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Abstract- The problem of two van der Pol oscillators coupled by velocity delay terms was studied by Wirkus and Rand in .

2002 [5]. The small- analysis resulted in a slow flow which contained delay terms. To simplify the analysis, Wirkus and
Rand followed a common procedure of replacing the delay terms by non-delayed terms, a step said to be valid for
small , resulting in a slow flow which was an ODE rather than a DDE (delay-differential equation). In the present paper
we consider the same problem but leave the delay terms in the slow flow, thereby offering an evaluation of the
approximate simplification made in [5].

[.  INTRODUCTION

In a recent paper by Sah and Rand [4], it was shown that a class of nonlinear
oscillators with delayed self-feedback gave rise via a perturbation solution to a DDE
slow flow. An exact solution was obtained to the DDE slow flow and was compared to
the approximate solution resulting from the common approach of replacing the delayed
variables in the slow flow with non-delayed variables, thereby replacing the DDE slow
flow with an easier to solve ODE slow flow.

The paper by Sah and Rand [4] was motivated by numerous papers in the
literature of nonlinear dynamics in which the DDE slow flow is replaced by an
approximate ODE slow flow, for example [1], [2], [5].

In particular, in 2002 Wirkus and Rand wrote a paper entitled “The Dynamics of
Two Coupled van der Pol Oscillators with Delay Coupling” [5] in which averaging was
used to derive a slow flow which governed the stability of the in-phase mode. In
studying the resulting slow flow, Wirkus and Rand replaced certain delayed quantities
with non-delayed versions in order to simplify the analysis. In this paper we reexamine
the previously studied system with the idea of leaving the delayed quantities in the slow
flow.

1. DEeLAY-CouPLED VAN DER PoL OSCILLATORS

The governing equations are:
B+ x —e(l —2?) i = eady(t — T) (1)

By + w9y — (1 — 23)iy = ey (t — T) (2)
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This system admits an in-phase mode in which x; = x, = y(t) where
j+y—e(l—y’)y=cay(t—1) (3)

In order to investigate the stability of the in-phase mode y (¢), we will first obtain an
approximate expression for it using Lindstedt’s method. We replace independent variable

¢ by stretched time 7:
T=wt, wherew=1+c¢ek+ 0(52) (4)
so that eq.(3) becomes:

Wy +y—e(l —y*)wy = cawy/ (1 — wT) (5)

where primes represent differentiation with respect to 7. We expand ¥ in a power series in
€,

Y=Y +eyr+--- (6)
and substitute (6) into (5). After collecting terms, we get

Yo +% = 0 (7)
vty = —2kyg + (1—y5)yo + ayp(r = T) (8)

We take the solution of (7) to be
Yo = RcosT (9)

and substitute (9) into (8), giving

3 3

R R
v, +y1 = (2kR+ aRsinT)cosT + (—R + T aRcosT)sinT + v sin(3r)  (10)

Removing secular terms in (10), we obtain

k= —%sinT and R=2v1+«acosT (11)

Thus the in-phase mode z; = x5 = y(t), the stability of which is desired, is given
by the approximation

y(t) = Reoswt = 21 + accos T cos (1 — %6 sinT) t (12)

[II.  STABILITY OF THE IN-PHASE MODE
In order to study the stability of the motion (12), we set
x1 =y(t) + wy and o =y(t) + wy (13)

where w; and ws are deviations off of the in-phase mode x; =z2= y(t). Substituting (13)
into (1) and (2) and using (3), we obtain the following equations on w; and ws, linearized
about w; = wy = 0:

iy + (1 + 2eyy)w; — (1 — y*)iy = eaning(t — T) (14)
Wy + (1 + 2ey))wy — (1 — y* )iy = caniry (t — T)) (15)
Equations (14) and (15) can be uncoupled by setting

Z1 = Wy + we and Zg = W1 — Wy (16)
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Giving
B4+ (14 2eyy)z —e(1 —yH) i = eaz (t —T) (17)
Zy+ (14 2eyy)z0 — (1 — y?) 2o = —caiy(t — T) (18)

The only difference between these two equations is the sign of the right-hand side, which
may be absorbed into a new coefficient, call it 3, which equals either 1 or -1:

i+ (1 + 2ey))u — e(1 — y?)u = efau(t — T) (19)

where u = 2 for =1 and u = 2 for 8 = —1. In eq.(19), y(t)is given by eq.(12). In order
to study the boundedness of solutions to eq.(19), we return to using 7 =wt as independent
variable, where w =1 — ge sinT"

w?u" + (1 + 2ewyy )u — e(1 — y*)wu' = efawd (T — wT) (20)

We study (20) by using the two variable perturbation method [3]. We let {=7 andn = €7,
giving:
w?(uge + 2ugy) + (1 + 2ewyye)u — e(1 — y*)wue = efawue(é — wT,n — ewT) (21)

wherey(§) = Rcos§, R = 2V1+acosT, w = 1— Se sin 7"and where we have neglected
terms of O(¢?). Now we expand u = ug + cu; + O(e?) and collect terms, giving:

Ugge +ug =0 (22)
Uty + Uy = —2ugyy — asinT ug,, +8(1 + acosT)cos & sin& ug
—4(1 + acosT) cos® € ule + aBug (§ —T,n—eT) (23)
We take the solution of (22) in the form
up = A(n) cos€ + B(n) siné (24)
Note that ug(§ —T,n —eT) = Agcos(§ —T) + Bysin(§ —T') where
Ag=An—¢eT) and B;= B(n—eT) (25)

Substituting (24),(25) into (23) and eliminating secular terms gives the slow flow

dA A 3aAcosT aBsinT+aAdﬁcosT af By sinT

dn > T 2 2

(26)

dB aAsinT chosT+aAdﬁsinT+aﬁBdcosT
dn 2 2 2 2

The slow flow (26),(27) is a system of linear delay-differential equations (DDEs). A
common approach to treating such a system is to replace the delayed variables by non-

delayed variables, as in Ay = A and B; = B. To support such a step, it is often argued
that since a Taylor expansion gives A(n—eT) = A(n) + O(e), the replacement of A; by

Ais an approximation valid for small € [1],[2],[4]. Let us follow this procedure and see
what we get, and then compare results with what we would get by treating the system as
a DDE.

Replacing A; and B; by A and B, we obtain the ODE system:

d (A —1+2(B-3)cosT 2(1—F)sinT ) [ A
dn (B ) - ( —5(1 = p)sinT —3(1—6)005T> < B ) (28)

(27)
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Recall from eqgs.(17)-(19) that there are two cases, 3= +1 and 3= —1. In the case
that 3 = —1, the system (28) becomes:

d (AN _ [ —-1-2acosT asinT A (29)
dn \ B ) —asinT —acosT B
This system of ODEs exhibits both Hopf and saddle-node bifurcations. The Hopf
bifurcations occur when the trace = —1 — 3a.cos T'= 0 with positive determinant, i.e.
when Notes
1

Hopf bifurcations: « = — (30)

3cosT

The saddle-node bifurcations occur when the determinant = a2 + acosT + a2 cos?
T= 0, ie. when

cosT

- 31
14+ cos?2T (31)

saddle-node bifurcations: a=0 and a=

Now let us consider the other case, 5 = +1. In this case the ODE system (28) becomes:

d (A —1—acosT 0 A
i (5)= (70 () =
From eq.(11) we see that the amplitude of the in-phase mode, whose stability we

are investigating, is given by R = 21/1 + acosT . Inspection of (32) shows that that
system exhibits the birth of the in-phase mode when

1
cosT

We note that all of the bifurcations (30),(31),(33) were observed by Wirkus and
Rand [5] in their original work on this system.

In what follows, we return to the DDE system (26)-(27), but we do not make the
simplifying assumption of replacing A; by A and B; by B. In order to treat the DDE
system, we set:

birth of the in-phase mode: o = — (33)

"1CT-G0Z:0€ SotureuA (] IRSUIUON ‘Surydnoy) Aejo(y yiim

SI0JB[[IIS() [0 19p ueA pafdnoy) omyf jo sorreuA(g (g00g) Y ‘Puey pue 'S ‘SHYIA\ G

A=PeM, B=QeV, Ay= P B, = QeNn—eT) (34)
where P and () are constants. We are particularly interested in the effect of the DDE slow
flow on Hopf bifurcations, eq.(30). Thus we restrict ourselves to the case g = —1,
whereby we obtain the following pair of algebraic equations on Pand @:

ae T T 3a T ae T sinT asinT
(PEEELEET e V(P(0)
ae "1 ginT asinT ae NE T « T
. 25 i 32 . 2cos_c;s Y Q 0

For a nontrivial solution, the determinant must vanish:

a?sin?TecT* o cosTe T
acosThesTH — + +ale T
2 2
2 2T\ 2 2 2
sin“T cosT 3
G+ N4 2acosTAN- O +2% —0 (36)

4 2 2 4
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For e=0 and = —1 the DDE system (26), (27) reduces to the ODE system (29),

which exhibits a Hopf bifurcation (30) when o = — :—— . By determining the location

of the associated Hopf bifurcation in (36) for € > 0 we may assess the accuracy of the
often made approximation based on replacing the delayed variables in the slow flow with
non-delayed variables.

In the case of the ODE system (29), we obtained the conditions for a Hopf
bifurcation, namely that there be a pair of pure imaginary eigenvalues, by requiring the
trace of the matrix (29) to be zero. In the case of the DDE system (26), (27), we seek a
Hopf bifurcation by setting A = i€2 in (36).

We seek a solution to (36) in the form of a perturbation series in € by expanding

T=Ty+el +*Ty + - (37)

Q:QO+591+8292+"' (38)

Separating (36) into real and imaginary parts and collecting like powers of € allows
us to obtain the following expressions:

1
cosTy = 3 (39)
[0}
9a2 —2
QU - f (40)
V9a2—1T
9
(1802 —5) T,
Q0 = — 42
! 54902 — 2 (42)
S V9a2 —1 (27a% —6) T,* + (162a* — 360> +2) T, (13)
2 1458 a2 — 162
0 \/9d1—2(C—8Ol9cﬁﬂ—5346@4—1206a?+—91)7b2+\/9@2—1,(648@4—324<12%4O)75)
2 p—

4_ 2
157464 o* — 69984 a* + 7776 (44)

V. RESULTS AND CONCLUSIONS

To summarize our treatment of the original coupled van der Pol egs.(1),(2), we
first used Lindstedt’s method to obtain an approximate expression for the in-phase mode,
eq.(12). Then we studied the stability of the in-phase mode by applying the two variable
perturbation method to eq.(20). This resulted in the DDE slow flow (26), (27). We
investigated this system of equations in two ways:

1) First we followed a number of other works [1],[2],[4] by replacing the delayed variables

Ay and B, by non-delayed variables A and B. This resulted in a system of ODEs (28)
which possessed Hopf and saddle-node bifurcations, in agreement with the earlier work

of Wirkus and Rand [5].

2) Then we treated the slow flow system (26),(27) as DDEs which resulted in a
transcendental characteristic equation (36) which is harder to solve than the more
familiar polynomial characteristic equations of ODEs. We sought a series solution
(37), (38) and obtained the results listed in eqs.(39)-(44).

The results are plotted in Fig.l1 where we show the critical delay for Hopf
bifurcation Th,ys versus coupling strength « for € = 0.5. The dashed curve is the analytical
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approximation based on replacing the delay terms in the slow flow (26),(27) by non-
delayed variables, as in A; = A and B;= B. Thus the dashed curve corresponds to € = 0.
The dash-dot curve and the solid curve correspond to the analytical approximations
respectively given by 2- and 3-term truncations of eq.(37). The + signs represent stability
transitions obtained by numerical integration of the DDEs (26)-(27).

The comparison between the various approximations for the critical delay for Hopf
bifurcation shown in Fig.1 is further explored in Table 1, where we list the errors
obtained using 1-, 2- and 3-term truncations of eq.(37) compared to values obtained by
numerical integration of the DDEs (26)-(27). The maximum error is computed over the

set o € [?, 1]. (Herea= ? is chosen because (o, T) = (‘/5 3m) is a point of intersection

304
of the bifurcation curves a = — 2%~ and a=—5_1 ., compare egs.(30),(31).) We consider
. T(a)—Tyn(c
absolute error max |T(a)—T,(«)|, relative error max |%|,
a€[¥2, 1] ae[¥L2, 1]

|%| x100% , where T'(«v)is the value we get by numerical integration of the

and percent error

max
ae[?, 1]
DDEs (26)-(27) and T,,(«) is the value given by the n-term truncation of eq.(37). We also
note that the maximum in all three cases was attained at o = 1.

As previously noted, replacing the delay terms in the slow flow (26),(27) by non

delayed variables means that we take only the first term in eq.(37) and n = 1. In this
case, the error incurred by omitting the delay terms in the slow flow is generally about 3
to 15% for small values of €. On the other hand, the 3-term truncation of eq.(37) typically
has the percent error less than 1%.

2.4 T

N —— =1 term (€=0)
23r i 8 — 0.5 ————— 2 terms ]
A — 3 terms
= -+ numerical solution

2.2:F

24T

THopf

1.9

1.8 -

1.7 1

16 ; | .
0.4 0.5 0.6 0.7 0.8 0.9 1

08

Figure 1: Critical delay for Hopf bifurcation versus a for ¢ = 0.5. Dashed curve is the
analytical approximation based on replacing the delay terms in the slow flow (26), (27)
by non-delayed variables, as in A, = A and B, = B. Thus the dashed curve corresponds
to € = 0. The dash-dot curve and the solid curve correspond to the analytical
approximations respectively given by 2- and 3-term truncations of eq.(37). The + signs
represent stability transitions obtained by numerical integration of the DDEs (26)-(27).
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Table 1: Errors in critical delay for Hopf bifurcation produced by 1-, 2- and 3-term

truncations of eq.(37) as compared to values obtained by numerical integration of the

slow flow (26)-(27). The errors are defined as absolute error max [T'(a)—T,()|,
ae[?, 1]

relative error max \%L and percent error  max ]%M 100%, where

o€l ¥, 1] ael¥%2, 1]
T'(a) is the value we get by numerical integration of the DDEs (26)-(27) and T},(«) is the
value given by the n-term truncation of eq.(37).

e=0.1 e=0.3 e=0.5
n terms in (37)|n=1 |n=2 n=3 |[n=1 |n=2 |n=3 |n=1 |[n=2 |n=3

absolute error [0.056 |0.0025 | 0.001 |0.1499|0.0285 |0.003 |0.2218 |0.0756 |[0.012

relative error |0.0307/0.0013 | 0.0005{0.085 |0.0162 |0.0017|0.1311 | 0.0447 |0.0071

percent error | 3.07% | 0.13% | 0.05% |8.5% |1.62% [0.17% |13.11%{4.47% |0.71%

V. ACKNOWLEDGEMENT

The authors thank Alex Bernstein for reading the manuscript.
REFERENCES REFERENCES REFERENCIAS

1. Atay, F.M. (1998) Van der Pol’s oscillator under delayed feedback, Journal of Sound
and Vibration 218(2): 333-339.

2. Morrison, T.M. and Rand, R.H. (2007) 2:1 Resonance in the delayed nonlinear
Mathieu equation, Nonlinear Dynamics 50: 341-352

3. Rand, R.H. (2012) Lecture Notes in Nonlinear Vibrations, published on-line by The
Internet-First University Press. http://ecommons.library.cornell.edu/handle/1813
/28989

4. Sah, S.M. and Rand, R.H. (2016) Delay Terms in the Slow Flow, Journal of Applied
Nonlinear Dynamics 5(4):471-484

5. Wirkus, S. and Rand, R. (2002) Dynamics of Two Coupled van der Pol Oscillators
with Delay Coupling, Nonlinear Dynamics 30:205-221.

© 2017 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XVII Issue V Version I



	Dynamics of Two Coupled Van der Pol Oscillators with Delay Coupling Revisited
	Author
	I. Introduction
	II. Delay-Coupled Van Der Pol Oscillators
	III. Stability of the in-Phase Mode
	IV. Results and Conclusions
	V. Acknowledgement
	References Références Referencias



