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ABSTRACT vice suspended over a reflective substrate sets up a Fabry-Pérot

Nanoscale resonators whose motion is measured through interferometer which couples absorption of light to displacement
laser interferometry are known to exhibit stable limit cycle mo- of the device. Thus, illuminating MEMS beams with an con-
tion. Motion of the resonator through the interference field mod- tinuous wave (CW) unmodulated laser causes optical-thermal-
ulates the amount of light absorbed by the resonator and hence mechanical feedback. When the laser intensity is low, the beam
the temperature field within it. The resulting coupling of motion bends statically, but for high enough laser power the beam begins
and thermal stresses can lead to self oscillation, i.e. a limit cy- to self-oscillate. Later work examined the necessary conditions
cle. In this work the coexistence of multiple stable limit cycles is for self oscillation [5-7]. See [8] for an overview of limit cycles
demonstrated in an analytic model. Numerical continuation and in optically driven MEMS.
direct numerical integration are used to study the structure of the Our research analyzes the mechanisms of self oscillation in
solutions to the model. The effect of damping is discussed as wellia5e devices, and focuses on the resultant dynamics. Previous
as the properties that would be necessary for physical devices t0yqrk [8, 9] on modeling the dynamics of limit cycle oscillations
exhibit this behavior. in optically driven MEMS resonators has assumed small dis-
placement and expanded the function describing the interference
field in a power series, losing the periodicity in the process. In
this work, we treat the case where displacement is not small and
show that a periodic interference field suggests the coexistence
of multiple stable limit cycles. To our knowledge, multigta-
ble limit cycles have not been predicted or seen experimentally
in previous work on MEMS. Devices exhibiting multiple stable
limit cycles would allow for tuning between distinct frequency
bands, and within them in applications such as GPS receivers.
On the other hand, extraneous stable motions could be problem-
atic if a device designed to operate in one limit cycle was found
to operate in a different limit cycle with a different frequency and
amplitude.

INTRODUCTION

Due to their high frequencies and ease of integration with
traditional electronics, MEMS resonators have found a variety of
uses in the past decade from electrical filters [1] to mass detec-
tion sensors [2] and reference oscillators [3]. Many of these ap-
plications make use of the oscillator’'s sharply peaked resonance
curve. In these applications, self-resonant systems or limit cycle
oscillators have the added benefit of not requiring a separate on-
chip modulated drive to achieve periodic motion. Langdon and
Dowe [4] first demonstrated optically driven self oscillation in a
MEMS device. They showed that an optically thin MEMS de-

In the following section, the resonators are described, the

*Address all correspondence to this author.
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equations of motion used to model them derived, and model pa- THEORETICAL MODEL
rameters identified. In subsequent sections continuation and di- . .
. . . . The equations that follow are applicable to any
rect integration results are presented and discussed. Since we do . . ; .
) . ) interferometrically-driven MEMS device with a tempera-
not assume small displacement, approximate analytic methods . . . )
. , ) : o ture dependent stiffness and direct thermal-mechanical coupling,
(Lindstedt's method, harmonic balance) give poor predictions, : .
. : but here a clamped-clamped beam is modeled to illustrate
thus no analytic results are presented. Lastly conclusions are

. . . . _the phenomenon. A similar model has been used to describe
drawn about the properties of the corresponding physical devices . . : ) .
) . . T . the motion of optically excited disks, dome oscillators, and
in which multiple stable limit cycles would be possible.

beams [8, 10, 12, 13]. See [10] for a more detailed discussion.

Although the devices have spatially varying fields, first-mode

vibration is assumed, and the centerline displacementg

depicted in Figure 1 is modeled as a one degree-of-freedom

INTERFEROMETRIC TRANSDUCT'QN _ oscillator. A quasi-static temperature field is assumed, and the
In self-resonant MEMS, laser interference transduction average temperature in the devid® (nodeled using a lumped

drives the resonator and provides a way to measure the motion.thermal model. No external forcing is applied to the system.
A typical experimental setup is show in Figure 1. Devices are

fabricated from a thin film stack to create an optically thin res- Though membrane stress is neglected in linear beam the-
onator suspended over a thick substrate. A CW laser is focused®: it is an important non-linearity for high curvature deforma-

on the resonator. mounted in vacuum to reduce viscous damp_tions in structures. For pre-buckled beams subject to out of plane
ing. The resonator-gap-substrate system sets up a Fabry-Pérop_adS’ the slope of a force vs. displacement curve increases with
interferometer whose absorbed signal depends on the device gap,?llsplace_me’?t due to membrane stresses, a phenomenon called
As the resonator moves through interference field, it modulates “hardening.” Membrane stress has been shown to come into an

the reflected signal which is measured in an AC-coupled pho-

todiode. This general setup has been used to excite and study

oscillator model of first mode vibration as a cubic stiffneﬁs%
hich is hardeningff > 0) for pre-buckled beams [14] and soft-

oscillations in cantilevers, clamped-clamped beams, disks, and €Ming @ < 0) for post-buckled beams [15]. As a result, a cubic

domes [8, 10, 11].
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FIGURE 1. CROSS-SECTIONAL VIEW OF AN INTERFER-

OMETRICALLY TRANSDUCED CLAMPED-CLAMPED MEMS
BEAM. INSET IS A PLOT OF THE LASER ENERGY ABSORBED
AS A FUNCTION OF THE CENTERLINE DISPLACEMENT (x)
MEASURED WITH RESPECT TO THE UNDEFLECTED CONFIG-
URATION. AS THE BEAM DEFLECTS, IT CHANGES THE GAP TO
SUBSTRATE AND MODULATES THE ABSORPTION. THUS THE
INTERFEROMETER COUPLES HEATING TO DISPLACEMENT.
THE ABSORPTION IS PERIODIC IN%.

stiffness term is included to incorporate the affect of membrane
stiffness.

The temperature above ambient in the be@l¢ads to an
increase in compressive stress at the support needed to counter-
act thermal strain. It is known that the first mode frequency of
a clamped-clamped beam decreases monotonically as the com-
pression is increased until it reaches zero frequency at the buck-
ling load [16]. Thus the stiffness of the beam to out of plane
displacements is a decreasing function of temperature. In or-
der to account for the dependence of frequency on temperature
the linear spring stiffness is modeled as a decreasing function of
temperaturek = ko(1— ¢1T), where the spring stiffness tem-
perature coefficientcq) determines how strongly the frequency
depends on temperature. This recovers the theoretical resonant
frequency exactly for pre-buckled beams [16] and approximately
for post-buckled beams [17].

Finally, it has been observed that heating of cantilever beams
causes static deflection due to stress gradients at the anchor
points [18]. FEM modeling indicates that the same is true for
clamped-clamped beams [19]. To incorporate this direct change
in displacement due to temperature a term proportional to the
temperatured,T) is included in the mechanical model which
shifts the equilibrium solution as the temperature increases. The
thermo-mechanical coupling coefficiewp) i5 the deflection for
a unit temperature change. Including a damping term, along with
the terms previously described, and non-dimensionalizing, gives
the following mechanical model
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1. For the 201nm thick silicon device with 400nm un-deflected
gap to substrate, we estimate~ 0.035,y~ 0.011 z, ~ 0.18.

The mechanical parameters are fit as follows: first the de-
vices under test are driven at low amplitude in vacuum and their
resonance curve is measured. The quality fac@ri¢ deter-
mined by fitting the resonance curve to a Lorentzian, and is es-
timated to beQ = 13,800. Given the low damping, the nat-
ural frequency ¢) is taken to be equal to the resonant fre-
quency (v = 9.96MH2) which is used to non-dimensionalize

2+é+(1—clT)z+[323:czT, (1)

where z is the centerline displacement scaled by the laser wave-
length € = ¥X), time is rescaled by the linear resonant fre-
quency { = tay), overdots denote derivatives with respect to

non-dimensional tima, and the parametefs, ¢, ¢, have been ! / ’ >
the equations. The spring stiffness temperature coefficignt (

transformed to the dimensionally approprifite, c,. Ty ) ) : .
The resonator is assumed to heat up due to laser absorptiono'oom“n"< ) is determined by taking a Taylor series expansion

and cool down due to Newton's law of cooling, giving the fol- of the frequency-compression relation given in [16], using linear

lowing equation governing the average temperature in the beam thermoelasticity to convert between temperature above ambient
0 and compression. The cubic stiffne$s £ 4.65) is estimated

using an FEM analysis in which a normal load of @OuN is
applied at the center of a clamped-clamped beam. The load-
) displacement curve is least squares fiEte- kz+ BZ° using the
T = —BT + HPapsorbed 2), 2) appropriate non-dimensionalization.

The thermal parameters are also fit using an FEM analysis.
whereB is the cooling rate due to conductidt is the inverseof ~ The beam and a large volume of the surrounding substrate are
the lumped thermal mass, aRghsorned 2) is the energy absorbed modeled in 3D. The temperature is assumed to be zero at the
due to interferometric heating. Once again, overdots representouter boundary and a Heaviside unit flux is applied at the center
derivatives with respect to non-dimensional timeNote thatthe ~ Of the beam. The inverse lumped thermal mas$ki¢ related to
functionPapsorbed 2) depends on the properties of the interferom-  the slope of the temperature at time- 0 (T|—o = H) and the
eter for a given deflectiorg( and is proportional to the applied ~ cooling rate due to conductiol) is related to the steady state
laser power.Papsorbed2) can be described numerically using an  ayerage temperature (li(t) = ﬂ)_
optical model presented in [20]. The resulting function is peri- o

odic with period% . (or% in 2) and is approximated by To determinec,, equivalent thermal stresses are calculated

from the steady state temperature field and applied to the me-
chanical model. The normalized centerline deflection for unit
temperature rise is the thermal coupling coefficien}.(See Ta-
Pabsorbed2) = P[a + ysir? (2m1(z— zo)) | 3) ble 1 for a full list of material properties and parameters esti-
mated.

with fitting parametersr, y, andz,. Equations (1, 2, 3) form a

system of 2 coupled ordinary differential equations and one al-

gebraic equation to model the first mode of vibration of a MEMS CONTINUATION RESULTS

resonator. In the next section, the parameter estimation process  The continuation tool AUTO 2000 [21,22], is used to exam-

is described and parameters are established for ar@ick, ine the structure of solutions to equations (1,2,3). This software
10um long clamped-clamped silicon beam with 400gap to package is commonly used in the bifurcation analysis of differ-
substrate, subjected to 50MPa of pre-compression. ential equations and algebraic systems. Using AUTO 2000 we

track the change in the equilibrium and periodic solutions as the

laser power is varied.
PARAMETER ESTIMATION We begin withP = 0 which has known equilibrium solu-

Estimation of the physical, thermal, and optical parameters tion (z=0,z=0,T = 0). This equilibrium solution is contin-

are done using a number of different analyzes. The optical pa- ued inP, monitoring the eigenvalues of the Jacobian of the lin-
rametersy, y, andz, are least squares fit to the numerical results earized system for Hopf-bifurcations. For low laser power, there
from the model presented in [20]. Given the complex index of is a unique stable equilibrium solution with small centerline dis-
refraction of the materials as well as the resonator thickness andplacement. As the laser power is increased ta 18mW, this
gap to substrate, the code given in [20] solves Maxwell's equa- equilibrium solution loses stability in a Hopf bifurcation leading
tions to determine the percentage of laser energy absorbed in ando self-oscillation. As the power is increased further, the equilib-
reflected from the resonator. The gap to substrate is varied to ac-rium solution branch begins to lift up fromq= 0 and a second
count for deflection of the device, giving a result seen in Figure branch of equilibrium solutions is born Bt~ 168nW in a fold
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Material Properties Si (SiQy) [units]|Model Parameters
Density,p 2420 (2200) [%%] Q|13,800
Poisson Ratioy 0.279 (0.17) €1]4.75%x 1073 [K1]
Young's ModulusE {130  (70) [GPa]cy|1.37x 1072 [K 1]
CTE,at 25  (05) PM(B|4.65
Thermal Conductivityk 170 (1.38) [¥%] [H|4410[{]
Specific Heat Capacitg]712  (1120) LgJTK] B|0.152
Index of Refractioni): y (0.011

Re(fi) 3.882 (N/A) @ |0.035

Im(f) —0.019 (N/A) 20(0.18

TABLE 1. MATERIAL PROPERTIES USED IN PARAMETER ES-
TIMATION, AND ESTIMATED PARAMETERS USED IN SUB-
SEQUENT CONTINUATION AND INTEGRATION OF MODEL
EQUATIONS, FOR 20tm THICK, 10um LONG BEAMS.

of equilibrium points. An equilibrium point along this branch
is computed numerically using a root finding method and then
is used as a starting point for continuation of the branch. See
Figure 2 for a plot of the equilibrium branches along with Hopf-
bifurcation points at which limit cycles are born. This behavior
in the position and number of equilibria is caused by asymmetric
buckling in the model. Hopf bifurcations along the branches of
equilibria alter the usual buckling stability result - that the un-
buckled state is unstable and the buckled states stable.
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FIGURE 2. AUTO GENERATED BIFURCATION DIAGRAM OF

THE SYSTEM, SHOWING LOCATION AND STABILITY OF EQUI-

LIBRIUM SOLUTIONS AS A FUNCTION OF LASER POWER (P).
LIMIT CYCLE BRANCHES EMERGING FROM HOPF BIFURCA-
TIONS (H) ARE SHOWN IN FIGURE 9.

Next, we turn our attention to the limit cycle oscillations
born in Hopf bifurcations. The continuation is restarted at each

4

Hopf bifurcation and the emerging limit cycle is followed, allow-
ing the powerP and frequency of oscillatiow to vary. Follow-

ing the limit cycle branch born in the first Hopf bifurcation, we
see a series of folds of limit cycles in which stable and unstable
limit cycles coalesce or divide (see Figure 3), in addition to re-
gions of period doubling which are discussed later. Note that for
a given laser power, the amplitudes of stable limit cycles differ
by roughly the period of the interferomete%r,rv 316nm Thus

the multiplicity of stable limit cycles is due to periodicity in the
interference field, and each higher amplitude stable limit cycle
shows motion between similar points in the phase of the interfer-
ence field, but includes more or less periods. For example, if the
lowest amplitude limit cycle shows motion between one peak of
absorption in the interference field and the first subsequent peak
in the interference field, then the second lowest amplitude limit
cycle shows motion between one peak of the absorption in the
interference field, and the second subsequent peak (see Figure
1). See Figure 4 for a phase portrait of the equilibrium solution
and limit cycles fo® = 135mWwhen a stable and unstable limit
cycle have just been born in a fold of limit cycles.

— Stable LCO
- — - - Unstable LCO
X Unstable Eq. Pt.

170

-1000
Az [nm]

-2000

FIGURE 4. PLOT OF THE EQUILIBRIUM AND PERIODIC SO-
LUTIONS FORP = 135mW. NOTE THAT LARGE AMPLITUDE
STABLE AND UNSTABLE MOTIONS HAVE JUST BEEN BORN IN
A FOLD OF LIMIT CYCLES. SEE FIGURE 3 FOR THE ACCOMPA-
NYING BIFURCATION DIAGRAM.

The period of oscillation along the first Hopf branch is de-
picted in Figure 5. Note that the limit cycle initially has non-
dimensional period of 2m1. As the laser power is increased two
competing factors influence the period of oscillation. The tem-
perature dependence of the linear stiffness causes the period to
increase with temperature and so the period increases with laser
power for a given stable limit cycle. At the same time, the cubic
stiffness due to membrane stresses causes the period to decrease
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FIGURE 3. AUTO GENERATED BIFURCATION DIAGRAM (a) SHOWING THE TWO BRANCHES OF EQUILIBRIUM SOLUTIONS AS
WELL AS THE BRANCH OF LIMIT CYCLES BORN IN THE FIRST HOPF BIFURCATION. INCLUDED IS A ZOOM VIEW (b) OF THE BI-
FURCATION DIAGRAM FOR LOW LASER POWER. IN ORDER TO DISPLAY THE EQUILIBRIUM SOLUTIONS AND PERIODIC MOTIONS
ON THE SAME PLOT, WE USE THE MAXIMUM z-VALUE ATTAINED IN ONE CYCLE @may AS THE DEPENDENT VARIABLE WHEN
PLOTTING LIMIT CYCLES. THIS MEASURE INCLUDES THE AMPLITUDE OF OSCILLATION PLUS A SMALL MEAN VALUE ROUGHLY
EQUAL TO THE z-VALUE OF THE EQUILIBRIUM SOLUTION FROM WHICH THE MOTION WAS BORN. THE INTERSECTION OF A VER-
TICAL LINE WITH EQUILIBRIUM OR LIMIT CYCLE BRANCHES INDICATES THE SOLUTIONS POSSIBLE AT A GIVEN LASER POWER.
SEE FIGURE 4 FOR A PHASE PORTRAIT OF THE LIMIT CYCLES AND EQUILIBRIUM SOLUTIONS FOR= 135mW.

with increasing amplitude of oscillation. Thus at a fixed laser COMPLETE BIFURCATION DIAGRAM
power, high amplitude limit cycles have lower periods.

In this section we build up the complete picture of the bifur-
cation structure, by describing each additional bifurcation sepa-
rately. To begin with, we return to the regions of period doubling
along the first Hopf branch (see Figure 3). Here we see that as
we increase the laser power, our original limit cycle goes unsta-
ble and a new stable limit cycle is born with twice the period of
the original. Continuing this new limit cycle, there is a cascade
of period doubling where this process continues with increasing
frequency as we increase the laser power (see Figure 7). Direct
numerical integration is used to verify the existence of these spe-

Itis numerically observed that as damping is increased, high
amplitude limit cycles become unattainable at low laser power.
Thus increased damping flattens out these curves in the first Hopf
branch, reducing the number of stable limit cycles accessible at a
given laser power (see Figure 6). For sufficiently high damping,
the Hopf bifurcation becomes supercritical and a unique stable
limit cycle exists in this branch fdP > Byopt.

Although the results presented here are forpifl beams cial solutions.
subject to 50MPa of pre-compression, we have estimated param-
eters for beams of length 7,10,15 & p@n with varying amounts For all of the parameter sets studied, there were additional

of pre-compression. Continuation of the model equations using Hopf bifurcations from the equilibrium branches for laser pow-
these parameters shows that multiplicity of stable limit cycles in ers above the buckling power. Following the limit cycle emerging
the first Hopf branch is aobust feature of the modé&r lightly from the second Hopf bifurcation, we see a fold of limit cycles,
damped pre-buckled beams, and occurs at laser powers which areand then the cycle coalesces with an unstable equilibrium pointin
realizable in experimental setups. In the following section, we a homaoclinic bifurcation. See Figure 8 for a bifurcation diagram
describe the rest of the bifurcation structure for 1 beams, of this region and a phase portrait just before the homoclinic bi-
including bifurcations occurring at laser powers above the ther- furcation. Accounting for the limit cycles born in the other Hopf
mal buckling power. We also describe the jump phenomenon bifurcations gives a complete bifurcation diagram shown in Fig-
associated with destruction of stable limit cycles. ure 9.
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(a) Period of oscillation along the first Hopf branch (b) Low power zoom
FIGURE 5. THE PERIOD OF OSCILLATION (a) ALONG THE BRANCH OF LIMIT CYCLES BORN IN THE FIRST HOPF. INCLUDED IS

A ZOOM VIEW (b) OF THE PERIOD FOR LOW LASER POWER. NOTE THAT THE LIMIT CYCLE IS BORN WITH NON-DIMENSIONAL
PERIOD~ 21t AT THE POINT MARKED H.
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FIGURE 6. EFFECT OF DAMPING: AUTO GENERATED BIFURCATION DIAGRAM SHOWING THE BRANCH OF LIMIT CYCLES BORN
IN THE FIRST HOPF BIFURCATION. THE SAME MODEL PARAMETERS ARE USED AS BEFORE, EXCEPT THE QUALITY FACTOR (Q)
IS REDUCED BY A FACTOR OF 10 BETWEEN EACH SUBPLOT. NOTE THAT INCREASED DAMPING INCREASES THE LASER POWER
AT WHICH SELF OSCILLATION BECOMES POSSIBLE, AND ALSO FLATTENS OUT THE CURVES IN THE FIRST HOPF BRANCH. FOR
Q=140, THE HOPF BIFURCATION HAS BECOME SUPERCRITICALAND THERE IS AUNIQUE STABLE LIMIT CYCLE, WHICH QUICKLY
LEADS TO PERIOD DOUBLING AND DIES IN A HOMOCLINIC BIFURCATION NOT SHOWN
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FIGURE 7. BIFURCATION DIAGRAM (a) OF A CASCADE OF PERIOD DOUBLING FOR HIGH LASER POWER. ONLY THE FIRST FIVE
PERIOD DOUBLING BIFURCATIONS ARE TRACKED NUMERICALLY, THOUGH MORE ARE BELIEVED TO EXIST. PERIOD DOUBLING

IS A WELL-KNOWN ROUTE TO CHAQS, AND IT IS LIKELY THAT CHAOS EXISTS IN THE MODEL IN THIS RANGE OF LASER POWERS.

A PHASE PORTRAIT (b) JUST AFTER THE FIRST PERIOD DOUBLING BIFURCATION SHOWS THAT THE ORIGINAL LIMIT CYCLE
(ONE-LOOP) HAS GONE UNSTABLE, AND A NEW STABLE CYCLE IS BORN WHICH TRAVERSES TWO LOOPS BEFORE CLOSING.

JUMP PHENOMENON COMPARISON WITH PREVIOUS WORK
Previous work [8, 9] on modeling limit cycle oscillations in
optically driven MEMS resonators has assumed small displace-
ment, and expanded the optical equation (3) in a power series
losing the periodicity in the process, but making the equations
Finally, we use direct integration to illustrate the hysteresis @menable to approximate analytic methods. This small displace-
possible in the system. Although the bifurcation structure illus- Ment approximation predicts a single Hopf bifurcation, either
trates the types of stable and unstable behaviors possible in theSubcritical or supercritical, leading to a stable/unstable pair or
model as we increase or decrease the laser power, it does not telfingle stable limit cycle respectively. Thus series expanding
us which behaviors would be seen experimentally as we changethe optical equation suppresses secondary Hopf bifurcations and
the laser power - a question dealing with the basins of attrac- folds (_)f limit cycl_es. _For comparison, a bifurcation diagram for
tion for different stable behaviors. For each Hopf bifurcation or €duations (1,2) is given in Figure (11), where the parameters
fold of limit cycles where an equilibrium solution loses stability ~from Table 1 are used but equation (3) has been Taylor expanded
or stable motion disappears, respectively, we use a point along " Z keeping the first 2 terms.
that motion as an initial condition, increase or decrease the laser
power slightly beyond the bifurcation and integrate until the tra-
jectory settles onto a new steady behavior. See Figure 10 for a CONCLUSION
plot of the jump phenomenon. As we quasi-statically increase A MEMS device illuminated within an interference field
the laser power from zero beyond the first Hopf bifurcation at will self-oscillate due to feedback between absorption and dis-
P ~ 18mW, the beam begins to oscillate in the lowest ampli- placement. Models in the form of coupled differential equa-
tude limit cycle. Once oscillating, we have to decrease the power tions have been used to describe the dynamics of such vibra-
below the lowest fold of limit cycles & ~ 4.5mW in order to tions [6,8-10,12, 13,23, 24], and analyzed under the assumption
jump back onto the stable equilibrium solution. At each fold of small displacement. In this work, we show that if we relax that
of limit cycles along the first Hopf branch, jumps occur up to assumption then multiple stable limit cycles are possible due to
the next highest amplitude stable limit cycle when increasing the the periodicity of the interference field. The frequency of these
laser power, or down to the next lowest amplitude stable limit oscillation is shown to depend sensitively on the laser power, and
cycle when decreasing the laser power. Entering the region of other complex motions exist for high laser power.
period doubling, stable n-cycles give rise to stable 2n-cycles and The analysis presented is applicable to any interferometri-
so there are no jumps. However, it is unclear if stable periodic cally driven MEMS device with a temperature dependent stiff-
motions exist over the entire interval or if there are regions of ness and static deflection, though clamped-clamped beams were
chaos. chosen to analyze here due to their relatively simple structure.
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FIGURE 8. PORTION OF BIFURCATION DIAGRAM (a) IN THE REGION OF THE SECOND HOPF POINT (AFTER THE THERMAL BUCK-
LING POINT AS SEEN IN FIGURE 9), AND PHASE PORTRAIT (b) OF THE SYSTEM JUST BEFORE THE HOMOCLINIC BIFURCATION.
NOTE IN THE PHASE PORTRAIT THAT THE UNSTABLE LIMIT CYCLE HAS DEVELOPED A KINK AS IT APPROACHES THE STABLE
AND UNSTABLE MANIFOLD OF AN EQUILIBRIUM POINT. INCLUDED IS THE NEIGHBORING LIMIT CYCLE FROM THE FIRST HOPF
BRANCH. OTHER HIGHER AMPLITUDE LIMIT CYCLES FROM THE FIRST HOPF BRANCH WHICH DO NOT SHOW IN THIS REGION
OF THE BIFURCATION DIAGRAM ARE OMITTED FROM THE PHASE PORTRAIT, THOUGH THESE MOTIONS EXIST FOR THIS LASER
POWER.

= = Stable Branch Eq. Pts.

1500 + « = » Unstable Branch Eq. Pts.
B Stable Branch LCOs — N

- =+ Unstable Branch LCOs -
H Hopf Bifurcation

1000

[nm]

500

max

Az

-500

Laser Power (P), [mW]

FIGURE 9. COMPLETE BIFURCATION DIAGRAM OF THE SYSTEM. NOTE THAT THE LIMIT CYCLE OSCILLATION BORN IN A HOPF
BIFURCATION IN THE ELBOW OF THE FOLD OF EQUILIBRIA DIES SO QUICKLY IN A HOMOCLINIC BIFURCATION THAT IT IS NOT
VISIBLE ON THE BIFURCATION DIAGRAM AT THIS SCALE.
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FIGURE 10. JUMP PHENOMENON IN THE FIRST HOPF BRANCH.
= = Stable Branch Eq. Pts. rather than cantilevers or disks.
2000 + - - - gtns;;abg BraECLhCIg" e / (b) Damping has been shown to decrease the number of stable
1500 “Fro Foid of Er(?”;ts S ] limit cycles accessible at a given power, thus devices would
€ | H Hopf Bifurcation | need to be high-Q.
€ 1000 i . .
= (c) Stable limit cycles are seen to be separated in amplitude by
& 500 / _____ o Ax~ 4. To permitn-stable limit cycles, devices must have
= (o] =TI AR S PRT TP a initial gap-to-substrate of greater thénin order to pre-
_500| Feo™ =~ o _ - | vent contact with the substrate. Excitation with a HeNe laser
s s s ==~ s s would require a gap ot 1pumin order to see three limit cy-
0 100 200 300 400 500 600 700 cles

Laser Power (P), [mW]

FIGURE 11. BIFURCATION DIAGRAM OF THE MODEL EQUA-
TIONS ASSUMING SMALL DISPLACEMENT, WHERE EQUA-
TION (3) HAS BEEN EXPANDED IN A FIRST ORDER TAYLOR
SERIES. BUCKLING HAS NOT BEEN SUPPRESSED, BUT SEC-
ONDARY HOPF BIFURCATIONS AND FOLDS OF LIMIT CYCLES
HAVE BEEN LOST. THE APPROXIMATE EQUATIONS GIVE THE
CORRECT VALUE FORP4opr BUT NOT OF THE LIMIT CYCLE
AMPLITUDE OR EQUILIBRIUM SOLUTION.

Although rigorously derived and analyzed, the results are
expected only to present a qualitative picture of the dynamics
of interferometrically driven MEMS devices, i.e. that multiple
stable periodic motions are to be expected in large clamped-
clamped beams and domes in low damping environments. Note
that these motions are seen for low laser powers (below the
buckling temperature). Above the buckling temperature, the
frequency-compressionrelationship changes, and the model may
lose validity. A description of the bifurcation structure in this
region of high laser poweP(> 168mW for the parameters used
here) is presented and represents simply an analysis of the model,

Physical devices exhibiting multiple stable limit cycles due to which suggests the possibility of period doubling, chaos, and sec-
the phenomenon presented are expected to share some commo@ndary Hopf bifurcations in the physical system.

characteristics:

(a) The need for a temperature dependent stiffness and deflec-ACKNOWLEDGMENT
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