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ABSTRACT

We investigatc slow passage through the 2:1 resonance
tongue in Mathicu’s cquation. Using numecrical integration, we
find that amplification or de-amplification can occur. The amount
of amplification (or de-amplification) depends on the speed trav-
elling through the tongue and the initial conditions. We use the
method of multiple scales to obtain a slow flow approximation.
The WKB method is then applied to the slow flow cquations to
get an analytic approximation.

INTRODUCTION
Mathicu’s equation is the following second order lincar non-
autonomous ordinary differential equation (ODE):
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Eq.(1) has be widely studied [1]. For given values of the param-
cters & and g, either all the solutions are bounded (stable) ot an
unbounded solution exists (unstable). Fig.1 shows the transition
curves separating regions of instability from those of stability for
Eq.(1) in the &-& parameter plane. These regions of instability
are commonly referred to as resonance tongues.

In this work we investigate what happens if § changes slowly
in time. In particular, we assume & varies linearly with time and
replace 3 in Eq.(1) with:
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Figure 1. Regions of stability and instability in Mathieu's Equation
(S=stable, U=unstable)

For fixed values of g, we can think of a point (8, £) moving in
time across the 6-g plane in and out of the tongues of instability.
The constant term ¢ is the initial value of & at time ¢ = 0 and &%
is the speed at which the point (3, £) moves across the 8- plane.
Putting Eq.(2) in Eq.(1) results in the following ODE:
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which we will study using numerical integration and perturbation
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methods for small values of €.

Previous work by Nayfch and Asfar [2] and Neal and Nayfeh
[3] have investigated slow passage through resonance in Math-
ien’s equation with additional cubic and damping terms. After
using the method of multiple scales to derive a slow flow, they
perform a numerical investigation of the slow flow and report the
different phenomena observed.

Raman, Bajaj and Davies {4] present a general methodology
for analyzing slow passage across instabilities in non-linear dis-
sipative systems. In [4] they present some analytic results for the
system studied by Nayfeh et al. In a second paper by Raman and
Bajaj [5], they present some general results for Hamiltonian os-
cillators. As an example, they investigate slow passage through
resonance in Mathieu’s equation with an additional cubic nonlin-
carity.

The studies mentioned above all look at variations of the
Mathieu equation with a nonlinear term. The cffect of the non-
lincarity is to include stable nontrivial solutions in the resonance
tongue as opposed to just having an unbounded solution in the
casc of the linear Mathieu equation. Their analysis focuses on
the transition from the trivial solution to the bifurcating solution
while going through the resonance tongue.

In contrast to thesc works, in this paper we focus on pas-
sage through resonance in the lincar Mathicu equation and the
question of amplification to be described in the next section.

NUMERICAL INTEGRATION

We begin our study by numerically integrating Eq.(3) to get
an idea of what occurs when crossing a resonance tonguc of
Mathicu’s equation. The 2:1 resonance in Mathicu’s equation
is the most prominant so we choosc parameter valucs and initial
conditions that would correspond to transversing the 2:1 reso-
nance tongue from left to right in the 8-g plane for a fixed value
ofe.

For small valucs of ¢, the first term approximation of the
transition curves of the 2 : 1 resonance tonguc in Mathieu’s equa-
tion 1s:
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The minus sign corresponds to the left transition curve and the
plus sign corresponds to the right transition curve. Replacing &
in Eq.(4) with Eq.(2) we have:
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From Eq.(5), we can solve for the times that would correspond to
being on the left transistion curve £.. and on the right transition
curve £y
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For our numerical integrations, we choosc initial condition such
that:

dx

J; o) = siny 9

x{to) == cosY,

where 0 <y < 2m.

Fig.2 shows a numerical integration for € = 0.1, 2 = 0.1,
o =0and #o = 0 and y= 0. Also shown in dashed lincs are
the times that would correspond to being on the transition curves
(t- =200 and 7.. = 300),

Numerical integration, e = 01,1 =0.1,6=0, 'o =0,y=0
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Figure 2. Numerical Integration of Eq.(3) for Y = 0, that is for x(0) =
1, % = 0. Note that the vertical axis is scaled to a maximum of 60.
Parameters are € = 0.1, 2 = 0.1 and ¢ = 0. Dashed vertical lines show
approximate times at which the motion crosses the transition curves in the

Mathieu equation (1), f— = 200 and ¢4 = 300.

Fig.3 shows a numerical integration with the same parame-
ter values as Fig.2 but with different initial conditions (y = 1/2).
Comparing Fig.2 and Fig.3 we see that they both exhibit amplifi-
cation as a result of going through the resonance tongue although
the maximum amplitude in Fig.3 is considerably larger than that
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in Fig.2. Also note that in both Figs.2 and 3, the maximum am-
plitude occurs at the time which is larger than ¢, that is, after the
motion has exited the resonance tongue.

Numerical integration, e = 0.1, 4 = 0.1, = 0, ‘o =0,y=n/2
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Figure 3. Numerical Integration of Eq.(3) for y = %, that is for x(0) =
0, %’} == 1. Note that the vertical axis is scaled to a maximum of 300.
Parameters are € = 0.1, 1t = 0.1 and 6 = 0. Dashed vertical lines show
approximate times at which the motion crosses the transition curves in the

Mathieu equation (1), £.. = 200 and 7+ = 300.

To investigate the effects of initial conditions on amplifi-
cation we numerically integrate Eq.(3) for the samc parameter
values using a range of initial conditions (0 < y < 2rn). Fig.4
shows a plot of the maximum value of x as a function of the ini-
tial condition parameter y. We sce that the amplification can vary
significantly depending on the initial conditions. Fig.5 shows a
numerical integration for the initial condition y = 2.9558 which
is approximately the value of y which has the least amplifica-
tion in Fig.4. For y = 2.9558 we sce that the maximum ampli-
tude is smaller after going through the tongue than it was prior to
entering the tongue. We find that a small range of initial condi-
tions results in decamplification after going through the resonance
tonguc.

SLOW-FLOW EQUATIONS

We use the method of multiple scales ([6],[7]) to obtain
an analytic approximation for Eq.(3) around the 2:1 resonance
tongue (6 = 1/4) for e << 1. Herc we set ¢ = 1/4 so that at
¢ = 0 we are located exactly at the 2:1 resonance 8 = 14, that s,
in the middle of the associated tongue of instability. We start by
introducing slow and fast time variables 1y = ef and & = t. Eq.(3)
becomes:

Maximum value of x vs.yfore = 0.1, p=0.1,6 =90, t,=0
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Figure 4. Maximum value of x as a function of initial condition parameter
Y where Y is defined in Eq.(7). Parameters are £ = 0.1, 2 = 0.1 and
c=0.

Numerical integration, e =0.1, n = 01,6 =0, = 0, y=2.9558
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Figure 5. Numerical Integration of Eq.(3) for Y = 2.9558. Note that
the vertical axis is scaled to a maximum of 2. Parameters are € = (.1,
4= 0.1 and ¢ = 0. Dashed vertical lines show approximate times at
which the motion crosses the transition curves in the Mathieu equation
(1), 1~ =200 and t5. = 300.

x P2x L% 1
W + 285&5‘{]‘ + & —871'_] + (Z + &un + ECOSE_,)X =0 (8)

Taking x(&,m) as a power series x(&,n) = xo(&,M) +&x1 (E,1) +
.. and collecting O{1) and O(e) terms gives:
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The general solution of Eq.(9) is:

£

2

&

x0(€,m) = 4(n)cos +B(n)sin§ (1

Substituting Eq.(11) into Eq.(10) and simplifying trigonometric
terms gives:

2 1B
%, lxl = (‘LA -,unB) sin—é -~ (?I{] +,m]A) cos%

2 in =y 5
A 38 &N Be . 36§
7E(cos»2—+cos§>-—E(sm?~sm§) (12)

Removal of secular terms results in the slow-flow cquations:

dA 1

an = (zm — 55 (13)
dB 1

ar A

n -+ ) (14)

Eqs.(13) and (14) can be combined to form a single second order
ODE in either 4 or B alone. Taking the derivative of Eq.(13) with
respect to M gives:

d’4 1.dB
W:O‘“*E)EE’L”B (15)

Substituting Eqs.(13),(14) into Bq.(15) gives the following sec-
ond order ODL in 4 alone:

d’A 1 1 i dd
il - VA 1
an (= 5)lm+ )4 + = Ldn (16)
Setting T = m, Eq.(16) can be rewritten as:
d*4 1 2 dA
2 A4 o by o HodAd -
K (T 4/) — 0 a7

Applying the same procedure but climinating 4 gives the ODE
in B:

2 I) u? _dB*
T+ 5 dt

0 (18)

Note that Eq.(17) is singular when t= 12 and Eq.(18) is singu-
lar whent = —1/2.

To compare the multiple scales approximation with the orig-
inal equation using numerical integration we need to relate the
initial conditions of the original cquation to the initial conditions
of the slow flow equations. From Eq.(11), the multiple scales
approximation to first order is:

x(t) ~ A(n)cos % +B(n)sin% = A(et)cos% + B(et)sin% (19)

Taking the derivative with respect to time of Eq.(19) we get:

dx(t) , L Ader) Lt v 4 Bet)
5 ed'(et)cos 5 ysing +eB' (&) sin 3 -+ —5cosy 20

Using Eqs.(13),(14) for 4'(n) and B'(n), Eq.(20) can be written
as:

dx(1) i 1 ot ) 1 1 Lt
T (s(usl - —2-)-|- —2—> Ii(ez)ws-z- + ( -g(uel + ~2—) - 5) A(Et)sm—2— Q@1

At a time 1 = fg, given 4(1o), B(No) (where ng = &) we can
solve for the initial conditions x(#), j-’,'}(to) using Eqgs.(19) and
(21). Fig.6 shows a comparison of the multiple scales approx-
imation with the original equation, both obtained by numerical
integration, for£ = 0.1, u = 0.1, ¢ = 14 with initial conditions
ty = —100 and A(1o) = 1, B(Np) = 0. Note that the numerical
integrations displayed in Figs.2,3,5 used o = 0 and t = 0, so that
the initial time in those figures corresponds to &, = —250.

We can see in Fig.6 that the multiple scales solution is a good
approximation to the original cquation until about the middle of
the resonance tongue (¢ =~ 0). As the approximation worsens the
phase is still well approximated but the amplitude is a bit larger.
At around ¢ =~ 150 the phasc starts to deviate as well. We also
find that if we decreasc the value of fyso the initial conditions
arc farther away from the tongue the entire approximation gets
worse. This is because we are perturbing off the 2:1 resonance at
t =0. As |¢] increases we get farther away from the 2:1 resonance
and the approximation is no longer valid.
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Comparison of mutiple scales approxmation with orighal equation
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Figure 6. Comparison of multiple scales approximation with original
equation. Solid line is original equation, dashed line is multiple scales
approximation. Parameters are € = 0.1, u = 0.1 and 6 = 14 . Initial
conditions are A(Mo) = 1, B(Wo) =0, g = &lg, fo = —100.

To investigate the effects of varying initial conditions, we
assume the initial conditions are of the form:

A(no) = cosx, B(¥g) =sink (22)

where 0 < K < 271, We choose to vary initial conditions now us-
ing K instead of y (Eq.(7)) because it restricts 4(1g)? + B(No)? =
1. Using v restricts x(ty)” + ‘(—],';—(to)2 =1

As in Fig.4, we numerically integrate the original equation
and the multiplc scales approximation for a range of initial con-
ditions. Fig.7 shows the maximum value of x for the multiple
scales approximation and the original cquation as a function of
the initial condition parameter x for fp = —~100. We sce that the
multiple scales approximation predicts larger valucs but the de-
pendence as a function of x is still close.

Fig.8 shows a simliar plot but for zp = 0. Again, the multiple
scales approximation is still larger but the dependence on K is
closer. As expected, initial conditions starting closer to tg = 0
give better approximations.

WKB APPROXIMATION
Description of the Method

The WKB method ([6],[71) can be applied to lincar ODE’s
where the highest derivative is multiplicd by a small perturbation
parameter. Eqs.(17),(18) arc of the form:

Maximum value of x vs.x fore = 0.1, n = 0.1, 6 = 144, 'n =-100

140 e e — -

Maximum value of x

Figure 7. Comparison of multiple scales approximation with original
equation. Solid line is original equation, dashed line is multiple scales
approximation. Maximum Value of x as a function of initial condition pa-
rameter X for fo = —100.

Maximum value of x vs.x farg = 0.1, g = 0.1, ¢ = 1/4, (n =0
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Figure 8. Comparison of multiple scales approximation with original
equation. Solid line is original equation, dashed line is multiple scales
approximation. Maximum Value of x as a function of initial condition pa-
rameter K for fg = 0.

1Y =gy + it p(r)y =0 (23)

where the prime (') denotes differentiation with respect to . For
small values of u, the WKB method can be applied. Application
of the WKB method to Eq.(23) involves the ansatz:
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y~ et (o) +an (0 + ... ) (24)

The asymptotic expansions of the first and second derivatives of
the solution are:

Yol -
y o~ 9"¢(# Lolyo -+ + 0y +) (25)

y' o~ en® (ﬂ”z(tb’)zyo 2 (@ vo + 200V + () y) + - ) (26)

Substituting Eqs.(25-26) into Eq.(23) gives:

” (}, 200 Vo a8 y0 205 (d)z)'l)'F”.)

~4(3) (o tan - ) +ap(0) (1 1o+ O ) = 0 @

Collecting O(1) and O(y) terms results in the following cqua-
tions:

o) (@) yo—qro=0 ©8)
O@) = ¢"yo -+ 20y + (021 — gy + pdlye =0 (29)

From Eq.(28) we have:

@V —g=0=¢ =2/ 0=+ [ Valds  (0)

With ¢ == /7 and ¢ = 5%~ Eq.{29) becomes:
q

N
1
+——g'yvo £ 2/qv) = =0 31
2\/5(1 Y0 2/qy0 £ /qv0 3D
which can be rewritten as:
! !

Yo 4q P
0= oD 32
Yo 4 2 (32)

Integrating Eq.(32) gives:

! !
Yo _ [(_ 4. _°P __ ! ,_l/‘ ,
0= J (== 5) = rowro=—gosg—3 [ p(s s 49

Taking the exponential of both side of Eq.(33) gives:

yo(®) = q(x) e (34)

Taking Eqs.(24),(30) and (34), thc WKB approximation of
Eq.(23)is:

o 4 1E ployds

1 N ote 1 Salards
A~ = [Clt’ﬂ e e )* "L‘M\} (%)
g(q¥

The system has a turning point at t=1" if ¢(t*) = 0. If g(1) < 0
for T < 1 and g(t) > 0 for T > 7* then Eq.(35) can be written as:

¢ 17 pls)ds

. 0. ™ 9. T .
yi(1) ~ e [(,1,1 cos( 4 + Z) +C,,2cos( W Z)}, T<T 36)
(e
e L P .
ya(t) ~ g [(lmc’ +Crae 7 ], 1>1 6N
where,

o= [ Vs on= [ Va5

The approximation near the turning point depends on the form
of ¢(7) and p(t). For ¢'(7*) # 0 and p(t*) ~ const, the so-
lution takes the form of Airy functions. Detailed calculations
will be shown for specific choices of ¢(t) and p(t). A rela-
tion betwcen the constants Cy;,Cr2 which occur in the T < t*
solution (Eq.(36)) and Cr1C r2 which occur in the T > 1* solu-
tion (Eq.(37)) are found by matching with another approximation
which is valid at the turning point.

Similarly, if g(t) > 0 for 1 < 7* and g(t) < 0 for © > 7,
Eq.(35) can be written as:

1t
R N S TR 7 .
yrft) ~ ) [C,‘,e W Cpae F ], 1<t (38)
¢ R P T g
~ --|C o - g m =z » )
ya(1) ) [Lm cos( u + 4) +(,ch09( u 4)], T>1 39)
where,

¢L=/:*\/(—1(T)ds, ¢R:/;\/:Aq®-ls
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Application to the Slow Flow

We apply the WKB method to the equation on 4 (Eq.(17))
obtained from the slow flow equations. In Eq.(17),qg = 14 — 7
so we have turning points at T = £12. Because we have two
turning points, the approximation can be divided into 5 different
regions:

Table 1. Labels for Different Regions of Approximations for A

Label Region of ©
A 1< 12 before turning points
Ay T —17 near turning pointat T = —12
As —17 <1< 12  between the two turning points
Ay ~1/2 near turning point at v = 12
As T>1/2 after turning points

—1
Also in Eq.(17) we have p = T—_—rz— so solving for the cx-

poncntial in the yo term in Eq.(34) gives:

et __1 .
e~%—f1p(s)11s — eij md“ — e%logh~11 | —

-5l @0)

We begin by finding 4, an expression for 4 valid fort < —1/2,
and A3, an expression for 4 valid for —1/2 < 1 < 1/2. For
1< —17, q(t) >0 and for -1 <7t <12, g(1) < 0 so the
approximation is of the form of Eqs.(36),(37). Thus, the WKB
approximations for 4; and 43 arc:

1o
_E;rlv_[cncos(%—i-z:) !(lzcos(%—ﬁ)}'1<~l @én
(C“"’l‘(b‘**czz 0~)7¢3)' -5 <1<3 “2)

where,

4
9 = / \/1 s ucsm +er 12 l
)

0= /—” \/J—:IJAN—ZT\/&T-!%(AW_N)

To obtain an approximation near the turning point at t= —12,
+17
pb

. T : .
we make the change of variables z = . Ncar the turning

point, Eq.(17) behaves like:

1BA gt~ 2B =0 43)

Choosing p = 27 balances the 4” and A terms which gives the
equation:

A" =24 =0 (44)

which is just Airy’s equation. The solution can be written in
terms of Airy functions:

T+ +3
Ay = Cyy Ai(z) +Cy Bi(z) = Cz]AI( 7 )+c2231(~—;l) (45)

Eqs.(41),(42),(45) now form the WKB approximation. The six
constants (C’s) can be reduced to two by matching the the
solutions. To match the solutions we use asymptotic cxpan-
sions of the approximations. See Appendix A for details of the
matching procedure. We find the following equations rclating
Co1,C2,C51,Cx2 to Gy, Cha:

C _
Cn =Cn, =22, G =™ Cia, Cpp = v V9, (46)

Our WKB approximation of 4 using Eq.(17) is:

Nl'—

A = (( )) [C”cos(q’: +4)+C|zcos(% %)] <—% 47)
h = ig[«w(w Jreun(h)] e o
Ay = ((1% (c” c/t°*+cz" e’ﬁ“‘l) —%<1< % (49)
K
where,
21VA2 — 1~ log (—\/ZETTL 2'c)
by = - 2
arcsin(2T) +21V1—-41>  w
¢3 = 3 -+ E
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So far we have used the WKB method on the 4 cquation
(Eq.(17)). Since Eq.(17) is singular at T =12, we now switch
to the B equation (Eq.(18)) to study the behavior in the neigh-
borhood of T=12. In a similar fashion to the preceeding, we

obtain:
T’F%)lz ( 1
e ’)l/»(D“ eiapge 1), -5 crag 60
i~
By = ﬂil[z/)nm(; )+u3,1x,(; 11)], m% (s1)
0"
Bs = ((;—izl))'“ [D;lcos(%-f ;ﬁ) 1—21)_;1005(%)‘i - ;)], > % (52)
4
where,

, _ T arcsin(27) +21/1 ~ 412 _ +T_°
4= 14 3 =03+
ZTW-log(m,th)

bs =
8§

The approximation for B can then be used to give an approxima-
tion for A4 around 1= 17 by taking the derivative of Eqs.(50-52)
and using L[q.(14) which relates 4 to dB/dn (or dB/dt). This
avoids analyzing Bq.(17) around 1 = 17 where it is singular.
Doing this we get:

I
 Dayi(2u— (1 - 4t?)? th 5 b Dy (2t (1= 422V e " i
ESt 12

A T T T8 )>>' &)
Ay = 2‘2’ JH [20,7,1; (%'T)‘L”“”’ ( )] (54)
As = [(21)31;1—21)33(%“ 1y )cm((b% + ;)
(4Du}t + Dy (412 — 1) )cos(%s - g)]/
[VarTie - 1y# | (55)

where,

n aresin2t+2tV1 — 412

¢y = 6~ 3
21v412 — 1 — log(v412 ~ 1+21)
¢s = 3

We havc two approximations for 4 in the region between the two
turning points: A3 (from applying the WKB method on Eq.(17))
and A3 (from applying the WKB method on Eq.(18) and then

using Eq.(14)). To combine the two approximations we take 43
for T < 0 and A; for T > 0 and match 43 to 4} and their derivatives
at T = 0 requiring:

dAs dds

71_(0) - dt

43(0) = 43(0) and (0) (36)

Doing this we obtain the following relations between Ds;, D3,
and C1 1 C122

(&) ,Jg
D -— 8u
T T R 67
Chy =
Dy = — Lol
32 St e (58)

Finally we must be able to solve for Cy,C), in terms of the initial
conditions A(79), B(To). Let us assume that our initial conditions
arc prescribed for 19 < —1/2 (i.e. before the motion enters the
resonance tongue) so A(To) = 4 (o). We can obtain B(1o) from
A (7o) using Eq.(13). The equations relating 4(71o), B(ty) to Cyy,
Cyy are:

A(’Co) =

B(1) =

Ay (o)

dA
ad 1 d'cl (t0) = K21 (10)C11 + K2 (10)C12(60)

= K11 (10)Cy1 + K12 (10)C12(59)

See Appendix B for the expressions for Kj;(to). Eqs.(59),(60)
can be expressed in matrix form:

[ A(7o) ] _ l K11 (1)

Ki2(t0) } [ Ch
B(w) | | Ka(tw)

Ky (o) Cia } (61

We can find Cyy, Cyy in terms of A(19), B(7y) using the inverse
of the Kj;(to) matrix:

ER b

Finally, our WKB approximation of 4 is given by Eqs.(47-
49),(53-55) and (57-58). The constants Cy(, Cy, are related to
the initial conditions 4(19),B(10) by Eq.(62). An expression for
B can be obtained using the 4 approximation and Eq.(13).

Kin(o) 17 [ A(t0)
KZ(«:L))} [B(r(.?)} (62)
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Fig.9 shows a comparison of the WKB approximation with
numerical integration of the slow flow equations for x = 0.1,
To = —2.5 and the initial conditions 4(1y) = 1, B(1p) = 0. Fig.10
shows a close up of Fig.9 for the region around the first turning
point. The approximation is neatly indistinguishable from the
numerical integration prior to the second turning point. Around
the second turning point, the error becomes more significant and
the amplitude is smaller in the approximation. However, the
phase is well approximated throughout the solution.

Recall that the multiple scales approximation gets worse as
we get farther away from the 2:1 resonance (|| gets larger), sec
Fig.6. Because the WKB approximation is based on the slow
flow equations, it too is only good for values of |¢| (or |n| and |1])
that arc not too largc.

Combined WKB approximation compared with numeri@i integration
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Figure 9. Comparison of WKB approximation with numerical integration
of slow flow. Solid line is numerical integration, dashed lines are WKB ap-
proximations away from turning points (A1,43,43,45) and dashed-dotted
lines are WKB approximations at turning points (47,44). Parameters are
1 =0.1,Tp = 2.5, Mg = —25 amd initial conditions are A(Ty) = 1,
B(1g) = 0.

AMPLIFICATION IN RESONANCE REGION

The WKB analysis performed can help us understand the
phenomena of amplification (or dcamplification) in the reso-
nance region. The turning points in our WKB analysis corre-
spond to the transition curves of the resonance region. At the
turning points, the nature of the solution changes from oscilla-
tory to exponential. Qutside the resonance region, the WKB ap-
proximation has oscillatory solutions so amplification does not
occur. Inside the resonance region, the WKB approximation has

Combined WKB approxmation compared with numerial integration

: RS A

%
AVAVAVER NS

—

S

A
=)

-2

s

gl I SR L e

-25 -20 ~15 -10 -5 0
n

Figure 10. Comparison of WKB approximation with numerical integra-
tion of siow flow. This figure is an enlargement of Fig.9. Solid line is
numerical integration, dashed lines are WKB approximation away from
turning points (A1.43) and dashed-dotted line is WKB approximation at
turning point (4,). Parameters are t = 0.1, 7o = —2.5,1p = —25 amd
initial conditions are 4(to) = 1, B(10) = 0.

exponentially growing and decaying solutions which can result
in amplification (or deamplification).

The WKB approximation can be used to determine which
inttial conditions result in the smallest oscillation amplitude af-
ter passing through the resonance tongue. The initial conditions
should be chosen so that the WKB approximation between the
turning points (43), that is, inside the resonant tongue, does not
have an cxponentially growing component. This requires the
constant Cjy = 0 (see Eq.(49)). The initial conditions leading
to maximum deamplification can be found using Eq.(61):

|

which gives:

oo

] = ]l a] e

A(10) = Ki2{10)Cra,  B(T0) = K22(10)Ci2 (64)

If we again assume initial conditions of the form of Eqgs.(22), we
can solve for the value of K which gives the maximum deampli-
fication:

B Kot
tanKyin = ——+ = — = Kpyip = arctan <M> (65)

K12(t0)
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Using the expressions for Kj5(1o) and Ky ({1g) in Appendix B,
we obtain:

(413 — 1) cos(o—-—' (;"] + g) —2/¢cos(¢",f") - L;)
Ky = arctan (06)

9y (tpt
(1= 210) (4% - o s (AL 2}

where 01(Tg) is given by Eq.(78) in Appendix B.

We can also obtain an expression for K, where the maximum
amplification occurs by taking Cy, = 0 instead of Cj; and repeat-
ing the calculation above,

For u = 0.1, 19 = —1, using Eq.(66) we get Ky, = 1.0328.
Numerical integration of the slow flow equations shows maxi-
mum deamplification occurs when « & 1.1123 which is close to
the value predicted by the WKB method. For & = 0.1, numer-
ical integration of the original cquation, for this case in which
=01, 1 = —1, tp = —100, shows maximum deamplification
occurs when x =~ 0.9304 which is again close to the value pre-
dicted by the WKB method (sce Fig.7).

CONCLUSIONS

We have found that amplification/deamplification can occur
for slow passage through resonance in Mathieu’s equation. The
degree of amplification depends on the initial conditions. A very
small range of initial conditions can lead to deamplification.

Using the method of multiple scales we have obtained a sys-
tem of slow flow cquations which approximates Eq.(3) around
the 2:1 resonance. The WKB method was applied to the slow
flow equations. Turning points in the WKB approximation cor-
respond to the transition curves of the linear Mathieu equation.
Outside of the resonance tongue, the WKB approximation has
oscillatory solutions and inside the tongue the WKB approxi-
mation has exponentially growing and decaying solutions. By
choosing the constants of the WKB approximation such that
there is only a decaying solution in the resonance region we can
obtain an approximation for the initial conditions in the slow flow
which result in the smallest amplitude after passing through the
tongue.
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Appendix A

Matching different parts of the WKB approximation re-
quires using their asymptotic cxpansions. The asymptotic cx-
pansions of Eq.(48) are:

1 P
Ay ~ ﬁ[czlc»%:&l -cmzzt’%{:32 ], z oo 67
lof Mo 2 g T . 2 T
Ay ~ v [62|cos(§|z| - Z>+ngcos(§\z| -Q—Z).l, z—y = (68)
+1
where z = —=2
p
The asymptotic expansions of Eqs.(47),(49) arc:
2= 2y m 200 T 1
A —ﬂ,T(cl,cos(§|z| P Cacos(GE ~5)) 1 -5 (@)
14 2.3 232 1
Ay ~ "’/l,—ﬂ(cz.es'z FCpe 3 ),x—»~§ (70)

Equating the coefficients in Eq.(67) to Eq.(70) and Eq.(68) to
Eq.(69) gives the following cquations relating Cy, Cr, Cs1, Cyy
to Cyy, Cia:

— C
Co=v ™ Cn, Co=vmcY¥ O, Cy=Cy, Co= le D
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The asymptotic expansions of Eq.(51) are:

1/4

2 T 2 T
~ 2 22 T 232, T
By 7= {D“cos(sz?’ 4) +D4gcos(323 + 4)], Zo (72)
~1/4
4~ |Z2‘\/ﬁ {Dﬂe’%‘z‘w+2DAze%‘Z‘3/2], Z— —o (73)
1
'[ —_ =
_ 2
wherez = 7
The asymptotic expansions of Eqgs.(50),(52) are:
|74 2143/2 21,32 1
By ~ 76 [D3193‘Z‘ +Dape 31 ],T—> > (74)
4 2 T 2 T 1
~ 2 2p02, T 232 _T 1
5~ 7 [D51cos(323 + 4) +D52cos(323 4)], =5 (75)

Equating the coefficients in Eq.(72) to Eq.(75) and Eq.(73) to
Eq.(74) gives the following equations relatiBgi, D42, Ds1, Ds;
to D3y, Da32:

D41 = 2y/TW YD3p, Dyz= /T /D3y, Dsy= D31, Dsz=2D3, (76)

Appendix B
Expressions are given féj(1o) which relate initial condi-

tions of the slow flow equation#\(1o), B(1o)) to the constants
in the WKB aproximation@i1, C12). From Eg.(59) we have:

A(To) = Au(To) = K11(T0)C11+ K12(T0)C12

(3w

(Tg B )1/4

@(to)

{Cucos(T + I

4

(7o) ﬂ)]

) +Ci2 COS( m - Z (77)

ENTS

where,

2704/4T3—1— Iogg—, /413 — 1—210) 78

Collecting terms in Eq.(77), we get:

@ (To) = —

1/2

11

L. )1/2
_\27 %0 @u(t)) ™
Ki2(to) = N\ cos( L 4_1) (80)
(16-4)
From Eq.(60) we have:
B(To) = To% % (To) = K21(T0)C11 4+ K22(T10)C12
2
- [(2011}1*012(418 - 1)3/2) cos(@ + I—:)
+ (2C12L1+ Cyq (413 - 1)3/2) cos(w - 2)}/
[m@ugf 1)5/4] (81)
Collecting terms in Eq.(81), we get:
Kai(to) = — [ ZUCOS(%SO) + I—:) + (413 —1)%2 cos(@ - I—:) }/
[\/17 21o(412— 1)5/4] (82)
K22(T0) = [ (413 —1)%2 cos((plSO) + I—:) - ZHCOS(%(JO) - g)}/
[\/17 21o(412— 1)5/4] (83)
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