination of necessary and sufficient conditions 
that a system with N degrees of freed0111 should admit (iV -- 1) ignorable co-ordinates. 
The special case of two degrees of freedom is of such relative simplicity that we shall 
discuss i t  separately. 

v f .  WHITTAKER, cit . ,  54.ZOC. 
Colnptes vendus, 86 (1878), 463 and 875. 

$ Loo, cit., 179. 
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3 5.2. The case of two degrees of freedom. 


Let q1 be ignorable, so that 


(5.21) 

and 

This latter equation tells us that the parametric lines of q1 are equipotential curves. 
Let C and C* be neighbouring equipotential curves and let P and be points on 
them corresponding to equal values of ql. Let Sq2 denote the increment in q q n  passing 
from P to Y".Then 

(6.23) (PP")" u,,, (8q2))", 

which is independent of q1 by virtue of (5.21). 'i'hus PP* is of constant length. Also, 
if 0 denotes the angle between PP* and C 

cos 0 = a1221 ' 8q2 
- (312 

PP*  ':.\/nl,clpz7 

and this also is independent of g l .  'I'hus, if P*N is the perpendicular let fall from P* 
on C, P*:N is of constant length, being equal to Z'Y* sin 8. Thus the eqwipotential ourues 
are parallel. 

The cornponents of the curvature vector of C are 

(5.232) 

where 

'I'hus, using (5.21), we havc 

[ K 1  = 0,  

Hence the curvature of C is given by 

.\/1h2' i?cdl l
+ K z - . L - - . -2 

a,, aq" ' 

which is independent of gl, and thus the equipotential cwrves are each of constant curvatzcr~. 
TVe shall now show that if the equipotentials are parallel curves, each of constant 

curvature, a co-ordinate system exists such that one of the co-ordinates is ignorable. 
Let us take a G.O.T. (q" co-ordinate systeni q7 (see 3 2.5))the family of parallel equi- 

potential curves having the equations q2 = constant. Further, let the value of q1 on 
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the equipotential curve q2 = 0 be equal to the are measured from some fixecl point. Then 
we have everywhere 

(5.26) u 1 2 = 0 ,  a g g = l ,  

aJnd when qg is zero 

(5.251) o = 1. 

In order to establislr the ignorability of q1 it is sufficient to prove 

Now the curvature of an equipotential curve q" co/~stantis, as a very particular case 

But me are given that K is independent of q1 ; therefore 

a2 (log al l )  - 0.
aq1aq2 

But, since aa,,/aql vanishes for qg = 0,  we have 

(5.273) -ii (log al l )  -=- 0 

in general. Thus (6.26) is proved. 
Reillernbering that the lines of force are the orthogonal trajectories of the equipotentials 

and that they are geodesics if and only it the equipotentials are parallel, we have the 
following result : 

'CHEOREM XIX (I<):- In  order that i t  may  bc possible lo find for a conservative dynafnical 
system zoith tzuo degrees of freedol.ia n system of co-o~dinaies jor ~chich  one co-o~dinate i s  ignor- 
able, i t  i s  necessary and sz~ficient ihat tlze rquipotentials should be parallel curves each of 
constant curvature. or, equivalently, that the lines of force should be geodesics and the eqzci- 
potential cuwes each of constant curvature. T h e  parcwaetric lines of the ignorable co-ordinate 
ccre the eguipotenticr 1 curves. 

We deduce an interesting result in the case where the kinetic energy is homaloidal, 
i.e., reducible to a sum of squares of velocities, as in the case of a particle in the Euclidean 
plane. In  this case it is possible to find an ignorable co-ordinate if and only if the equi- 
potential curves Iorm a system of concentric circles. 

MTe shall now proceed t o  establish analytical conditions by means of which i t  may be 
ascertained by mere calculatioii whether or not a system with two degrees of freedom 
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admits an ignorable co-ordinate. In  what follows y' is a perfectly general co-ordinate 
system. 

Prom Theorern IV ( 8  2.6) we laow that in order that the orthogonal trajectories of 
the equipotential curves may be geodesics i t  is necessary and sufficient that the single 
condition 

(5.28) 

should be satisfied. TTTe have also froill Theorem I11 the equivalent conditions 

where A" is the unit vector everywhere perpendicular to the equipotentials. 
Assuming that the above conditions are satisfied, so that the equipotential curves are 

parallel, let us seek an analytical expression for the condition that the curvature of each 
equipotential curve should be constant. For this purpose we shall use the formula of 
Theorem I. ( 8  2.5), which gives the curvature of any equipotential in the form 

Differentiating this equation with respect to the arc of the equipotential, we obtain 

(5.283) K' = - A,,tqr'qs,q1, - A r s ~ ? ' q S '-- A,*q7'~*. 

Substituting for K '  from (2.571) and using (5.281) and the identical relation (2.662), 

we see that the last tflo terms vanish and we have 

(6.284) K' -. - ~ ~ ~ ~ q ~ ~ ' ~ ~ ' ~ ~ ' ,  

But along the equipotential 

(6.286) hnlqfn'= 0, 

and therefore, since there are only two dimensions, 

where 0 is undetermined. On substitution of these values in (5.284)we get a value for 
K' expressed as a function of position and we have the result : 

THEOREM order that i t  m a y  be possible toJind for a conservative dynaunical X X  ( K ):-In 
system zvith tzoo detyrees of freedom a system of co-ordinates for which one co-ordinate i s  
ignorable, i t  i s  necessary and su$icient that 

(5,287) 

and that 

(5.288) A I I I  (V2I3- (hIl2+ Alzl +.bl)( V2Ia8 1  

-I- (A221 4- 1212+ b 2 2 )  Vz ( VJ2  A2z2  (Vl). '= 0, 

where A, = V,/(allcnV,V,)112, VT= a V / a q Tand A,,, A,,, are covar ia~ t  derivatives. 
VOL. CCXXV1.-A. K 



Passirrg 011 now to the general case of S clegreeh o j  lrectloin. \T-e shall find ilecehsarj-
co~zditjoiisin order that i t  nrav be possible to  chc>oho CO-ordinates such that ,111 lmt one 
are ignorable. 

Suppose that a co-ordinate systerll gi. q?. ... , (j9 exists buch that all the co-ordinates 
arc ignorable cxoept cj" Then 

(5.31) 

and 

where the convelltiori n it11 resped to (irecli illtiices (sec 9 2.1) is to be cetuemberetl. 
Referred to this co-ordinate iysteiu t i l e  eyu~potentiiii surfaces I-ia~ e the equations 

y = I . Let P (ql.  q'. .. ?A')be a poiut s ~ t ~ r a t  the equipotential surface eil 0x1 

,S and let 1":' (ig', 7" , .. . , y" - 87') I)? tl~c. ~ ~ o i n iwhertc i t  equi~~otentlal~~eighbouring 
surface 8's is nret by the paranletric line of passing Lhsoiigh P. Their 

which is indepentlelit of (i' ql, .. . . '. Thus two ttdjacent equipotential surfaces iilake 
equal intercepts oil all ~~araluetric. So\\ haslir~es of qx. tile uriit vector normal to i5' 

covariant cornpouents (0. O ..,. J , ' I  cFi) a r ~ d  hcllcc the augle 8 betweeli PI3* ':allcl the 
i~ort~lal  i h  given b ytc) AS' 

which is intlepeiident of gz, q2 .... q A - ' .  Tl111st l ~ e~lorrnal distance betweeir P; and b'*, 

being equal to PP* cos O i i  also ildepentlent of theso co-orclinatcs and 8 arrd IS':': are 
parallel surfaccs ; therefore ilzt J i i i ~ sof f i , c t  ( i t  r qrodcsics. 

Let us now firl t l  t l ~ c  c.i~r\.-atur.c ni' n ?urti!cc geodehjc oi an cquipotentiizl 8. I'he 
equations of the geodesic arc 

( 5 . 3 5 )  

BulJ !JY (531) the C'hristofkl syllrbols occu~rlng ill t l ~ ~  811 t anish aacl  (d .33)  i ~ ,fl 
 ey11~iii011 

equivalent to 


(.5.351) 4" -- 0. 


fcor the calculatio~l of the curvttture xvith respect to tile illanifold of configuratiou., Irave 



J. I,. SYXCiF, OX THE (:EOllETEZY OF l)YNAiSIICX. 

(5.353) 

a i d  we have 

Sow let us pass from a geodesic C of t,he equipoteiitial ccurface S through the point P 
to another geodesic Ij of the same surface S,passing tlrrougb a n~ighbouring point Q 
in a direction derived from the direction of C at  P by parallel propagation with respect 
t o  the metric of S (not of the manifold of configurations). \Ye shall call such a geodesic 
D nei,qhbouring a?zd pnrcjllel to C. We may write (qi, . . ., qA"-I, g-\) for the co-ordinates of 
Y,( y q - Bpl, ..., qA-' + Sf-', 2") for the co-ordinates of Q, ( g l ,  .... q h P 1 ,0) for the unit 
contravariant vector at  I'having the direction of C and (qi  t-Sy7', . .., qh-I  -I 8qN-". 0) 
for the unit contravariant vector at  Q having the directioll of D,where 

L. ' _I

By (5.31) these reduce to 

If 8~ denotes the difference between the kilrvatnre of D at, (jand the curvature of C 
a t  P, we have from (5.354) 

so that, by (6.31) and (6,356), 

(5.368) B K  = 0, 

Thus ~ l ~ r  Since the tangential clcrvatwre qf C nt P i s  equal to t h p  curvature of B a t  Q.  
direction is propagated parallelly along the geodesic, i t  Jollows as a particular case thaL 
the curvature of every geodesic of an equipotential surface is col~sta~it along its length. 

There is a third type of necessary condition, non-existent in the case of two degrees of 
freedom. The line-element of any equipotential surface S is 

where a,,  are constants over X. Thus X i s  a homa/oidal ~tlauzifold. i.e., ds2 is trans- 
formable into a st1111 of squares of differentials of co-ordinates. 

We may state the result : 

THEOREMX X I  a o o n s e r ~ ~ u t i ~ ~ e  ( I  s?jste~n of co -o~d ina tes  ( K ) .  -If%for dynamical  systcqix 

exists such that all the co-o~clinates but one are i,yrzoroble, t l i c ~  
( x )  the equipotential swufaces are parallel afid tlze l ines of force are geodesics ; 

K 2  
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(p)  	the curvatures. relative to the manifold qf co~?fiymrations,of any pair of 92ei,yhbouring 
and parallel geoclesics of a n  equipotentictl swface are equal and the ct~rvature of a n y  
geodesic of ayz eyuipofential su~ face  i s  consta~rt along its length ; 

(y) every equipotential surface i s  a honzaloidal ;i)lunifold. 

Applying these tests to siinple types of equilootential surfaces jn the case of the motion 
of a particle in three-dimensional Euclidean space. we nlay note that a family of con- 
centric spheres satisfies (or) and (p )  but not (y). a family of coaxal equiangular right 
circular cones satisfies (a) and (y) but not (p ) .  while a family of coaxal circular cylinclers 
satisfies (u ) ,  ( j?) and (y). 

$ 5.4. Su$icierzt geomefrical conclit~io~zs for the adwissibility of (X-I) ieqnorab7e co-ordinates. 

We shall now proceed to prove the followii~g theorem :-

THEOREMXXII ([<)--If for ci conserwtizle dyna9)aical system the J-ollotoiny conditions 
are satisjed :--

( K )  the lines of force are yeodesics ; 
( p) the curvatures, relative to the nzcxnifold of co/izJiyvrations, of ever?/ pair of neighbouring 

oqzd parallel tqeodesics of a.il eyuipotemtiol smlfciee are equal, und this i s  f ~ . ~ ~ e f o / *  etier.9 
equipotential sugace ; 

(y) there exists a hoiij~uloidccl eq7sipot~ntiul suqface ; 

then a system of co-o~dinatps mis t s  SUC?~ 
ilzut el71 f l /e co-ordinates but one are igno~able. 

Let us take a G.0.1'. (2") co-ordinate systex~l such that the homaloidal equipotential 
surface S ,  has the equation yA - Then, k ) ~O. (u),the equations of all the equipotential 
surfaces are qA' = cons ta~~ i .The choice of qL,ye, .... (rX-' is still arbitrary on one of the 
equipotential surfaces ; let us choose these co-orclinates such that on S,the fundamental 
tensor has constailt components. 'l'hus 

Now since 

(5.411) 

it is only necessary to prove that 

everywhere, in order to establish the igaorability of all the co-ordinates but qx, the 
conditions 

(5.413) 

being already satisfied by the choice of co-ordinates. 



The curvature of any geodesic of an equipotential surface is, by (2.57). 

and, if BK denotes the increment in K in passing to a neighbouring and parallel geodesic; 
sb7e have 

(5.421) 

~vhere? 

(6.422) 

Thus 

(5.423) 

But, by the hypothesis (P), BK is zero for arbitrary values of the infinitesimal displacement 
B q P  and of the direchion y" ; therefore 

(6.424) 


or, more explicitly, 


Kow, thinking of the determination of the quantities ?a,,,/2pr as functions of q", sve 
have here a system of linear differential equations of the first order ; thus, by virtue 
of (5.41), it follows that (5.412) is true and the theorein is proved. 

Q 5.5. ATecessccry and su$icier~t a n c ~ l y t i c a l  cond i t ions  fo r  the ccdwzissibility of (N-1) i gnorab le  

co-ordinates. 

We have in Theorems XXI and XXII geometrical statements of necessary and 
sufficient conditions for the existence of a set of co-ordinates of which all but one are 
ignorable. JQe shall now supply the equivalent analytical conditions. 

We have already in 'rheorem IP ( 5  2.6) expressed necessary and sufficient analytical 
conditions that the lines of force should be geodesics. We shall therefore pass on to the 
determination of necessary and sufficient analytical conditions for the equality of 
curvatures of neighbo~uing and parallel geodesics of an equipotential surface, assuming 
that the equipotential surfaces are parallel. In  what follows q" is a perfectly general 
co-ordinate system. 

The Christoffel synibols occurring in this equation are to be calculated for the fundamental tensor of 
the surface S.  However, the co-ordinate system being G.O.T. ( q x ) ,  i t  is easily seen that they have the same 
values whether calculated for the fundamental tensor of S or for the fundamental tensor of the manifold 
of configurations. 
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By Theorem I (5 2.5) the curvature of any geodesic of one of the equipotential surfaces 
V (ql, q2, ...,qN)= constant is 

, I

(5.51) K = -- A rsqr qC> 

where A, = V,,/(nmnT~,T7,,)+. If pr is a G.O.T. (pX)co-ordinate system for which the 
equipotential surfaces have the equations pK -=constant, nTehave 

~vllerep, are the co~nponer~ts of h,  when referred to the p1 co-orciinnte system, so t,hat 

(5.512) pi ,=@, pw = I .  

Then, passing to a neighbouring and parallel geodesic of the same equipotential surface, 
we find 

where the Christoffel symbols for the pr co-ordinate system are marked with a 
subscript ( p ) .  But we easily find that 

(5.514) Ppiv Pxp== 0, 

and therefore 

where p,,, is the covariant derivative of p,, for the co-ordinate systeni pr. But p.,, is 
symmetric in p and a (el'. 2.586), and hence i t  is easily seen that the necessary and 
sufficient conditions for the vanishing of 8~ are 

(5.516) 

But 

(5.517) 

and therefore, since dqr/dpp is a general vector in the eciuipotential surface, we may 
state our result in the following form : 

T H E O R E MX X I I I  (K)-Being given a family  of pcwallel su~fcbces zohose equations are 
V(ql, q2, ..., qN)  = constant, i n  o.rder that the curvatures of every pair of neighbouring 
and parallel goedesics of each of these swfaces m a y  be equal, i t  i s  necessary and su$cient that 

(5.52) hrstErqs<t=0, 

(where iir = Vr/(a"7'V,V,,)f and h,,, i s  the second covwiant derivative of A,) for all values 
of the vectors Z1', -qTj CT consistent zoith 
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1T'e pass on now to necessary and sufficient conditions that a surface of a family of 
parallel snrfaces V (ql .  g? . . ..,q") = c o ~ s t a n tshould be llomaloidal. 

In  order that a marlifolcl of N di~nensions sllould be homaloidal, i t  is necessary and 
sufficient that the curvat~~rt: curvature tensor being defined tensor should vanish-the 
(as usual) as 

(5.53) 

for a co-ordinate system xr and a fundaillental tensor y,,7,,. 
Let us take a G.O.T. (pN)co-ordinate systenl pr for which the equations of the family 

of surfaces are p" = bc the corresljonding fundarncntal tensor. co+zstant,and let t~,~, , ,  It 
is easily established? by direct calculatio~i that 

where the subscript 15' (p)identifies the curvature t,eilsor of the equipotential surface 8, 
calculated for the co-ordinat'e system pp.and the subscript (p) identifies the curvature 
tensor of the ~nanifold of configurations, calculatecl for the co-ordinate systenl pl. Thus 
the necessary and sufficicilt conditions that A S '  should Fe homaloidal are 

But, if we compare with (2.586), this may be written 

aqm2qTL ;qs I:qt(5.534) [Gnmst- - hms''nt)I 7 y LF~ -- ---( ) ~ ! ~ ~ t ' , ~ ~  c p  ( y 2pU?yT 
0. 

Thus we have the result : 

HEORE OR EM XXIV (I<).--I)%order that a sugace of a fa'11~i1yof pc~rallel surfaces hose 
equatiom arc: V (ql, qr, .. . : qa)  = constant shotcld be ho~nuloidnl, i t  i s  necessary and 
suficielzt that 

(5.54) [Gmnst - - ~ , , , s ~ , t ) l  = 0,(Anlthns 5TrP~i'rSot 
at all yoi ,~ts  oj' the suilfuce alld for all values of thc vccto~s r 7 ,. q l ,  jl, w 1  cotzsistemt with 

where G,,,,,, is  the curcatzcre ten so^ oJ" the ??aa~c$old co+btainifzg the family  and 


A ,  = V ,  =
V,/(a"l'LV,,,Vr,)';Z, (? VIGq'' ; 

I , ,  i s  the eovariant de~ivat ive of A,. 

BIANCHI, cit., 452.ZOC. 
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Let us nov group our established geometrical results into a single dyiia~liical theorem : 

THE ORE^^ XXT' (I<)- In order [hat i t  11icc?j hr possiblc in th.' case of cc co?zser?~atire 
dylaanaicc/l systewt to Ji~sc l :  N syslewz qf (0 -o~d i i in l r s  ,for ~rthicl~ all eo-ordinates hut one are 
ignorable, i t  i s  v2ecessccry urzd sujiciev2t that the , fu l lo~/  iv,g coltditions should be satisfied :--

(4 TJ r,,lV?  ---V 1,,, 

Ti, v, 
at all po"C'~bts of the ~1 ta i~ i fo ld  ;of c ~ t ~ f i y ~ ~ i ' c ~ t i o t a s  

),rxt 
7 
7 

Trr s [t --- 09 

at all poijzts of the ,i~alaijold of coiyfg~trcttior~s.cuacl for all ucclues oJ' q i ,C1 S I C C ~ ~< I ,  t7mt 

at all points of at  leccst oTze equipotelaticil s~lllfclce levad ,for cell ucclues of q i ,C 1 ,  tn' such tlzat < I ,  

I n  these ex;llressiovw A, = V,,)' " . .  ;?V/&jl,osad A,,, eouariaiztV,/(aH"'"V,,, V ,  = A,,, are 
derivatives. 

CIIAPrL'EI&VI.  

$ 6.1. Geo~/aetricccl stability. 

A definition of stability sllould be invariant in character-that is. independent of ally 
particular system of co-ordinates. Further. t o  accord with the spirit of this paper, 
i t  should be geometrical. Such a definition 1 l~roceed to give, applying it afterwards 
in three special forms of peculiar dynalnical significance. 

Let there be a illanifold of N dimensions with a co-ordinate system q' ,  and let the 
metric be 

Let C and C* be two curves whose equations are 

(C) qT =+', (u),' 

(6.12) 
(C*) q" = >4,"'' (u) 

where 2~ is a parameter. Let a corresyondcnce be established in some definite manner 
between the points of these two curves. l,et 0 anti O* be a, pair of correspontling points 
and let be the geodesic joining them. Xow let us take the vector d+'ki (u) /c luat O* 
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and propagate i t  parallelly along P. Let the result of this parallel propagation be a 
vector cT a t  0, Let t7.denote the value of d+r ( u ) / d u  a t  0. Then the quantity A defined 
as the positive square root of 

is an invariant with respect to transforniations of co-ordinates. 
Now let us suppose that in the n~anilold we are given some definite system of curves 

defined parametrically in ternis of an indcpendent variable u ; let C be a curve of the 
systeni. We shall speak of C as the undisturbed curve. Let a definite correspondence 
be set up between the points of the other curves of the system (which we shall call the 
disturbed curves) and the points of C. Let 8 be any positive number and let us pick out 
all those disturbed curves C* which possess a point 0 *  corresponding to a point 0 of C, 
such that 

(6.14) 0 0 * < 6 ,  A < 8 .  

1Ve shall refer to every curve satisfying this condition as a disturbed curve of order 8 .  

We can now proceed to our formal clefinition of geoinetrical stability : 

DEFINITION STABILITY.-If ,  being given a n y  positive number E ,  howeverO F  GEOMETRICAL 
small, a positive number 6 exists such that PP*<E for every pair of corresponding points 
P and P*, P being situated on  the undisturbed curve C and P* on  any  disturbed curve of 
order 6,  then the curve C i s  said to be stable. 

The above definition is more ambitious in point of rigour than the analytical investi- 
gations which come later. It is necessary in what succeeds to work entirely in first 
order effects, and it nlay happen that a system believed to be stable from the results of our 
first-order approximation is unstable in the rigorous sense. However, even if we do not 
niake use of this definition in all its exactitude, it is desirable to be able to give a precise 
invariant geometrical definition. 

Summed up roughly, our definition may be stated : A curve is stable when the distance 
between corresponding points of the curve and of an adjacent curve remains permanently 
small. 

It mill be noticed that the question of stability involves three things :--
(1) a line-element ; 
(2) a system of curves, each defined parametrically ; 
(3) a correspondence between points of the undisturbed curve and of the disturbed 

curves. 
It is by various choices of these three things that the following types of dynaniical 
stability are obtained. 

3 6.2. Stability in the kinematical sense. 

The first type of dyna~nical stability we shall call stability in the kinematical sense. 
Here distance is measured by the kinematical line-element and the system of curves is 

VOL. CCXXV1.-A. L 
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composed of all natural trajectories under the given force system, without restriction. 
We shall define corresponding points as those for which t has the same value, so that 
simultaneous configurations correspond. Thus there is stability in the l<inematical 
sense when the distance between siniultaneous points remains permanently small. 

Q 6.3. Stability in the kinematico-statical sense. 
The second type of dynamical stability me shall call stability in the Icinematico-statical'r 

sense. Here again distance is measured by the kinematical line-element and the 
systeni of curves is composed of all natural trajectories under the given force system, 
without restriction. The correspondence between points on C and C* is established 
by the condition that P should be the foot of the (geodesic) perpendicular let fall 
from P* on C. Y'hi~s there is stability in the ltil~elllatico-statical sense when every 
point of the disturbed curve is adjacent to the undistnrLed curve. 

It is obvious that stability in the kinenlatical sense implies stability in the kineinatico- 
statical sense, but the converse is not true. 

8 6.4. Xtability in the actio"i sefise. 
The third type of stability we shall call stability in the action sense. Here distance 

is measured by the action line-element and the system of curves consists of all natural 
trajectories of total energy h--that is, it consists oi all the geodesics of the manifold. 
The correspondence between points on the curves is fixed by the condition that the arc 
O*P* should be equal to the arc OP, where 0 and O* are arbitrarily selected origins on the 
undisturbed curve and any disturbed curve respectively. Thus the problein of stability 
in the action sense is that of the conyergence of geodesics in Itienlannian space. If two 
geodesics pass through adjacent poilits in nearly pttrallel directions, the distance between 
points on the geodesics equidistant fl*oi~i the respective initial points is either permanently 
small or not. If permanently small, there is stability. As silrlple exaillples me may quote 
+he great circles on a sphere as illustrating stabiliGy a i d  the straight lines on a plane as 
illustrating instability. 

There is anjimportant fact (easily deducible froni the calctrlus of variations) in the case 
where the order of the disturbed curve is infinitesinldl. I t  is that if 0*0  is perpendicular 
to C, then so also is P*P, where P and B*are any pair of corresponding points. In con- 
sidering stability in the action sense i t  is in general sufficient to consider only cases 
where 0*0  is perpendicular to C ; thus we may say that there is stability in the action 
sense when every point of the disturbed geodesic is adjacent to the undisturbed geodesic. 

Perpendicularity with respect to the action line-element is equivalent to perpendicu- 
larity with respect t o  the kinevnatical line-element. 'Phus i t  appears that stability ia 
the action sense is equivalent to stability in the kinematico-statical sense for disturbances 
which do not change the total energy, except in those cases where (h-V) either 
becomes zero at  some point of the uiidisturbed curve or tends to infinity. 

So called because me use the kineinntical line-element, while the curves to be compared are considered 
statically as entities and not with reference to  the particular inotions along them. 
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§ 6.5. Examples qf the three types of stability. 

It should be remembered that, in the case of the motion of a particle of unit mass on 
a surface, the kinematical line-element is precisely the geoinetrical line-element of the 
surface as ordinarily understood, and perpendicularity of two surface directions in the 
sense of the kinematical or of the action line-element is equivalent to perpendicularity 
in the ordinary geometrical sense. 

Consider the case of a particle describing an elliptical orbit under the influence of 
a central force varying directly as the distance. Here we clearly have stability in all 
three senses. 

Consider the case of a particle describing an elliptical orbit under the influence of a 
central force varying as the inverse square of the distance. Here we have stability in 
the kinematico-statical sense and in the action sense, but not in the kinematical sense, 
since the periodic time of the disturbed orbit is in general different from that of the 
undisturbed orbit. 

Consider the motion of a particle of u~l i t  mass on a plane under the influence of a force 
system derivable from a potential 

MTriting down the equations of motions and solving, we get 

ix = i tz  + At + B, 

y = C sin (t -f- D), 

where A, B, C and D are constants of integration. Let the undisturbed motion be 

ix = i t 2  + t ,
(6.53) 

y = 0. 

The motion is clearly unstable in the kinematical sense. In  considering stability in the 
kinematico-statical sense, the distance between corresponding points is 

(6.54) PPI' = y = C sin (t + D). 

Thus there is stability in the kinematico-statical sense. '1'0 discuss stability in the 
action sense, let us take the initial point 0 at  the origin of co-ordinates and the initial 
point Q* on the y-axis. Then, the disturbance being infinitesinlal, the (action) distance 
between corresponding points is 

(6.55) PP*= ((h - V ) ;y = 2 - ; (t 4-1)  C sin ( t  9- D). 

Thus there is instability in the action sense. This example illustrates how such 
instability occurs when the lrinetic energy tends to infinity in the undisturbed motion. 

Consider the motion of a particle in a parallel uniform field of force. Here me have 
instability in all three senses. 

L 2 
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S 6.6. Steady motio'ns in the kinematical sense. 

A somewhat incomplete definition of steady motion has been given by R 0 u ~ a . f  
Another definition has been given by WHITTAKER,$which may be statecl as follows : 

A motion is steady when all the components of the velocity vector are constant 
throughout the motion, those corresponding to non-ignorable co-ordinates being zero. 

TVe shall refer to such a motion as steady ifzthe ignorc~hle scnse. Khile such a definition 
is undoubtedly very convenient for the discussion of stability by ineans of the llamiltonian 
equations, i t  appears to be open to criticism on two grounds. First, it pre-supposes that 
we are already in possession of one of those co-ordinate systems for ~vhich there are 
ignorable co-ordinates, and, secondly, i t  defines steactiness of motio~i in terms of the 
properties of the whole manifold of configurations. 

The definition which Eollo~vs provides tests by which it may be determined directly 
by calculation whether or not a given motion is steady, the l~iotion being defined by 
equations 

(6.61) gr = (1'' ( t )  

for a perfectly general co-ordinate svsterr~ and without any reference to ignorable 
co-ordiiiates. '[he definition will probably appcar artificial and the reason for its 
acloption will only become clear ~1~1len -\\re come .lo discuss the question of stability 
analytically in the succeedilig chapters. It will then be seen that the clefi~iition appears 
t o  satisfy the fundamental idea of R o o r r ~ .  

Let the metric be the kinematical line-element a i d  let the iotat ti on for the iiorlilals 
to the trajectory be as in 9 2.7. Let us write 

(6.62) K(p,Q) = G,,,,, (P,0 -- 0, 1, . . . , N -thy$)hyojh;O)?.jo), I), 

where G,,,,,, is the curvature tensor of the laianifold of configurations. T17e note a t  
once Erorn the ~vell-known properties of the curvature tensor that M(,,Q j  is syinnletric 
in P and Q and that 

= 1,) 0, l9. . . , N' 

JVe may observe that I{(,,,, is the iiiemaniiian curvature of the inanifold of 
configurations corresponding to the two-space elenient defined by the tangent to 
the trajectory and its Pth  normal. Let us write 

(6.621) K(p,oj I<(O,::= 0, (1' = 1). 

where Q,,,, is the covariaiit clerivai;i\-c of the covariant force vector. \Ye note that 
W(p,Q )  is not in general symmetric in Id and Q ; it is, however, symmetric: IT hen a potential 
exists, for then we have 

(6.64) W(P,Q)= VTnn~;l$;lQ) Vn,,L~~i)b)~yQj (P, -= . . . , N I).- = - = iP(Q, & 0, 1 ,  --

+ 11 Treatise 012 the Stability of ilotioib (1877), 2 .  
1 Loc.  ci t . ,  193. 
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We may also observe that, when a potential exists, kV(, l , j  is equal to the value of 
-- d2T7/ds~alculated along a geodesic drawn from the point in the direction of the 
Ptl.1 normal. The quantities X,, and GtT(p, Q) are, of course, invariant with respect Q, 


to t'ransformations of co-ordinates. 
117e shall now proceed to our definition : 

DEFINITION@).-A natural naotion is said to be sieccdy i u b  the ki~zeflzcctical settse zohen 
all along the trajectory-- 

(I) the velocity 1: is cornstant ; 
(2) all the cu~va~ures K(,), K(~) ,  are co+asta+at ... , K ( ~ - - _ ~ )  ; 

=Q(P, ,)I<(,,all the quantities (3) 
(4) all the quantities Wir,I)) (P,& = 1, 2. . . . , nT- I )  are corbstant. 

Tliis is the definition of steacly motion for cliscussions involving tlie kinei~iat~ical 
line-element, that is to say, for the treatment of the question of stability in the kinenlatical 
and kinematico-statical senses. 

If none of the curvatures K ( ~ ) ,K ( : ~ ) ,. . . , K(,Y_,) vanish, all the quantities occurring in 
the above clefinition are uniq~xely defined. If, however, several of the curvatures vanish, 
some of the normals arc no longer uniquely determined, anti we must show that our defini- 
tion provides a test of steadiness independent of any arbitrariness in the choice of normals. 
Let us suppose that the Mth curvature vanishes, all norlilals of lower order being uniquely 
defined by (2.71). Let h;,,,, h;lI,,), . . . , and A,?:,, A$+~),... , be two sets 
of unit vectors chosen to represent the Mth, ( i !4-l)th, ... , (N - 1)th normals. If we 
mite  

(6.65) A$) = (P= 1, 2, ... , M - I), 

me shall prove that 

2 ,  2, ... ,N - I )  are corhstccstt ; 

,)K(p, 
iniply 

(6.661) I<$,g) = eon,stcdt%t, (P, Q = 1, 2, ...,N -1), 

and that 

(6.67) W(p,Qj= co?hstctnt, (I3,Q = 1, 2, .,,,iV - l), 

imply 

(6.671) W&,qj=~on~ta?at ,  ( I ) , & = 1 , 2  ...., N-1),  

where " constant " means " constant along the trajectory." 
The condition of perpendicularity with respect t o  all the normals of order less than 

A$ and to the tangent restricts the normals of order equal to or greater than M to an 

1, 2, ..., N
COP%S~U?Z~,(P ,Q = 11,
(6.66) 
 -
= 
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element of (N -M )  dimensions a t  every point of the trajectory. Thus we inay 
write 

-I- P ( P ,  II+L)A:IJ+ - 1-1 
(J - 1(6.68) 	 $ ( P  A~~)hFAv~) 1) -k ,JV, -i)h~(x-~), 

( 1 3 = M ? M + l ,  ... ? X - 1). 

'raking the contravariant space derivative ant1remembering that all the vectors occurring 
in (6.68) are propagated parallelly along the trajectory, we have 

If we multiply by CG, . ,~?~ ) ,  where & is one of the numbers M ,  iW -11, ... , N -- 1, and 
sum as indicated, me obtain 

(6.682) P'(p,g) = 0,  (P )Q = .Ik!, M + l ,  ... ,AT--- l)> 

by virtue of the condition of mutual perpendicularity of the normals. Thus all the P 
co-efficients occurrilzg in (6.68) are constants along the trajectory. 

I 


f 1 for P = &  
(6.683) (P, Q = l , 2 ,  ... , ,!U-l), 


and 


(6.6384) Po: Q )  = P(o,r, = 0, 

( P = l ) Z 2 . . . 9 ~ ? I - l ;  Q = = l l I , J M + l , . . . ) N - 1 ) ,  

we may write 
hf-1 

(6.685) A$) = X p(lJ,B)h{ll)) (I' =1, 2, .., ,N - I) .  
R=l 

Thus we have 

N-I N-3. 

Therefore, since the p 's are all constant, (6.66) implies (6.661). Similarly (6.67) implies 
(6.6'91). Our definition of steady motion is therefore free froni all ambiguity in the 
case of vanishing curvatures. 

We shall now show that any motion which is steady in the ignorable sense is also 
steady in the sense of our definition, provided that none of the (N -2) curvatures 
K[I), K(z), ... , K ( X - ~ )vanish. 

Let us first consider the case where none of the (N - 1) curvatures vanish. Since 
only the ignorable co-ordinates change and all their rates of change are constant, i t  
follows that any expression involving only the coniponents of the fundamental tensor 
a,,,,,and their partial derivatjves ~vit~h respect to the co-ordinates, the components of 
velocity and the potential, reniains constant throughout the motion. Thus T is constant 
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and therefore v is constant; hence dsldt is constailt. Now, when we examine the 
equations (2.91), we see that A;,,, ~ b , ,.. . , A;, -,,, K ( , , ,  K(,) ,  ... , K ( X - ~ )  are defiiied 
as functions of the components of the fundamental tensor a,, aild their partial 
derivatives with respect to the co-ordinates and of A:,, and their derivatives with 
respect to s, But 

(6.69) 

which are constant along the trajectory. Hence, since n,,,, and their partial derivatives 
are also constant along the trajectory, we see that A;,, At2,, ... , -,,, K(,) ,  K(,,, . .. , K(N-]), 

are all constant along the trajectory. Ftence we see a t  once that are constant. 
Also B,pL,Lare evidently constant, since they are independent of the ignorable 
co-ordinates, and thus W(p,Q,are constant. Thus we find that steadiness in the 
ignorable sense implies steadiness in the sense of our definition, provided that none of 
the curvatures K(I), K(z), ..., K ( N - ~ )  vanish. 

Let us now consider the case ~vlrere just one of the curvatures ( K ( ~ - ~ ) )vanishes 
throughout the niotioa. As pointed out in 9 2.7, the (iV - 4)th normal is then uniquely 
defined (except with respect to sense) by the equations 

(6.691) ~b,,,,A~~~-~)hy~)0, (P= 0, 1, ..., - 2),= 

and 
(6.692) an~n~rW-l)~y~--l)1.= 

But when the motion is steady in the ignorable sense, cc,,,, and (P= 0, 1 ,  ..., 
N - 2) are constant along the trajectory, and therefore h[,-,, are also constant along 
the trajectory, from which it follows a t  once that the motion is steady in the kinematical 
sense. 

I n  the case where several curvatures vanish, it does llot appear to be true in general 
that steadiness in the ignorable sense implies steadiness in the sense of our definition. 

9 6.7. Steady curves in the action sense. 

In  dealing with the action line-element, 11-e should remeniber that the theor7 developed 
is precisely the geonletrical theory of a Riemannian nianifold. A steady motiori will 
correspond to a geodesic of the manifold having special properties and, to stress the 
geometrical character, we shall speak of a steady curve instead of a steady motion. 

Let A;,, denote the unit vector tangent to a geodesic C and let A&,, At2,, ..., h[,,-,, denote 
any (N -1) mutually perpendicular unit vectors perpendicular to C and propagated 
parallelly along C. It is to be remembered that if we take any set of unit vectors a t  a 
point of a geodesic and propagate thern parallelly along the geodesic, the angles between 
the vectors and the angles between the vectors and the tangent to the geodesic all remain 
c0nstant.j- Kow let 

(6.71) K ( p , g ) = G m n s t ( p ) ( ~ ) ( Q ) ( ~ ) ,ht (P7&=0,11 . ' ' tN-1) .hna AS 

Jy Cf.BIANCHIloc. cit.,  794. 
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Clearly is sysrlmetric in P and & and K,, ,,
 is equal to the Riemannian 
curvature of the nianifold of configuratjons corresponcling to the two-space element 
defined by the tangent and the direction hb,. 

\Ve shall now define a steady curve : 

I)EFINITION (A).--,4 steady c7tn3p in fhe nctio,? sefzse i s  a all / / L C,qeodesic nlong ~ ~ 1 7 ~ i c l ~  
qlrcmtities 

A',, (P ,Q ===1, 2, . ., X - 1): 
are cofz.stnnt. 

This is the clefinition of a steady motion to be adopted in discussing the question of 
stability in the action sense. 

We shall not delay to prove that our defisiitio~ has a unique significance independent 
of the choice of the particular set of mutually perpendicular normals h[p,(P= 1: 2, . . . , 
N - 1). The mode of proof is as in 3 6.6. 

It does not appear to be generally true that a motion which is steady in the ignorable 
sense (cf. 5 (5.6.) is necessarily steady in the sense of the above definition. 

CHAPTER VII. 
STABILITYIN TIIE KINEMATICALSENSE. 

$ 7.1. Equations jor the co~taponents of the distfurbance vector. 

It is in the analytical investigations in connection with stability of motion that the 
use of the tensorial notation becomes of greatest importance. The appearance of the 
Riemannian curvature tensor in the course of the ana,lysis makes it difficult to believe 
that similar results could be obtained without the use of this method. 

The equations of an undisturbed natural trajectory C are 

Let qr be the co-ordinates of a point P of C and (qr + qr)  the co-ordinates of the corre- 
sponding (simultaneous) point P* of the disturbed natural trajectory C*, qq being 
infinitesimal. We shall call the vector qr  the dis tu f ,ba~~ce  The condition for vector. 
stability in the kinematical sense is that q (the magnitude of the vector -qr) should remain 
permanently small. 

Let us substitute (qr 4.-yr)  in (7.11), since C* is a natural trajectory, and obtain 

( Q ) "  = 0)  

where the asterisk indicates quantities to be calculated at  P*. Expanding these quantities 
and retaining only first pom7ers of small quantities, we have, after making use of (7.11), 



J. L. SYKGE ON THE GEOMETRY O F  DYNARIICS. 

But by tlie defiilitiorl of the contravariant tirne-flux (2.22) we have 


\ -h J m n )  .
(7.13) - ?  - I IT"]q", 


and hence 


Substituting for ijsLfrom (7.11) we find (after rnakirlg the necessary changes of indices) 

-IIm4,"Jz'QL. 
Substitution in (7.121) gives 

(7.14) 

where 

the mixed curvature tensor of the manifold of configuratioas for the kinematical line- 
element, and 

the covariant derivative of the force vector Qi'. It will generally be illore convenient 
to apply (7.14) in the cokariant forin 

Equation (7.14) or (7.13) may be called the telzsorial equation for the disturbcc~ace veclor 
i n  the kinematical sense. 

5 7.2. Equation for the f~aaynitzlde of the disturbance vector. 


Let us introduce the unit disturbalace vector pT co-directional with q', so that 


(7.21) yir = -ljpJ, 

and 

(7.211) ~ , ~ , , p ~ " ' p ' ~1, 


Then 


(9.22) $' = 3p7  + @?, 

and 

(7.221) $ r  + 2 4 ~ ~+!pj 
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Therefore 

(7.222) 	 ~ b , ~ $ " p . ~-- ?j - 1 - 2$ari$pt -1.- ~ , a T t ~ ~ p t ,  

But from (7.211) we obtain 

(7.23) 	 c ~ ~ ~ ~ ~ , $ ~ ~ ~ ~ L ~ '0,== 

aiid hence 

(7.231) 	 % , n l J r J .$ ? ? I ,  n -1- I pnp 0, 

Thus (7.222) may be written 

(7.24) 	 a l t ~ ' s p *  :El - Y,C(,,.~$'$~. 

Now if Isre i~lultiply (7.15) by pr and sual as indicatecl, we have, by (7.24), 

@ I .where is the magnitude of the vector Equation (7.26) may be called t l ~ c  i~fcccriailt 
eg~ta t io t~  	 of the disttcrbafzce i l l  the Icintiiwtical sense. for tlzt mccg)?it7~de 


The in\-ariant C~,il,,,p""l'E~Fqt
is equal to tile I?ien~aiiniun cur\-ature of the lilailifold 
of configurations corresponding t o  pr and by a positive$ I ,the directions l i i~~ l i i~ l i ed  
factor ; hence we may state the following result : 

'I'HRCIREX XXTI (MI.-[ f  the T<lcirlo~z~zicnst of t7~e licicibifold oj' cor,Ji.~/rirctLiol~s C ~ L ~ ~ J C ( ~ U Y C  

cor re spo~ td i~~g  	 tlze clirectio?~ c$'to eceiay ilco-space elci~?c.iat cog~ t i~ i~~ i i zg  the yit'oh trcljectol*y 
i s  ~~egrttivo posilicc zero Jbr c~?.bit?sary rnlues of z1nl ctll po i i~ is  OY zeio, aszrr! i f  Q,ji,,x'i1~'5s or 
of fhe trc~jectory. tl~eiz the ~lzoiion is unstahle ill the kil~e~lzatical sozse. 

I11the case svliere the force system is conserrativc \17e have also the integral of energy, 
~s~hichnlav be svritt en 

(7.31) 	 y* -;- = 1- p- 1-lr*:T 

where 6lz id  the excess of the total energy in the disturbed luotioil over the total energy 
in the undisturbed motion. 

But 

which easily reduces to 

(7,3211 	 /T* = T 4-CC~ (ft i ij j f L .)lt,l 

Also 

(5.33) 	 v* z 'CI -1- y,i.qlli. 
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!I1hus the integral oE energy is 

(7.34) ~ ~ , ~ , ~ ~ q ' ~ ~ ' ~V?>;q"'-1- -=ah, 

or, in alternative form, by sttbstitution from (7.22) and (7.21), 

(7.33) ~fh,l,,,~1'p?2 :--1- "4(a $"kT' -k vlnpri2) ah. 

The theory of the vibrations of a conservative system with two degrees of freedom finds 
its most obvious application in the study of the motioq of a particle on a plane or curved 
surface in Euclidean space of three dimensions. It must not be forgotten, however, 
that the theory as here developed is much more general, embracing as it does problems 
of rigid dynamics also. It is true that the results of this and the next sections may be 
regarded as particular cases of those developed in 7.6, but the relative simplicity artd 
importance of the cases of two and three degrees of freedom seem to warrant independent 
treatments. 

Let h' be the unit vector tangent to the undisturbed trajectory and let v' be the unit 
vector of the principal normal, i.e., the unit vector drawn norrnal to the curve out from 
the concave side. Equations (2.711) are applicable, but 1~7ill be written in the rnore 
convenient form 

n-here v is the velocity. The quantity w may be called the uqaguln~velocity of the 
undisturbed motion. We at  once derive 

The force system being conservative, me have 

If we equate the normal acceleration to the normal force component and the tangel~t~al  
acceleration to the tangential force component, we obtain 

and hence, by differentiation of the first of these equations svith respect to the time 
and substitution from the second, u7e easily find 

Now let us write 
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so that a and p are the components of the disturbailce vector in the directions of the 
tangent and the normal of the trajectory respectively. On differentiation we obtain 

(7.431) 

and 

Thus 

(7.433) 

For the solution of the probleni of vibrations we shall employ the equation (7.15) For the 
coinponents of the disturbance vector and the integral of energy (7.34). From the 
former we have 

7.44) = -G,.,,,, vrPIIsinV f p ~ ' r S .  

If we substitute from (7.43) and remember the skew-sgrmmetric p~operty of the curvature 
tensor, the first term on the right-hand side becomes 

Thus, if K denotes the Gaussian curvature of the manifold of configurations, we m:xy 
write (7.44) in the forni 

Then, comparing this equation with (7.433), we have the equation of motion 

or, by (7.422), 

The equation of energy (7.34) becomes, after use of (7.431), 

(7.45) 
 t i  (i
- w p )  - I  KV,,,A"'$- pV,,,vTn=: 8h, 

or, by (7.421), 

(7.461) vci - Z'K-;I 2vw 9 -+ ah. 

In equations (7.444) and (7.451) everything (except u. and P and their derivatives) 
may be considered as given functions of the time t when the undisturbed trajectory is 
given. These two equations contain the solution to the problem. If we eliminate 
(vci - VK),we obtain an equation for (3 only 
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The value of o: is given in terms of p by (7.451) and we find 

where A is an infinitesimal constant equal to the initial value of a/21. Since; by (7.43), 

(7.46) -q2 = x Z  + p 2 ,  

i t  follows that for stability in the kinematical sense it  is necessary and sufficient that both 

a and P should remain permanently small. We may state the result : 


THEOREMXXVII (1<).--11z order that the motio.1~ of a holo~zomic conservative system with 
tzoo de,grees of freedom nzay be stable in the lcilzernatical sense, i t  i s  necessary and suficient 
that the value of p as solutio~z o j t h e  diflerential equation (7.453) and the value o j  a a s  given 
by (7.454) shotcld be permanently snzall, for all arbitrary injinitesinzal values of the constants 
8h and A. 

It should be noted that. in the case where I?) (as the solution of (7.453)) turns out to be 
l~rmanent ly  small, but where a (as given by (7.454)) does not remain permanently small, 
we cannot deduce that I?) (as defined by (7.43)) remains permanently small, since equation 
(7.453) has been obtained on the assumption that a as well as p is small. WHIT TAKER^ 
discusses the stability of the orbit of a particle in a plane. 1iis argument appears open to 
criticism on the above grounds. 'I'he coefficient of Q in (7.453) can be identified imme- 
diately with the coefficient of stability, ft' being zero in the case of rnotiorl in a plane. 
It will be seen in 9 8.3 that a positive coefficient of stability ensures stability in the 
kinematico-statical sense for disturbances that do not change the total energy,$ but i t  
does not ensure stability in the kinematical sense, as the argument of Whittaker seems t o  
imply. 

We shall call the quantity 

the (generalised) coeficient of stability. 
If the total energy is not changed by the disturbance, 6h is zero and STURM'Stheorems 

is applicable. MTe may state the following result : 

THEOREMXXVIII (I<).-If all aloolzg a natural trajectory of a holonomic conservati~lc: 
system with two degrees of freedom the coeficient of stability i s  positive, then the motion 
i s  stable in the kinematical sense for all disturbances 7irhich do not change the total e n e q y ,  
provided that the value of a given by 

(7.462) a = 2 v  1: ~ p d tf A v  


remains permanently small for all arbitrary injinitesimal values of the constant A. 

-) Loc. cit., 395. 

$ This result for a particle orbit in a plane follows directly from equation (12) of THOMSON
and TAIT, 

Natural  Philosophy,  1 (1879), 428. Their argumcmt is free from the uljectionable feature to which we hare  
alluded. 

S Cf. DARBOUX,Th6orie gi~n6rale cles su$aces, Pt.  3 (1894), 102. 



When the motion is steady, the coefficient of stability. the curvature ( K )  and the 
velocity (v) are all constant along the trajectory ( c f .  $ 6.6). Thus, if we write c2 for the 
coefficient O F  stability, assuming it to he positive, we have as tho solution of (7.453) 

(7.47) p -- B cos ct -{- &I sill ct ---.2 ~ B h  
cJ  

Hence 
r,(7.471) Z Y  --~ V K( Rsin ct - C cos ct) A-t 8 h  

-
' l'c" (c' - 41;"c2) -1- C O E S ~ C ~ ? ~ , ~ .C 


r iL hus, taking the general case where 8 1 ~is not zero, there is stability or instability accord- 
ing as (c2- ~ / u ~ K ~ )is zero or not zero ; me nlay state the result : 

THEOREXX X I X  ( K ) . - I ? ? ,ordei. tlmt GI, stectdy w,otiork of ct holonoinlc cofxse~ccttive sysfe~ia 
with two degreps qf f~eecc'oil~mrcy 71r stclble scme,  it i s  ilccessaiy n ~ ~ d  it^, the l~iiwn~cctic~rl 
st(@cient that 

(7.472) u 2 1 1  ,,7n --- 'L'"c' == 0.-t IT,,i%,fi 

l 'he periodic: t ime  qf cn stcbble v i l ~ r ( i t i o ~ ~  i s  jx jV K .  

,Is a simple application of this theorem, coiiritler the rnotioxz of a, particle in a 1)lane 
under a central force whose ~nagnitucle depends only on tllc ciistnnoe from thc c~iltre. 
For any radius r there exists a circular motion, wtiich will. of course, be stracly. 'l'he 
preceding theorem gives as condition for stability 

and the equilibriunl equation is 
dV -- el2(7.474) 
cly 1. ' 

If all these circular orbits are stnblc, we may eliminate 71 awl solve the resulting equation, 
obtaining 

(7.475) v - X.ra t lc', 

where k ancl k' are conrtants. Thus the only law of central force depentling on the 
distance for whicf-1 all circular llzotiorls are stable in the kinematical sense i.: that 
of the direct distance. 

$ 7.6. The cnse oj' (I, conservatiue system ~clithfllree dey,.ees of<fi.,eedoiiz. 


Bs important types of motion t o  which the fol lo~~~ing 
theory is applicable we ]nay 
mention the motion of a particle in three-dimensional l3uclidean space ancl the motion 
of a rigid body about its centre of gravity or about a fixed point. 

Let A" be the unit vector tangent to the untlisturbecl trajectory and v 1 and p'  unit 
vectors co-directional with the first a i d  second norlnals respectively. The first sand 



seconcl curvatures being denoted by K and a respectively, forillula (2.912) are applicable, 
but m-e shall write them in the more convenient form 

A?'=1: (,,v?', 
W ==VK,i-{ ;r = RP7'-(,,AT) 

I a = va, 
[ ;T = - Rvy. 

7'11e quailtities o and LZ niay be called respectively the first and second angular velocities 
of the tuldisturbed motion. We at  once derive 

By resolution of the force vector along the normals and tailgent we have 

and by differelltiation of the second of these etruations with respect to the time lye 
obtain without difficulty 

(7.521) 2i1 (A -1- v& = -t~V,, ,n~~"'h'l ,  

the sanle result as i i r  $ 7.4. illso, by differentintion o-C the first of (7.32) we fiud 

(7.522) V~iz,lp"'hlz =-0Q. 

~\TOTVlet us put 

(7.33) .'lr "A" f p v' -+yp") 

so that a, p and y are the components of the disturbance in the directions of the tangent, 
first normal and second ilorlnal respectively. We at  once obt'aill 

(7.631) i r  - & A T  -j- pVr+ i i 3 v  + ..I p;' + y;r, 

and 

(7,532) .:r = ;A'. -k Fv ' .  $- yp' .  :-. 2d' . -1- 26 ;~-,L 2i;7' -+ --- f$$:' + F'., 
Hence 

.. 
(7.533) I C , . ~ - ; ~ V ~= p - p -+- ~cz')- 2 . i ~-- YS? .-t.aato+ KG, 
and 

(7.534) u,.,-?~- -;i - -{a2-1- 2po -1- ?n4- W.UQ. 

KOIV f r 0 ~ ~ 1  the equation (7.13) for the covnponents of the disturballce vector we have 



or, with the notation of 5 6.6, 

ancl similarly 

(7.542) ars-,7'.p.s ==-- v2?K(,,2I -- ~~~1<(~., 2 )  -- v.Vv,9pTI,s V,.sp"vs y 11rsi'r TP,' 

Coml7aring these equations with (7.333) and (7.334) anc1 using (7.521) ancl (7.522), \;e 
obtain the equations 

These two equations ant1 the integral of energy (7.34) colitaiii thc problciii of stabilitv. 
'Che integral of energy becomes, on substitution from (7.53) and (7.531), 

(7.55) V &  -- i 's? = 2 ~ [ 3(JJ -+- ah, 

exactly the same result as in 9 7 .4.  If we eliininnte (VU - Uu) between (7.543) and 
(7.55), we obtt~in 

This equation and (7.544)now contain the probleru, K being given by (7.56) and therefore 
expressible as in (7.454). NOW from (7.53) 

and thus for stability it is necessary and s~xfficient that x,  $ and y should all rcinaiii 
perlnanently small. We may therefore state the result : 

THEOREMX X X  (I<).-112 order thrct the motion of n Izolonoi,bic conservative systena tcitlz 
three clegress of' freedona vaay be stable in, the kineitzatical sense, i t  i s  9zecessa.i.y ccnd suficient 
that the values of p aqad ;.as solutions of the dz~erel l t ic~l  equations (7.544) ccnd (7.551) and 
the valzce of K as gi.r;e?a by (7.454) should d l  be 21er.inunelbtly small, for ccrbitrury iti&nitesimal 
values of the constants Sh and ,4. 

Let us consider the case of steady motion. All the co-efficients in (7.544) and (7.551) 
are then constants and b is zero. These equations nlay be written 
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where 24, p,, p3 and p4 are constants clefinect by 

rp ,  =v ~ J ~ ( ~ , ~ )r , , l v r l- : --1- 3w2-Q2, 

(7.571) 

Jf we substitute 
(7.572) jl =Be7" -b B,, .( -- Cellt -+- C,? 
we have for 11 the equation 

Thus for stable values of P and ?? as sol~~tions of (7.57) i t  is necessary and sufficient that 

these being the conditions that the values of dshoulcl be real, negative and di~t~inct.  
For B, me have the eauations 

so that 

Now, assuniiiig that (7.575) are satisfied, me easily see that the value of E given by 
(7.454) is permanently small for a non-zero value of 612 if and only if 

(7.578) p,p, -p3" 4 4 0 : ~ ~ .  

MTe may state our result : 

THEORE~VIXXXl (I().-In order that a steady motion of a holo~~om,ic conseniatiz~e systewe 
with three degrees of freedopn m a y  be stable in the kilzematical sense, i t  i s  necessary and 
szcficieqzt tliat 

p1 + p*-ipz2 > 0, 


( P I  -4- -t,z2)' > 4 ( ~ 1  - ~ 2 ) 
114 > 0, 

PI PI - = 4402p4, 

lohere p,, p,, p3 nnd p, are de$ned by (7.571).j-

This result may be applied directly to the case of a particle in three dimensional 
Euclidean space having a steady motion in a circle. Here IT,,.,,,K,,, ,,, I<,,,,ancl R are all 

For brevity we have considered the general case where p, andpJ  are not both zero. If p, = p, =0 ,  
necessary and sufficient conditions are pl > 0, A >0: p, = 4w2. 
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zero and the necessary a,rlcl sufficient conditions lor st'ability in the kinematical sense 
may be written 

V718iL~JvLv~8 4-3cd2 > 0,-+ vpi'~tpvlp'br 
J ( V ;,L,tV'"Y"-+ V3,1yl p ' i ' p " - / - - ~ ~ , ~ 2 ) a >  4[(7 n271\,v1t,iz4.-') ( v ; i t ' 2 - ~ ' ; 2 ? 1 ' ) 2 ]  > 0,(7.58) ? , ~ + j ~ ) T ~ ~ , , , * p ~ ' ~ ~ ~ '
1 

') - ?<i  I 1i V vi7'v7'. T J I t P S P t  - = ,,,,,I; ;3 .( V m n ~ i 1 ' p W ) 2  L ~ I ~ I /  

If we ~ I H Ccylillclrical co-ortlinates (,., 2,  t,h), I .  hcinp; the distance Croln 8 line through 
iEle centre of the circle perpendicular t o  ils plane nncl s 1-11? distance from its plane, these 
ronditio~ls become 

where w is the angular velocity of th3 particle in its circular motior~ and subscripts 
tl~note partial derivatives:f 'Phis sirnple example is easy to  discuss directly and the 
contlitions 111 the above form are im~nediatcly rerifictl. We shall have rnore to sap of 
this exalrlple in 5 8.4. 

5 7.6. The general ???elhod of ~esolutloilr t l o ~ ~ gthe ?aonnuls. 

'We shall now proceed to the general case of S degrees of freedom, without assuming 
for the present that the systeili is necessarily coliservative. The nietliod is essentially 
a generalisation of the method of moving axes, ltasetl on the Frenet-derret fornlultx of 
$ 2.7. These forrnulz may be exhibited in the compact forin 

-
(7.61) A~JI) = K(  11 -)- 1))\;A,[ , 1) - K(-II)~-II - I ) ,  

where M is zero or any positive integer and lvliere K ( , ,  varrishcs identically unless P i s  one 
of the numbers 1,2, .. . ,S -- 1. Tilye car1 also write these equations in the form 

\\&ere w (,, vanishes idelltically unless Y is one of the numbers 1, 2, I\' 1. The..., -
quantities a(,,, ... - may be called the angular velocities of the undisturbed 
motion, each being equal to  the correspoiiding curvatr~re multiplied by the velocity. 

'raking the contravariaat time-flux of (7.611) and. then substituting from the same 
equations, me obtain 

= r  , .(7.612) A(*lI) = a ( > [  l)fij(11, 2 ) q l l L  2 )  7 U ( 1 l  I ) q , r  I) -- r ( ~ ( 7 1  , ) I 2  - ( C ~ ) ( I ~ ) ) ~ I1 1 ; ~ ~ )  


* ,-& ( * l I ) q l I  -- I )  -I- GJ (11) ( J ) ( I ~  - ,)A(,I - 2) > (144 = 0, 1, ...). 

Now let us rite the disturbance vector in the form 

(7.62) f '= z ( ~ ) A ~ ~ ~  x ! ~l ) A ( x  - I),-:- K , , ) ? , ( ~ )4- ... -1- -

SO that cc,,,, cc(,,, ... are the components of the clisturba~lce vector in the 

-f TTTe have assumecl. that V,., is not zero. 
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directions of the tangent, first normal, second normal, etc., respectively. From these 

equations we obtain 
8-1 


(7.021) 	 $7. == ~ J I )4-q A 1 ~ )X[JI)) ,
JI  = 0 

we have the liineinatical equations 

Sols. fro111 (7.13) Ire have the tlyna~rlical equations 

( P =  0, 1, ..., .AT-- l ) >  
or, with the iiotatioii of 9 6.6, 

S-1 	 1V-1 

(7.641) CC, . ,~ 'A[~~~- va K ( J I ) I{(P, M(AI) TVp,x),= 31) -1-
,If = 0 -11 = 0 

(P= 0, 1, ...,fi -- 1). 

But by (3.123) 

and therefore 	 . .[Qr'b) = V, 

(7.651) 	 3 QJ;I) =V ~ I ) ,  

Q, h;l,) =0. ( P = 2 , 3 ,  ..., fl- 1). 

If we differentiate these equations with respect to t and ~ l s c  (7.611), we obtain 
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M'hen wc substitute froin these ecjuations in (7.641) and renlenlber that R(,,,l,jand 
Kt,,,,, both vanish, we find 

17-1 


n'?.i?fhio)= 17; --- v -/ 2: C C ! ~ ~ ~ ) ~ B ( ~ ,s l , )v iil = l 

If we compare these equatjons with (7.632), we obtain the equations for the components 
of t,he disturbance vector along the normals in t'he following form : 

The importalice of these eyuatioi~s lies in tlre fact that in the case of steady nioOion 
all the coefficients are constant.-1 
Since 

(7.G68) "q2= ( x ( " ) ) ~-+( K ( $  + . . . -; (%(Abr-l,)2, 

we may state the follo~ving result : 

THEOREM systewh w a y  be stable S X X I l  (I<).--19%order that t7be 912otiu11 of (L 1zoZ01to~~~ic 
i?lthe kinemcrticcrl sense, i t  is necessary and sujicie7l.t tlzcrt the ttalues of a(,),=(I)) ..., g ( A ~-

tss solutions q f  the difleref3tiul equaliofis (7.654) to (7.659) should be penlzanently anall. 
111 the case qf steady motion the coefficiet~ts i n  these ecyucrtiof3s are constcbnts. 

This is what R O ~ ~ T H  2.ileiilailcled of a steady 11lotio11; cf. !Stability of ililotio?~, 
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We have not so far assumed the force system to be conservative. This we shall now 
assume, but shall not restrict ourselves to steady motions. For a conservative system 
equation (7.654) may be replaced by the integral of energy (7.34), which is easily seen to 
reduce to 

which gives 

(7.661) X ( O ,  = 2vS:a(,,r,,,dt+ a 8 h [ 4 ;  + A v ,  
0 'U 

where A is an infinitesimal constant equal to the initial value of a(,),b. By means of (7.66) 
we can simplify (7.656) to the form 

Thus we may state the result : 

THEOREMXXXIII (I<).-In order that the motion of a holo~ao~nicco~zservative syste~tt, 
m a y  be stable iqt the kinematical sense, i t  i s  necessary ccnd suficient that the calues oj' a(,,, a?,,, 
...,a(,-,, as solutions of the cliferential equatiosas (7.662), (7.656) arzd (7.657) and the 
value of a(,,,as given by (7.661) should be permanently small, for all arbitrary inJinitesinaa1 
values of the constccnts Bh and A.  

If the curve of the undisturbed motion is a geodesic of the inanifold of configurations 
(which is the case when the forces are zero), K(,, vanishes. Then the motion is unstable 
if, for some pair of values of 8h and A, the value of a(,,given by 

is not bounded. If v does not vanish for any finite value of t ,  i t  is not difficult to show that 
the first part of this expression is 11ot bounded.? For suppose that it is bounded, so that 

u being without loss of generality supposed to be positive. If we write 

(7.672) 

we have 

(7.673) P' ( t )  =L1 
vr, 

f The following method is due to Pzof, C. H. H,OWE,F.T.CX.I). 
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or 

(7.674) 

so that 
dt 	 - 1
(7.673) 	 v I,, -u2 
- I? ( t )[F' (I)_(--= I-. i t  P;L)l-: 

Thus, by (7.671), 

(7.676) 	 - --
il 

--
1 > $ -2 

at P ( t )  

lience l / P ( t )silust vanish for a finitc ~ ~ a l u e  	 Therefore (7.671)of t ,  which is inipossible. 
is not true. Thus thc value of u(,,, is slot bounded and thcre is instability. I-tence we 
have the result :-

THEOREMXXXIV ( I<)  :---Ecerp foaturul iizotdorz o f  cr, ic couise~tlatitle sgsteii~ h o l o ~ ~ o i ~ ~  
ir'lzic7~ i s  a natural u~otio+z u~zdcr no fo~ces  (or, more ge~zerullg, ~clzicl~ i'ukes place alovtg a 

geodesic of the ~ l~a)z i fo ld  is ullstuble , i i ~the kiqoen~ut'ical sevzse, provided o f  c o ~ ~ f i ~ q u r u t i o ~ ~ s )  
that tlze celocitp does not '~'u7tislb for u ~ z y  finite value of t. 

'Yhe snotion of a sleeping top is a natural motion nticlcr no forces. It is therefore 
unstable in the ltinerl~atical sensc, a, fact intuitively obvious when we coiltelllplate ail 
increase of spin without srioving the axis. 

Another interesting case is that of steady snotion in \vliich all the curvatures except 
the first 1-anish. Considering only a coszservative system, \re have from (7.661) 

t6h 
a,,, = ~ L ' K , , )/' a,) dt -1- -- -1- Av, 

' 0  v 

and frorn (7.662), (7.656) aiid (7.637) 

These equations mill have soluttions of 	 the type 

where B(,,,,, p,,,, C,,, are constants, p,,,beiug the roots of the deter~liinantal equation 
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while Cbj satisfy the equations 

l 2 1I) -- JV(1, 1) I - ( ( 14-Z K , )  6 1 ~  2)t 2 ) [ v ( ~-Wll,i)l+ ... 
4.-C(X-1) [v2K(1, S-I) W(I,b- I ) ]  = 0, 

To obtain permanently small values for M ,,,, a(,,, ..., E,,-,, it is necessary that the 
roots of (7.684) should be purely imaginary. If M(,,, given by (7.68), is to be permanently 
small, it is evident that we 111ust have 

(7.687) 

Thus 

and thus from (7.685) we derive 

Since the vanishing of the second curvature implies the vanishing of all curratt~res of 
higher order, we may state tlie result :-

THEOREM order that a steady ~iaotiola zo~th vctnishing second curvattire XXXV (K) :-In 
of a 7~310'i~owaicconservative system may be stable i n  the Icinefnatical sense, i t  i s  necessary 
ctnd suficient that the ~ o o t s  of the cletermznuntal eguation (7.684) should all be purely 
iynagina9-y rind that (7.689) shotcld be true. 

A particular case of special interest, where the variables are separated, may also he 
considered. We shall adopt a semi-geometrical point of view. 

In  the classical discussion of vibrations about equilibrium, the infirlitesinial quacliric, 

(7.69) V,,,,dq"' dy" = cofbstanf, 

plays a fundamental part. In  fact, it is necessary and suflicient for stability that t,his 
quadric should be of the closed (or ellipsoidal) type, the independent normal vibrations 



1)4 J. 1,. SYNGE ON TBII: GEOBIETIXY OF DyNiZ31TCS. 

taking place along its principal axes. Ln the case of 1-ibrations about a state of motion 
there is a corresponding quadric of ivnportance to which we shall now proceed. 

Being given a trajectory, let A be any point on it with co-ordinates qi and let B be 
any neighbouring point in the manifold of configurations with co-ordinates (q" -I- 6'). 
C'onsider the locus of the point B (ilbeing fixed) if 

This is an jnfinitesimal quaclric surface ; wc shall call it /he stnhilify p tndrk .  ?'he plcuzc 
coi?jupte to the direciiorz ti,)-cvill have the equation 

and the directions and t;',, will be aonjt~guteif 

,4 p r i v ~ c i ~ ~ { ~ ldirectioji of the stability quadric is a direction which is perpe~idicular to its 
conjugate plane (i .e. ,  perpendicular to all the directions ~vhich are conjugate t o  it), 
the analytical conditions that P1'should define a principal direction being 

0 being a root of the tletermitlatltal equation 

It is easily seen that any two principal directions are perpendicular t o  one another. 
In  the case of a steady lnotion for ~~rhich the second curvature vanishes (and to this 

case we confine ourselves), we see from (6.621) and (7.652) that the tangential direction 
is conjugate to every nornial direction. Hence the tangent to the trajectory is a principal 
direction. Let u s  hypothesise tlmt the first noril~nli s  also n p ~ i n c i y u l  direction. The 
remaining principal directions tvill lie in the nornlal plane and -cvill be perpendicular 
to the first normal. Now, on account of wethe vanishing of the secosld c~~rvature, 
are at  liberty to choose A;,,, A;,,, ..., A;,-,, arbitrarily except for the restrictions 
laid d o ~ ~ r i  A t  some one point of the trajectory let us choose these vectors in 3 2.7. 
coincident with the remaining princi-pal directions. Then, at  that point, 

and, since the motion is steady, these relations will hold true at  every point of the 
trajectory. These are the conditions that A;,,, A;,,, ..., ATA7-,, should be principal 
directions of the stability quadric. 

Equations (7.681) and (7.682) reduce to 
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in which the variables are separated. We deduce at  once the generalisation of Theorem 
XXIX (g 7.4) : 

THEOREMXXXVI (I<):-A steady motion o f  a holonomic conservative system, for 
zchicla the second cu~vccture of ths trc~jectory vanishes and the ,first l~orgnal i s  a principal 
direction of the stability quadric, i s  stable i s 2  the kinematicc~? scnse i f  ctrd only if 

K ( , ,,, ( P  - 1, 2, ..., N -- 1 )  being the Rieqnannian curvatures of the .ilzan$oZd of con-
figumtiotas corresponding to the tzuo-space e l e m e ~ ~ t s  dffined by the tangent to the trqjejectory 
and the other y i r ~ c i p a l  directions of the stability quadric, A;,, being tlze uni t  vector i n  the 
direction of the st normal and hi,,, hi,,, ..., being uni t  vectors in the remaining 
principal d i r ec t io?~~  oj' the stability quadfic.  

Tlze pcriods of the s~able vibrations aye 

(7.699) 
f ~ / ? ) K ( l ) ,  

Igz/(uAl<(,,, -1- ~7~~~ ~ 7):, ~ ~ )( ~ = 2 ,3, ..., N - - 1). 

CHAPTER VIII. 

5 8.1. Equatio~bs for the cor?zponents of the disttcrbance vector. 

Stability in the liinernatico-statical sense is probably the most interesting from a 
physical point of view, because me are chiefly interested in the question as to whether 
on account, of 1he disturbance the system passes through configurations widely different 
from those through which it would have passed without being disturbed. This type 
of stability is correspondingly t,he most di6cult to discuss, and we shall confine ourselves 
throughout to conservative systems. 

Let T'' be the infinitesimal vector drawn from the point P of the undisturbed trajectory 
C to the corresponding point P* of tlze disturbed trajectory C*, the correspontlence 
between P and P"' being fixed by the condition of perpendicularity 

Let 0 and 0" be fixed corresponding points on C and C* respectively. There are 
associated with any point P of C four quantities 

s, the length of the arc O P  ; 
s*, the length of the arc O*p  ; 
t ,  the time corresponding to P for the natural motion along C ; 
t*, the time corresponding to P* for the natural motion along C*. 

VOL. CCXXV1.--A. 0 
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Between these quantities we shall now establisli relations suficjei~t to express all in 
terms of one lvX~eri the natural ri~otioii along C is linown. 'I'he operational syrllbols 
for clerivatives. time-fluxes, etc., are used only for the variables s and t. FTllen s* or t* is 
the independelit variable. tlre expressiou is writtell explicitly. 

Since PP* is normal to C,  \ye have? 

where K? is the contravariant vector of first curvature. Hence 

ds* 
-= 1 - (~,$i?-f)~.
cls 

But by (3.123). sincef == c c 7 T A ,ailcl by virtue of (8.11) we findI --

(8.122) 

so that we have 

(8.123) 

Let ILdenote the total energy for C and ( h  $ 812) that for C*, Sh being infinitesimal. 
Then 

so that, if we write, 

(8.132)
 =: T* (1 -!-
 2T). 

we have, since t12=22', 

(8.132) v2: + Vn;q'fl:8 h .  

Squares and higher powers of r may tl.ierefore be neglected. 'I'].lus 

-. 1 -LIP- --- 2v,,,q""lL 
v2  v" 

Now the dyiiamical equations of C* are 

orj by change of the independent variable to t: 
dt  " d't*- a*' - ( & I ) * ,(@) dt2 

i. Cf. " The First and Secorltl Variations of the Tiength-Integral in Riemanniail Space," Proc. Lad. 
YYlath. Soc. ( 2 ) ,  25 (1926), 247. The noti~,i.iouis suitably altered. 
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fro111 which, by th.e help of (8.133) and with neglect of second order: quantities, we 
dertvc 

But in 5 7.1 we oc,cupied ourselves witli the analytical problem of estimating the value 
of 

(8.143) 

where q*r = '1'' i-q'., arid found that i t  was equal to 

Xnbstiturting in (8.142) and putting in V instead of $ (with change of sign), we have, 
on changing to thc covariant form, 

This equation illay be called the te+%soi'.ial equatio,b jor the co?1b23o?bents of the disturbcmce 
vector i r2  the kine,jzu,tico-stnticicl setbsc. 

$ 8.2. Equcction jor the 1nagl7,it~ccleof the disturbatace veetol*. 

If, as in f 7.2, we write p.? for the unit vector co-dive~t~ioiial the disturbance vector ~ v i t l ~  
-qr. their (7.24) is true. If then we multiply (8.15) by p" arid sum as indicated, we have 

the last tern1 having disappenretl by virtue of (8.11). This rnny bc written 

This is the ir~varinrz~ ~ l z a p ~ i t u d eequcrtio~z for t h ~  qj'the dz'sturbcrnce i?~the kitzelnntico-statical 
setlse. 

I t  is interesting to compare this eqnation wit11 (7.25) and note that there is an addi-
tiolial tern1 ~ ( V , , , ! - C " ' ) ~ / O ~which is positive and therefore contl-ibutes to stability. This 
was t o  be expected, since stability in the kineinatical sense implies stability in the 
kinernatico-statical sense, but not conversely, The preseilce of this term and that on 
the right-hand side prevents us from stating EL theorem analogous to Theorem XXTT1. 

$ 8.3. T h e  case of a cotzser?~utiuesystem toith ituo dqrees qf freedosn. 

This case is very simple because the disturbance vector is along the normal to thc 
curve, so that 
(8.31) 	 kP '=7J & v r ,  e = & 1 ,  

0 2 
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We have the11 

(8.32) 


from which, by (7.41), me find 


p,l :. 


Also, equating normal cornponerlts of force and acceleration, we have 

and thus (8.22) Fcconles 

where X is the Gaussian curvature of the manifold of configurations. 
Kom 7 is by definition a positive quantity. Let us put p = ca,,,,,,,"'~".so that 7 = q 

when E is positive and (3 =-- -4when E js nzgative. 'Ibe cpestion of stability is then a 
question of the permanent smallness of p where 

which is the same as the equation (7.453):the coefficient of fi being the *'cocflicient of 
stability." We nlay state the result : 

THEOREMXXXVII (I<): -1%orelel. thut the ynotio?~ o j  0 hol~iaoliaic co~tsci.vative systegit 
t ~ i t h  two degrees of f~eedonz ?nay be stnblc in tlze 7cine?i~c~tico-stc1ti~1~1s w s e .  i t  is tbrccsrcsry 
ccf~d s~/&;ie?zt d72c1t the soZutio/z of the d i j ~ r e l z ~ i u l  eqc~at iot~(8.36) slbol~l7d br: pe?.iizcci~cizlLy 
s ~ z c ~ l l ,  Bh.,fofor a ~ b i t m r y  values of the in@?aitesitlaal co?~sta,~at 

llTb.en87~is zero, we ]nay apply Stunn's theorem to (8.36) and obtain the result :I-

THEOREMXXXVIII (I<): -If  t l*ajecto~yccll rclor~ga ~zatzr~al! of u hoLo,zovzic co~lsercatii~e 
systevz wi th  tzro clepees offieedo;in the coe$icie?at of stability i s  positice, then ths  tnolio.i~ 
i s  stccbie i n  the ki?zenacttico-statical sense f o ~  all distrrrbarzces tvhich do not change the totccl 
e n e ~ g y. 

I11 the case oi a steady motion, the coefficient of stability and the curwture ( I < )  are 
constant along the trajectory and we have the result : 

T'HEOREM XXXIX (I<):--In order t h ~ i  a steady motio?~ of a holonomic conservative 
systeln 7c:ith tlcuo de-qrees of fforeedom 7nuy be stable 7 ~ 1the liine~ncxtico-stal'ical sf:r1sc, it  is 
2aecessal.y n~zcl suficient [hut the coeficient q f  stability sl~otr1l-E be positive. 

-1 @ f .  the rerliarks on the coefficient of stsbilrty in § 7.4. For '1 partlcle orhit in a, plane tlic coeffieieilt 

of stability may be written $"7/?u2+3u"lp2, where u denotes the distance fro111 the undisturbed curve and 

p the radius of curvature, 
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5 8.4. T l ~ ecccse of a co?zs~ruatilie system with threc~ degrees of , f i .~edo?i~. 

To develop the theory of this case we niay borrow largely fro111 $ 7.5. From collditiotl 
(8.11) i t  follotvs that r/. in (7.53) is zero and we have as in (7.533) and (7.534) 

and 

(8.411) a,$rp" -- i1"- 2P $2 -1.- Q, 

while from (8.15) we find 

and 

remembering that V,.pris zero. Comparing these four equntioris, we have 

so that we obtaili f o ~  ir, and y precisely equations (7.344) auti(7.551). a fact which is 
not surprising yet hardly obvious. because ill 9 7.5 we were dealing with a different 
correspondence. 

-1nalogues to 'Vheorems XXX and XXXI arc immediately available : 

THEOREXXL (Xi):- J n  o~cief' tlznt the ixotion of a h~10no~'ixic conservative systenh with, 
tlzree degrees of freedom m a y  be stable in the kinematico-statical sense, i t  i s  necessc-ry atbd 
su$cielat that tlze values o f  p ctncl y as solutions of the dqferentinl epuations (7.544) and 
(7.551) sho ~ i l d  be yenna.izently snhali, for arbitrary valzces of the ilxJinitesimal constant 2%. 

'VIIEQREM XLI (I<) :--In, order. that ck of a h o l ~ n o ~ ~ ~ i c  steady ~ izo t io?~ conservatiue systetn 
with three degrees of freedo~z ??bay be stccble in tl&e ki~be~)~atico-stc-tiCWl se~hse, it i s  rbecessa~y 
uibd sjcficient that 

-f Thesc are the conditions w4ien p, and pj ale not both zero. When p2 = p ,  =0, necessary and 
sufficient conditions are pl> 0, pq> 0. 



Applying this latter theorem to the yroblen~ a t  t h ~  elid of 4 7 . 3 .we see that necessary 
ancl sufficient conditions for stability in the kineillatico-.statical sense are 

vrr -1- TTrr $-3u2>0, 
(8.45) 

(V,, -!- V,, -t3 ~ ' ) '>4 [(V,,,.+ 3a2)TT,? - T7,,,'] >Q, 

where the sttbscripts denote partial deril-atives.-j- '1'11~conclitio~ls may also he written 
iiz the form 

$ 8.5. The yrq~erctlpizethod qf i.c.soLutiolc c t l o t ~ ~the ~ ~ o i ~ ) u n l s .  

The results of the two preceding sections svould lead us t o  suspect that for the dib- 
cussion of kinematico-statical stnl~ility we s~~oulcl hare precisely t h e  same equatio~ls for 
the components of the disturbance vector along the nor~nals as we liad in the discussion 
of kinematical stability. This is actually .the case, nuc-l vTe shall proceed to cle~noi~stratc 
i t  aiial~-tically. 

Let us write 

so that r.,,,. v(,,. .... c,(, ,, are the corvlpolients of rhe disturbance vector along the 
normals. Wc note that this is the salne equation as (7.62) w11en q,,,is put equal to 
zero and that (7.632) for I ) =  1. 2. ..., S -- 1, ztlid ~l-ith put equnl to zero, follo~v~ 
as a kinenlatical consequence. 

Now, turning to our dyrlanlical equatious (8.15).we find 

or, illaliirlg use of (7.651) which are equally true in this case, 11-c have 

j. We have ass~~incd i b  not zero.tha t  V, ,  
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When we compare these equations with (7.632), we obtain precisely (7.662), (7.656) 
and (9.657). 'I'hus we have the result : 

THEOREM a holonornic conservative system m a y  XLII (K) :---In order that the motion of 

be stable in the kinentatico-statical sense, i t  i s  necessary and su$icient that the values of 
ql),qL')> as solutions of the diflerential equations (7.662), (7.656) and (7.659) ... , K ( ~ - ~ )  

s l~ot~ldbe permanently small for arbitmry values of the infikaitesirnal constant 8h. 

I n  the case of steady motion the coqficients in these equations are constants. 


The stability quadric being defined as in $ 7.6, we have the analogues of Theorems 
XXXV and XXXVI as follows : 

THEOREMXLIII (K) :--In order that a steady motion with vanishing second cu,rvature 
of a holonomic conservative system m a y  be stable in the kinernatico-statical sense, it i s  
necessary and suficient thut the roots of the determinantal equation (7.684) should all be 
pure1 y imaginary. 

THEOREMXLIV (li) :---A steady motion of n holonomic conservative system, for zthich 
the second curvc~t7~re of t h ~  trc4j~ctory varbishes and the first nornzal i s  a prii~ciprrl clirection 
of the stability quadric, i s  stable in the kinesmtico-statical sense i f  and only if 

~ " ( 1 ,  1, + V,,,, A;'4)AT;)-t 3v2 (~(1,)" 0, 
(8.53) 

v 2 K ( ,P I  > 0 ,  (P 2) 3, . , N --+V,,,,A?;~)A:~~ 1)) 

1, 2, ... ,iV -1) beirbg the Riemannian curvatzwes of the manifold of coiz-
j iy~c~utionscorrespondiltg to the tic30-space elemeltts defilted by the tangent to the trajectory 
and the other pvincipal directions of the stability quadric, A;,) being the uni t  vector in the 
direction of the Jijst normal and At,), A;,,, ..., A;,-,, beiftg unit vectors in the directions 
of the remaining principal directions oJ' the stability quaclric. 

T h e  periods of the stable v ib ra t io~~s  are 

=( P  ,,I<,,, 

CHAPTER 1X. 


ST~IJ~ILITV ACTION SEXBE. 
IN  THE 

§ 9.3. Equations for the contponeyzts of the distz~rbance vector. 

When we conie t o  consider stability in the action sense, we find equations very similar 
in lor111t o  those obtained in the last two chapters, but considerably simpler. It is 
important t o  remember that the metric here is the action line-element, and therefore 
the curvature tensor, covariant derivatives, etc., are not the sarne as in the iaxt two 
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clzapters, where the liinernatical line-element was employed. i\Iost of the theory of 
the present cllaytzr is really of a purely gevrvletrical character. nlthougl-I presented in 
dynanlical forni for the Ijurposes of this paper. 

Let 7'  be tlie infinkesimal rector d r a ~ m  from a point P of the unclistur1)ed curve C 
t o  the corresponding point P of the disturbed crlrve C*. 'l'ller~.if 0 and CP* are fixed 
corresponding points on the t ~ v ocurves, and if we write OP -=s and O*P* - s'f tile lulr 
of correspondence is s -s*. 'fllus the equabions of C$ ((as geodesic.) nay bc written 

where q':' qr -T-47 and the accent denotes a cicrivati\-e ~vitki respect to s. IV11c11 
we expand this expression ~2nduse the geodesic ecptstions of 6'. we obtain without 
difficulty, just as in  Q 7.1, 

-
(9.12) 7j'  J- G6,,,7i"m'4" - 0, 

or, in covariant form, 

(9.t 3) ycJ1*pIBG,,,!P11(/717' l jS1~1i)  o1- 1  - -

~vllcre$/,,, is tile fundtlincntal tensor for the ac.tioiz line clcn~ent and G,,,,,, is the ci~rvnture 
tensor. 7'his is the bc%so~icrl equation for the cos?bljonenfsof the dis~urbc~nce vec to~in fhc 
action selzse. 

9 9.2. Equaiion for. the .~nc~gnitude tiecto?,of the dist?~rb~nace 

If, as in 7.2, we write i ~ , '  for the unit vector co-tlireotional with the disturb:~iicc -\.rector 
q7, sve see that, by using differelltiation with respect to  s instead of with rcsjxct to t ,  
we may obtain the analogue of (7.24) in the form 

Then, multiplying (9.13 )  by  [L,:LIIC~S U I I I I Y ~ ~ Y I ~as intlicatecl, we obtain 

which may be writtell 

(9.23) ? I '  -i- -2)= 0.q (G,, tn, tSl~ly~~'t*~4~'  

This is the i n v a ~ i a n i  eqt~c~tion fot. the magnitude of the distur.ba?~ce ilz the acti0.1~scnse. 
7;t'e can without loss of generality choose the initial points O ancl 0" sucli that  00% 

is perpendicular to  C. '4 hen. by the well-kno~vn -t,roi,erty of geodesics, BP* is always 
perpendicular to  C, or, otherwise expressed, is perpendicular to  q,'. 'I'his 117e shall in 

future assume to  be the case, so that  

(53.24) gilLnl~i'lqlL'0. 

, 7i hen G,,,,,,tl~'"q"'llriqt'i s  the Xierrialviiarl curvature of the manifold of collfigurations 
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corresjluncling to the two-space element defined by pf' and the direction of @. The 
followilig theorel11 results directly f ~ o m  (9.23) : 

'Y'HEOREAI XLV ( d ):--I f  the Rieirlan?lian curvccture of the nhcob$old of coilfguttations 

correspo~zdifzg to ewery two-space elenaeizt co?ztccini?ay the d i~ec t ion  of the curve oj' uudistu~bed 

motioiz, i s  ~be,qative oa. xeyo at all poznts of the curve, the% the iicotioib is  uizstccble i~zthe action 

scase. 


$ 9.3. T h c  case oj' tico deg~ees oj' freedo~ih. 

Xince the ciisturbarlce vector lies along the nornial to the curve, we nlay put 

(9.38) ELf -= g?l', ~ = + 1 .  


We have then 


(9.311 ) = =y', $ = 

But, since the curve is a geodesic, i1is zero by (2.711) and therefore is zero. liB3us 
(9.23) may be written 

(9.32) 3 I t  -4- I<-q =0, 

where K is the Gaussian curvature of the inanifold of configu~ations. Now q is by 
definition a positive quantity. Let us put P =g,,;q'"vl" so that /3 =-4 when E is 
positive and /3 = -q when E is negative. The question of stability is therefore a 
questioiz of the permanent sn~allness of P, where 

(9.33) p" + f C p  =0. 

Thus we have the result+ : 

T a ~ o a ~ i \ r  iihotioib of a holoizo~izic eoihseruntiue systeira loitla Eiuo degrees XLVI (A):-The 
of freedonz i s  stable in  the ccctioih sense if the Gaussian curvature of the iii~anifold of con-
jigurcctio~as i s  positive t h r o z ~ g l z o ~ ~ ~  the iizotiofa and uizstccble (f i t  i s  fzegative or xero throu,qhout 
the n~otiojb. 

Let us apply this theoreill to the motion of a particle of unit illass on a plane, so that 

where 12 is the total energy, V the potential energy and (x, y) rectangular Cartesian 
co-ordinates. lire find by calculation . 

This for111 of equation in coni~ectionwith surfece geodesics is, of course, well known. Cf. TTHOMSON 
and 'FAIT, NaturaZ Pl~ilosopl~y,1 (1879), 423. 
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where the subscripts denote partial derivatives. Thus, since ( h  -V) is positive a,t 
all points of the undisturbed curve; we may state the result : 

T'WEOREAIXLI'II :-Tlze 71zotion qf ccc p n v f i c l ~qf w i t  iincfss in a plarec isstable in the 
-

action sense if the quctntity 
(16 -Y ) ( T f J X  k JTYY) J7? -1--1- r; 

i s  positive along the orbit ctnd unstable i f  it i s  ne~~alntitje or zero along the orbit. 

We note, in particular. that in the case of the iogaritllmic potential, for wliich 
(J7*, +TJ1,y) is zero, esTery motion is stable. 

I n  the case of a particle of unit mass movi~ig under the influence of sa fosee directed 
towards a fixed point and varying inversely as the Pth power of the distance (where 
P is greater than unity), we fincl from (9.341) 

where the attractive force is Ic/rP and TT vanishes a t  infinity. Thus we have the result 

THEOREMXLyIII :-The motion of a particle ifz cb plane ecnde~ the i?bflesc??ce of a n  
nttmctio?t to cs fixed point carying inversely as the Ptli pou7e;.' of the (Euclidea"/i)distance 
( P beilzg greccter than uni ty )  i s  stable or total?cnstclble in the action sepzse acco~ding CIS f h ~  
enelgy i s  negcitiev or positice, t h ~  such n .inriy ns  to vcnnish potenticd c n ~ r g y  being rsfiw?ntccli?? 
at it,finit y. 

Eeferring to equation (9.33), in the case of a steacl~ motion R is constant along tlle 
undisturbed curve. 'l'hus, if X is positive, the soliltion for the magnitude of the dis- 
turbance vector (counted positive when the disturbance lies "6 one side of the undisturbed 
curve and negative when it lies to the other side) is 

(9.35) Q =A cos ( s X )--I- B sin (RIP). 

The periodic (action) distance is therefore 

(9.351) s = 2nK-5, 

and hence, by (4.121, the periodic time is 

5 9.4. The case q f  three degrees ofLfYeedom. 

Let hr be the unit vector tangent to the undisturbed curve C and let v T  and p7 be 
two mutually perpenclicular unit vectors perpendicular to A' and propagated parallelly 
along @. Let us write 
(9.4%) y 1  = P v ' + ; ? ' ~  
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so that p and y are the components of the disturbance vector along the directions of 
v r  ancl p3 respectively, the component along the tangent being zero. Then, using the 
conditions of parallel. propagation, we derive 

(9.414) 
-
<7 = f-yl lpr ,pl1v7 

and hence 

But from (9.13) we find 
-

(9.42) grSjPJSvr=- Gm2Sni~vqm'yisqd 
=- PPi'(1,l)- -YM(l,2 ) ,  

with the notation of 3 6.7. Similarly 

By comparison with (9.412) we have the equations 

and, since 

w e  may state the result 

THEOREMXLIX (A) :-I?? order thut the n-totio.il o f  u holor~ofiaic co~wervative system 
with three degrces of jreedonz nzay be stcrble izz  the ctctio?a sense, i t  is necessary and 
~u$I;cient that the calues of (3 nzzcl y crs solutions of the difseercz? ticrl equutions (9.43) slbould 
be per~'11nnent7y smil. 

In  the case of steady motion the quantities K(,,,,, I!(,,,,ancl K(,,,,are constant 
along the curve C, and we arrive a t  the following result directly from (9.43) : 

HEORE OR EM fl (A) :--In order that n steady motion of a conservntive systezn with ho~o~aornic 
t h e e  degrees of freedom n2ay be stable i n  the nctioqa sense, i t  i s  necessary arad szzficient that 
the gbllo~cizag conditions slzould be sc~tisfied : 

fi 9.5. T h e  general waethod of resolution along fiormads. 


Let hr,, be the unit vector tangent to the undisturbed curve C and let A;,,, A;,,, 


..., A{,-,, be a system of inutually perpendicular unit vectors, perpendicular to A;,,, 


and propagated par all ell^ along C. \Ire may write the clisturbance vector in the for111 


(9.51) .,y 0, > r  - ; - . . a.(I) 4- q ~ ) A y i ~  i-qx-~)?\ [x-~~.  
Ey the method eniployed in 5 9.4 we arrive a t  the equations 

6 - 1  

(0.53) & l l p  $- C ~JI)K(P.JI )0, ( P  = 1)2)  ....X-= 1) .  
ill = 1 
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Since 

(9.53) "$= 1- (z(J2 -!- - 1  ( E  (Lv-,j)2,a * .  

WIP,may state the result : 
rI7 HEOREM LEB (-4.) :-I'YC order thcct tlzu ~i~obiotb n l ~ o l o ~ z o ~ i ~ i cof co./csei*uative system )my 

he stable rig^ the action sense, it i s  .izecessni8y und suc$iciev,t that the values of ucl), a,2),..., 
r x ( ~ - , ,  ns solut.ioias qf the di fe~elat ial  eqr~atior~s small.(9.52)slzoz~ld be pe~~nafzelz t ly  


d r ~the ctcse of steady naotiojz tlze coejiciefzts it^ tlzese equcitions are co?asta+ats. 


For con~ideration of qtability in tfre action sense we may define the stcchility quadric 
by the equation? 

(9.54) 
 fiii['"h;:,,<'A!,,)i, lv, =: cottsta1~6. 

'8 '1~eu~?ckitio~z a i d  A;,,that the directions Alp,  should be conjugate is 

in $he case of stea,dy motion (to -\vhich we shall now conti~re ourselves) the vectors 
A:],, (P = I, 2 ,  ...,S - 1) inay be chosen in the principal directions of the stability 
quadric. the taugential direction A;,,, being obviously a principal direction. When 
the nornial vectors have been so chosen, equations (9.52) becorize 

w 

( p )  + 'i-(pl)l-([', (P 1, 2 ,  -.. ,JV 1), 

auld sve see that there is stability if, and only if, K(,, .,is positive for P = 1, '2, . . . ,3 -- 1. 

But the Riemannian curvature of the manifold of configurations corresponding to  any 
two-space elenzerat containing the tailgential direction inay be written 

(9.55) 71 
I t  

1') =0, = -

(-i , r ~ i l ~ l l(9.56) jg = x,,l,,,,t- (,!j> 
r~ A?,,), 

where 

(9.5'7) <" = -+- ... -{-p(l)?,Fl) --I- [ ? I ( ~ ~ A [ ~ )  ~ ( ~ - l ) ~ ~ ~ - l j ?  

and 

0 . .(9.5711) (;3(1j)2 -1- -1.- (p('-,))2 = 

Hence, srabstituting 111 (9.561, we have 

Thus we Ishay state the result : 

THEORENLPH (A):-A steady nzotio~z of a b,olonoi~zic coi~servutive system i s  stable in  

the action seirse i f ,  nlzd o?dy z j ,  the Rde~~zarz~aioz of co~$gu.i.aewrcs curvatzci.e oj' the ~nn~bzlfold 
co~iesporzdi~tglo e o e y  two-space eleljzent co,rtainir?r/ the tnrage?~t to the undisturbed crvee 
i s  positive. 

7 Cf.Erpation (7.691). 


