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ABSTRACT
It is well known that skilled bicycle riders can balance and

propel themselves forward using motions of the handlebar. We
present the complete nonlinear dynamics and control of such a
pedal-less bicycle with a rider. Propulsion is achieved not by
pedaling but by a cyclic motion of the steering axis of the bicycle.
It is shown that this kind of actuation results in net forward mo-
tion of the bicycle and a building up of momentum. The dynamics
of the bicycle and rider in a transverse plane are similar to that
of a two link underactuated system where only the second link
is actuated. A linear analysis of the bicycle is used to derive a
control law for the rider to stabilize the bicycle about its upright
position while the periodic motion of the steering axis drives the
bicycle forward. After the bicycle attains a higher speed, it is
easily stabilizable.

1 Introduction
The dynamics of a bicycle have been widely studied for

more than two centuries. The first published study of the dy-
namics of an uncontrolled upright bicycle was by Whipple [1].
Bicycle dynamics and stability were also studied by, among oth-
ers, Rankine [2], Sommerfeld and Klein [3], Timoshenko [4],
Nĕimark and Fufaev [5], Kane( [6], [7]). Weir studied the dy-
namics of motorcycles and the effect of rider control in his PhD
thesis [8]. Motorcycle dynamics was also examined by Sharp [9].
Address all correspondence to this author.
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Hand [10] presented a detailed review and comparison of previ-
ous work and corrected some of the earlier approaches. More re-
cently, Suryanarayanan et al [11] studied the control of front and
rear wheel steered bicycles at very high speeds (80-100 mph).
Getz [12] presented a controller to balance and drive a bike along
a time-parameterized path using a combination of steering and
rear-wheel torque. A recent paper by Schwab et al [13] presented
benchmark linearized equations for an uncontrolled upright bicy-
cle. Using linear analysis, they showed that uncontrolled bicycles
are stable over a certain range of speeds.

While the dynamics and control of bicycles at higher speeds
has received a lot of attention, the problem of riding a bicycle at
low speeds without pedaling has not yet been adressed. In this
paper we will show that a bike can be propelled forward from
rest without pedaling using only a periodic motion of the steering
handle bars. We will also show that the rider can balance the bike
during the course of this motion. Once the bike reaches a higher
speed, the self-stabilizing property of bicycles at higher speeds
allows it to be easily stabilized. Our motivation for studying this
problem comes from the observation that some bicycle riders can
often balance almost at rest without pedaling (this can frequently
be seen at traffic stops). They achieve this by small adjustments
to the steering axis of the bicycle and their body positions during
the course of which the bicycles also move by small amounts.

Our interest in this problem was also motivated by our re-
cent work with the ROLLERBLADER( [14–16]). In recent years
there has been considerable interest in similar systems like the
Copyright c© 2005 by ASME
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Figure 1. The Bicycle model.

Snakeboard [17], the Roller Racer [18] and the TRIKKE [19]. In
contrast to more conventional locomotion using legs or power
wheels, these robots rely on relative motion of their joints to ge
erate net motion of the body. The joint variables orshape vari-
ables, are moved in cyclic patterns giving rise to periodic sha
variations calledgaits. The motion of these systems is the resu
of a complex interplay between the shape inputs and the n
holonomic constraints acting on the system.

Two systems that are most relevant to this work are t
Roller Racer and the TRIKKE. The Roller Racer1 is a commer-
cial system that can be driven by a single periodic input appli
to the steering axis. In [18] Krishnaprasad and Tsakiris analyz
this novel locomotion system and presented analytical and exp
imental results that showed that the primary source of propuls
for this system was the periodic motion of the steering axis. T
TRIKKE2, is a three-wheeled system produced byTrikke Tech
Inc.. Analytical and experimental results for a simplified mod
of the TRIKKE were presented in [19]. The TRIKKE’s method of
propulsion is a variant of the Roller Racer’s. The main source
propulsion is by periodic motion of the steering handle. In add
tion, the TRIKKE allows the rider to lean from side to side an
use his body weight to speed up the system.

A TRIKKE has three wheels and thus is easy to balance.
contrast, a bicycle, with only two wheels, is an inherently uns
ble system. Any analysis for the bicycle must take into accou
the problem ofbalancing the bicycle as well. Rider effects were
mostly ignored in the analysis of the Roller Racer but will pla
a big part in the analysis of the bicycle. A rider is essential
balance the bicycle at lower speeds and we will present a c
1http://www.ics.forth.gr/∼tsakiris/Projects/RR.html
2http://www.trikke.com
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Figure 2. A rolling, falling disc.

troller that allows the rider to sway from side to side to balance
the bicycle.

This paper is organized as follows. In Section 2, we present a
detailed and complete nonlinear model for the bike. These equa-
tions have been derived earlier but mostly with the intention of
calculating the resultant linearized equations. Thus, the deriva-
tions tend to drop higher order terms from the beginning itself.
We present here a complete nonlinear derivation using Lagrange
D’Alembert equations. We treat the bicycle as a combination of
two rolling disks with the front and rear frames attached to the
front and rear disks respectively. Our approach greatly simpli-
fies the derivation of the equations of motion for the system. In
Section 3, we examine controllers for maintaining balance for a
bicycle with a rider on it. In Section 4, we present the main re-
sult for this paper, a method to drive the bicycle forward from
rest using only the periodic motion of the steering handle bars.

2 Nonlinear Model of the Bicycle
We choose to model the bicycle (Figure 1) as a set of 5 rigid

bodies - the front and rear wheels, the front and rear frames and
the rider attached by rotary joints. The front and rear wheels of
the bike are represented as rolling falling disks.

2.1 Rolling, falling disc
We start with a model for a rolling and falling disk as shown

in Figure 2. The generalized coordinates required to describe the
disk are(x,y,θ,φ,ψ). Here,(x,y) represent the coordinates of
the contact point of the disk in a global reference frameA. θ
represents the angle the disk makes with the positivex axis, φ
represents the lean or roll angle of the disk,i.e. the angle a line
joining the contact point on the ground and the highest point on
the disk makes with the positivez axis. ψ represents the net
rotation of the disk about the body fixedYb axis as shown in
Figure 2.
Copyright c© 2005 by ASME



The generalized coordinates required to describe the tw
wheels are given by(x f ,y f ,θ f ,φf ,ψ f ) and (xr,yr,θr,φr,ψr)
where the subscriptsf andr represent the front and rear wheels
respectively. The rear frame of the bike is attached by a rota
joint to the center of the rear wheel. Letγ represent the pitch of
the rear frame with respect to the rear wheel.γ = 0 when the
bicycle is in its equilibrium position.

The front frame of the bicycle is attached to the rear fram
by a steering axis tilted backwards at an angleα. Let δ represent
the angle through which the handle bars are rotated.δ = 0 when
the bicycle is in its upright equilibrium position. The rider is
modeled as a rotary link attached to the rear frame that can rot
about the body fixedx axis of the rear frame.

Thus, the bicycle (with rider) can be com-
pletely described by the set of generalized coordinat
q = (xr,yr,θr,φr,ψr,γ,δ,ρ,x f ,y f ,θ f ,φf ,ψ f ). Let n = 13
denote the number of generalized coordinates. The set
parameters needed to describe the bike are presented in Tab
Most of these parameters are based on the data in [13].
inertia parameters are specified with respect to a body fix
reference frame fixed at the center of mass of the system.
coordinates (for centers of mass, etc.) are specified with t
bicycle in its upright equilibrium position and with respect to the
FrameXYZ in Figure 1.

2.2 Lagrangian

To derive the complete model for the bicycle we make us
of twist vectors and the product of exponentials formulation
(See [20] for an introduction to twists and the product of ex
ponentials formulation). The model for the bicycle can be rep
resented as a series of translations and rotations along the
given in Table 2.

We can now use the product of exponentials formula to re
resent the position of the center of mass of the rear wheels and
rear frame in terms of the twist variables (which are also the ge
eralized coordinates representing the rear wheel and rear fram
For example, the position and orientation of the rear wheel
represented by

grw = eξ̂1xr eξ̂2yr eξ̂3θr eξ̂4φr eξ̂5ψr grw(0) (1)

wheregrw(0) represents the position and orientation of a refe
ence frame attached to the center of the rear wheel when the
cycle is in its equilibrium position. The front wheel of the bicy-
cle can be represented using a similar procedure and the co
sponding generalized coordinates and axes. We can write sim
equations for the rear frame(gr f ) and the front frame(g f f ) of the
3
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Parameter Description Value

w Wheel base 1.02 m
t Trail 0.08 m
α Head Angle arctan(3)
Rear wheel(RW)
Rrw Radius 0.3 m
mrw Mass 2 kg

Irw MI


0.06 0 0

0 0.12 0
0 0 0.06


kgm2

Rear frame (RF)
(xr f,yr f ,zr f) COM (0.3,0,0.5) m
mr f Mass 15 kg

Ir f MI


 9.2 0 −2.4

0 11 0
−2.4 0 2.8


kgm2

Front frame (FF)
(x f f,y f f ,z f f) COM (0.9,0,0.7) m
mf f Mass 4 kg

Ir f MI


 0.0546 0 −0.0162

0 0.06 0
−0.0162 0 0.0114


kgm2

Front wheel (FW)
R f w Radius 0.35 m
mf f Mass 3 kg

If w MI


0.14 0 0

0 0.28 0
0 0 0.14


kgm2

Rider
(xri,yri,zri) COM (0.3,0,1.2) m
(xle,yle,zle) Rider rotary

hinge position
(0.3,0,0.7) m

mri Mass 40 kg

Iri MI


20 0 0

0 0 0
0 0 0


kgm2

Table 1. Bike parameters.

bicycle.

gr f = eξ̂1xr eξ̂2yr eξ̂3θr eξ̂4φr eξ̂6γgr f (0),

g f f = eξ̂1xr eξ̂2yr eξ̂3θr eξ̂4φr eξ̂6γeξ̂7δg f f (0).

We will also derive the position of the center of the front
wheel and the orientation of its axle in terms of the generalized
coordinates used to describe the rear wheel, the rear frame and
the steering column. Thus,

gR
f w = eξ̂1xr eξ̂2yr eξ̂3θr eξ̂4φr eξ̂6γeξ̂7δgR

f f (0),

where we have used the superscriptR to denote that this ex-
pression is derived using the generalized coordinates for the rear
frame and steering column.
Copyright c© 2005 by ASME
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Twist Twist Vector Twist
Vari-
able
(qi)

Description

ξ1
[
1 01×5

]
xr translation alongX .

ξ2 [0,1,01×4] yr translation alongY .
ξ3 [01×5,1] θr orientation of rear wheel.
ξ4 [01×3,−1,01×2] φr roll angle of rear wheel.
ξ5 [Rrw,01×3,−1,0] ψr rotation of rear wheel.
ξ6 [Rrw,01×3,−1,0] γ pitch angle of rear frame.
ξ7 [0,(w + t)sinα,0,cos(α),0,

−sin(α)]
δ Steering angle.

ξ8 [1,01×5] x f translation alongX .
ξ9 [0,1,0,01×4] y f translation alongY .
ξ10 [01×5,1] θ f orientation of front wheel.
ξ11 [01×3,−1,01×2] φf roll angle of front wheel.
ξ12 [R f w,01×3,−1,0] ψ f rotation of front wheel.
ξ13 [0,−yle,0,−1,01×2] ρ lean of rider.

Table 2. Twist coordinates for a bicycle.

Giveng ∈ SE(3) representing the position and orientation o
a rigid body, the body velocity of the body is given byξ b = g−1ġ.
The product of exponentials formulation makes the calculatio
of this velocity easier. For example, the body velocity of the rea
wheel is now given by

ξ̂b =
5

∑
i=1

g−1
rw e−ξ̂5X5e−ξ̂4X4 . . .e−ξ̂iXi ξ̂iẊie

ξ̂iXi . . .eξ̂4X4eξ̂5q5grw.

whereX =
[
xr,yr,θr,φr,ψr

]
. Let ξb represent the body velocity

in vector form. The kinetic energy of the rear wheel is now give
by Trw = ξT

b Ĩrwξb. where

Ĩrw =
[

mrw
[
I3×3

]
03×3

03×3 Irw

]
.

while the potential energy isVrw = mrwggrw(3,4). Heregrw(3,4)
is thez coordinate of the center of the rear wheel.

Similar calculations are used to derive the kinetic and pote
tial energy of the rear frame, the rider, the front frame and th
front wheel. The total Lagrangian for the system is now give
by L = Trw +Tr f +Tf f +Tf w +Trider − (Vrw +Vr f +Vf f +Vf w +
Vrider).

2.3 Constraints
The bicycle model derived above uses a total of 13 gene

alized coordinates. However, the bicycle does not have as ma
degrees of freedom due to the presence of holonomic and no
holonomic constraints.

While we have used five generalized coordinates to represe
the front wheel, the position and orientation of the front whee
4
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(x f ,y f ,θ f ,φf ) is completely determined by the position and ori-
entation of the rear frame and the rear wheel and the steering
angle. In addition, the pitch of the rear frame (γ) is similarly con-
strained. Thus, a set of 5 constraints is needed to represent this
dependence. A first set of 3 constraints is obtained by equating
the position of the center of the front wheel derived through the
rear frame with the position of the same point derived through
the front wheel. This leads to the following set of equations:

f1 = gR
f w(1,4)−g f w(1,4) = 0,

f2 = gR
f w(2,4)−g f w(2,4) = 0,

f3 = gR
f w(3,4)−g f w(3,4) = 0.

Two further constraints can be obtained by equating the direction
of the body fixedy axis of the front wheel obtained using the two
approaches:

f4 = gR
f w(1,2)−g f w(1,4) = 0,

f5 = gR
f w(3,2)−g f w(3,4) = 0.

A set of four nonholonomic constraints also acts on the bi-
cycle and is given by:

ω1 = ẋr + Rrwψ̇r cosθr,

ω2 = ẏr + Rrwψ̇r sinθr,

ω3 = ẋ f + R f wψ̇ f cosθ f ,

ω4 = ẏ f + R f wψ̇ f sinθ f .

Thus, our approach models the bicycle using 13 generalized
coordinates. There are 5 holonomic and 4 nonholonomic con-
straints acting on the system.

2.4 Lagrange D’Alembert equations
The first step in deriving the dynamic equations of the bicy-

cle is to differentiate the holonomic constraints. This gives rise to
a set of 5 equations linear in the velocities of the system. Com-
bining these equations with the four nonholonomic constraints
gives a set of 9 equations linear in the velocities that can be writ-
ten in the form:

A(q)q̇ = 0. (2)

Since there are 13 generalized coordinates for the system,
we conclude that there are 4 independent speeds for the bicy-
cle with a rider. These speeds are any set of 4 that can be
Copyright c© 2005 by ASME



chosen from the velocities of the system. However, we choo
the following four generalized speeds as a set of independ
speeds:(ψ̇r, φ̇r, δ̇, ρ̇). These represent the angular velocity o
the rear wheel, the roll rate for the rear frame, the steering a
gle rate and the lean rate of the rider respectively. Let the c
responding set of generalized coordinates be denoted byq d =
(φr,ψr,δ,ρ). Further, let the remaining coordinates be denote
by qk = (xr,yr,θr,γ,x f ,y f ,θ f ,φf ,ψ f ). Then, we can separate
Equation 2 into two parts:

Ak(q)q̇k + Ad(q)q̇d = 0. (3)

Thus,

q̇k = −A−1
k (q)Ad(q)q̇d. (4)

This separation is valid as long asAk is non-singular. We now
write Lagrange’s equations using a set of Lagrange multiplie
λi’s as

Mi jq̈ j +Ci
jkq̇ jq̇k + Ni(q, q̇)+ (AT (q)λ)i = τi, i = 1, . . . ,n. (5)

HereM represents the mass matrix for the system and is giv
by Mi j = ∂2L

qiq j
. Ci

jk ’s represent the Christoffel symbols for the

system.Ci
jk = 1

2

( ∂Mi j
∂qk

+ ∂Mik
∂q j

− ∂Mk j
∂qi

)
. N represents the remaining

terms given byNi = ∂V
∂qi

. τ is a one-form of actuator forces acting
on the system. There are only two actuators on the system,

1. A steering actuator corresponding to the steering angleδ.
This corresponds to a rider applying a torque with his han
to turn the handle bars.

2. A rider lean actuator corresponding to the angleρ. This cor-
responds to the torque applied at the hip by a human rid
on a bicycle to lean his upper body from side to side.

Thus,τ =
[
01×6 τδ τρ 01×5

]
. The set of allowable directions of

motion for the system is given by the null space of the matrixA.
We can use Eq. 4 to easily derive an expression for the null sp
of A. Let Γ denote this null space. Thus, the allowable velocitie
for the system must lie in the space spanned by the column v
tors ofΓ, i.e., q̇ = Γq̇d . Note thatΓ will be a 13×4 matrix. We
can now write the reduced set of equations for the constrain
system by pre-multiplying Eq. 5 byΓ T . Since the columns of
Γ lie in the null space ofA, this operation will eliminate the la-
grange multipliers from the resultant set of equations.

It is worthwhile examining this process in more detail sinc
it can lead to significant simplification of the resultant equation
especially when the set of equations is computed symbolica
Eq. 5 can be split, after writing it in matrix form, as

Mkq̈k + Mdq̈d +C(q)[q̇, q̇]+ N(q, q̇)+ AT (q)λ = τ. (6)
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Figure 3. Eigenvalues for linearized bicycle with rider.

Here, the notationC(q)[q̇, q̇] for the centrifugal and coriolis terms
indicates their bilinear dependence on the velocities. Differenti-
ating Eq. 4, we can write

q̈k = −∂
[
A−1

k (q)Ad(q)
]

∂qk
q̇kq̇d −

∂
[
A−1

k (q)Ad(q)
]

∂qd
q̇dq̇d

−A−1
k (q)Ad(q)q̈d. (7)

Using Eq. 4 to substitute for ˙qk, we write

q̈k = −∂
[
A−1

k (q)Ad(q)
]

∂qk

(−A−1
k (q)Ad(q)

)
q̇d

− ∂
[
A−1

k (q)Ad(q)
]

∂qd
q̇dq̇d −A−1

k (q)Ad(q)q̈d. (8)

Substituting for ¨qk in Eq. 6 and then pre-multiplying byΓ T to
eliminate the Lagrange multipliers, we find

M̃q̈d + C̃(q)[q̇d, q̇d ]+ Ñ(q, q̇d) = τ̃. (9)

Here,

M̃ = ΓT Md +ΓT Mk(−A−1
k (q)Ad(q)),

C̃ = ΓT Mk

(
−∂

[
A−1

k (q)Ad(q)
]

∂qk

(−A−1
k (q)Ad(q)q̇d

)
q̇d

− ∂
[
A−1

k (q)Ad(q)
]

∂qd
q̇dq̇d

)
+ΓTC(q)[q̇, q̇],

, Ñ = ΓT ∂V
∂q

,

τ̃ = ΓT τ.

∂A−1
k

∂q is often difficult to compute symbolically while∂Ak
∂q is eas-

ier to compute.
∂A−1

k
∂q may be computed numerically using the
Copyright c© 2005 by ASME



following equation:

∂A−1
k

∂q
= −A−1

k
∂Ak

∂q
A−1

k .

Equations 4 and 9 together represent the complete re
duced dynamics of the system using a reduced set of variabl
(qk,qd , q̇d).

2.5 Linear Analysis
A linear analysis similar to [13] can be carried out for the

Bike with a rider. The analysis is carried out about a straigh
ahead, vertical position of the bike with a forward velocityv. It
results in a set of equations of the form

MLq̈d +
[
C1.v

]
q̇d +

[
K0+ K2.v2]qd = BLτL. (10)

whereqd = (φr,ψr,δ,ρ), τL = (τδ,τρ) and

ML =




93.3121 0 −1.18547 44
0 6.0857 0 0

−1.18547 0 0.2863 −0.4464
44.000 0 −0.4464 30.0000


 ,

C1 =




0 0−26.2328 0
0 0 0 0

0.7292 0 1.4703 0
0 0 −7.0686 0


 ,

K0 =



−588.1095 0 19.1697−196.2

0 0 0 0
19.1697 0−6.0620 0
−196.2 0 0 −196.2


 ,K2 =




0 0−55.3864 0
0 0 0 0
0 0 2.0528 0
0 0−18.6016 0




Figure 3 shows a plot of the eigenvalues for the open loop re
sponse of the system vs. the forward speedv. It can be seen that
one of the eigenvalues (corresponding to the uncontrolled ride
is always in the right half plane. Further, two other eigenval
ues have positive real parts for allv except for a certain range
of values. This is well known for an uncontrolled bike without
a rider [13]. It is also clear that except for the one eigenvalu
corresponding to the uncontrolled rider, the bike would be easil
controllable at higher speeds since all the other eigenvalues e
ther have negative real parts or (for one eigenvalue) a very sma
positive real part that can be easily controlled.

Our final goal in this paper is to be able to propel the bike
without pedaling and simultaneously maintain balance. We wil
first examine in the next section the latter aim,i.e. maintaining
balance for the bike. We are particularly interested in controller
that can achieve this at lower speeds. We will then examine (i
Section 4) the method for driving the bike without pedaling.
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3 Control of a Bicycle with a Rider
In this section, we will examine controllers for maintain-

ing balance for a bicycle with a rider on it. We will first exam-
ine input-output linearizing controllers and show that these con-
trollers are unsuitable for bicycles at rest. We will then look at
two controllers derived using linearized models for the bike.

3.1 Input Output Linearization
The Bicycle derived above has two inputs - the steering input

and the rider lean input. It seems conceivable that we could carry
out an input-output linearization of the bicycle to linearize the
response of two outputs using the two inputs.

3.1.1 Input-output linearization with output (φr,ρ)
Choose the output for the bicycle asz = (φr,ρ). Using Eq. 9 and
extracting the relevant terms, we can express the evolution of the
output in the following form,

z̈ =
(

φ̈r

ρ̈

)
=

(
Eφr

Eρ

)
+ F(φr,ρ)

(
τδ
τρ

)
. (11)

Now, a control law to linearize the response of the outputz =
(φr,ρ) is given by,

(
τδ
τρ

)
= −F−1

(φr,ρ)

[(Eφr

Eρ

)
+

(
vφr

vρ

)]
.

Substituting this controller into Eq. 11, we find ¨z =
(
vφr vρ

)T
.

We can now choosevφr andvρ to regulate(φr,ρ) to the equilib-
rium position(0,0).

(
vφr

vρ

)
= −Kp

(
φr

ρ

)
−Kd

(
φ̇r

ρ̇

)
. (12)

Here, Kp and Kd are chosen as positive definite matrices such
that the resulting error dynamics for(φr,ρ) exponentially con-
verge to(0,0). The linearizing controller is substituted back into
the dynamic equations for the system and a linear analysis is car-
ried out by linearizing the system about a straight ahead, vertical
position of the system with forward velocityv. The eigen val-
ues corresponding to this linearized system are plotted versus
the forward speedv in Figure 4. The system starts off with an
eigenvalue with positive real part atv = 0. The real part of this
eigenvalue becomes negative at a critical speedv = vc = 0.5906
m/s after which the controller easily stabilizes the system. The
critical speedvc corresponds to a rear wheel angular velocity of
approximately−2 rad/s. It should be noted that the imaginary
parts of the eigenvalues are very small (of the order of 10−6).
Copyright c© 2005 by ASME



0 2 4 6 8 10
−120

−100

−80

−60

−40

−20

0

20

v

vc

Figure 4. Eigen values : Input-output linearized system with output

(φr,ρ).

3.1.2 Input-output linearization with output (φr,δ)
An alternative set of outputs can be chosen as(φr,δ). Let the

desired behavior of the output be defined asφd = 0, φ̇d = 0,
δd = 0, δ̇d = 0. Input-output linearization using the choice of out
put given above results in zero dynamics for the bicycle syste
We are particularly interested in the zero dynamics of the rid
lean angle,i.e. what is the evolution ofρ corresponding to the
case where the output is forced to follow its desired behavior e
actly? The answer is found by substitutingφr = φd , φ̇r = φ̇d ,
δ = δd , δ̇ = δ̇d into the bicycle dynamics. Figure 5(a) shows
section of the behavior ofρ corresponding to an initial condition
of (ρ, ρ̇) = (0.3,0). A linearized analysis of the zero dynamic
for ρ reveals the existence of a center at(ρ, ρ̇) = (π,0), the verti-
cal down position of the rider. Thus, linearizing the response
φr,δ results in oscillatory motion of the rider about the vertica
down position. This behavior is obviously not desired.
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(a) Zero Dynamics of bicycle
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Figure 5. Input-output linearized system with output (φr,δ).

Figure 5(b) shows the eigen values for the controller d
scribed here. It is easy to see that this controller is always uns
ble. This behavior, where linearizing the response of the first li
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Figure 6. Eigen values : Input-output linearized system with output (ρ).

of a two-link underactuated systems leads to undesirable zero-
dynamics for the actuated second link, has also been observed
for the Acrobot model [21].

3.1.3 Input-Output Linearization: Single Output
Motivated by the actual behavior of a bicycle, a single output
can also be chosen for input-output linearization. As was shown
in [13], an unactuated bicycle is stable over a small range of for-
ward velocity of the bike. The difference between the model used
in [13] and our model is the presence of the rider and the two ac-
tuated inputs. Thus, it may be possible to stabilize the bicycle at
a higher speed by using the lean inputτ ρ to regulate the outputρ
toρd = 0. The basic idea here is to have the rider and bike behave
as a single rigid body. The resultant system now has properties
similar to the system in [13],i.e. a range of speed (different from
the range for the system in [13]) over which the system is stable.

Choose the output for the bicycle asρ. We will also use only
one inputτρ and setτδ = 0. We can gain more insight into the
behavior of the system through a linear analysis. Figure 6 repre-
sents the real parts of the eigen values of the resulant linearized
system after substituting the input-output linearizing controller
for ρ. The system starts off with two eigenvalues with positive
real parts at zero speed. As the forward velocityv of the bike in-
creases, these two eigen values coalesce into a pair of conjugate
values whose real part becomes negative forv = vc1 = 3.64 m/s.
For v > vc2 = 4.685 m/s, the real part of one of the eigen values
becomes positive again. Thus, forvc1 < v < vc2 the controller
derived with outputρ will be stable.

It is obvious from the results of this section that input-output
linearization is a bad choice for control of the bicycle at zero
velocity since it results in undesirable zero dynamics. We will
now derive a balancing controller for the bicycle at zero speed
based on a linear analysis of the system. The controller will be
derived using pole-placement for the linear model of the bicycle
derived in Section 2.5.
Copyright c© 2005 by ASME



3.2 Balancing Controllers at low speeds
Using the linear model for the bicycle derived in Section 2.5

a linear controller for balancing the bike can be easily derive
using pole-placement techniques. The poles of the system w
placed at(−10,−7.5,−6,−5,−3,−2). This results in a feed-
back law of the formτ = −KXr whereτ = (τδ,τρ) and Xr =
(φ̇r, δ̇, ρ̇,φr,δ,ρ). Also,

K=100

(−2.93 0.09 −1.29 −7.40 0.36 −2.70
−55.00 1.24−24.02−138.22 4.09−49.95

)
(13)

4 Forward propulsion of the bicycle without pedaling
We will now present the main result for this paper,i.e. the

propulsion of the bicycle without pedaling. The propulsion is
achieved by commanding the steering axis of the bicycle to fo
low a desired sinusoidal trajectory.

4.1 Periodic input
We start with the complete nonlinear equations of the bik

given by Eq. 9. The desired trajectory for the steering angleδ is
given by:

δd = δa sin(2π
t
T

).

To derive a control law that makesδ follow δd , we will linearize
the dynamics corresponding toδ. This is achieved using non-
linear feedback involving terms in(qk,qd , q̇d). We assume that
these quantities are available to us from different sensors, eith
encoders or an inertial measurement unit. From Eq. 9, we hav

q̈d + M̃−1C̃(q)[q̇, q̇]+ M̃−1Ñ(q, q̇) = M̃−1τ̃. (14)

The equation for̈δ is given by the 3rd row of Eq. 14:

δ̈ = Eδ(qk,qd, q̇d)+ Fδτδ + Fρτρ. (15)

HereEδ represents all the terms in the equation that are depe
dent on(qk,qd , q̇d) while Fδ and Fρ are the coefficients to the
steering and rider lean torques respectively.

4.2 Balancing Controllers
We will now illustrate the derivation of the complete con-

trol laws using the balancing controller derived in Section 3.2
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Figure 7. Simulation results with pole-placement based controller.

For the balancing controller derived using pole-placement tech-
niques, the controller torques are:

τρ = −K2p
[
φ̇r δ̇ ρ̇ φr δ ρ

]T
(16)

τδ =
1
Fδ

(
Kp(δd −δ)+ Kd(δ̇d − δ̇)−E(qk,qd, q̇d)−Fρτρ

)
.

(17)

whereK2p is the second row of the gain matrixK in Eq. 13.

4.3 Balancing Controller at higher speeds
Once the bicycle has gained speed and is traveling at more

than approximately 0.6 m/s, the input-output linearizing con-
troller derived in Section 3.1.1 can be used to stabilize the bi-
cycle.

4.4 Simulation results
Figure 7 presents results for the case where the pole

placement based balancing controller is used during the ini-
tial stages. The initial condition for the state of the system
is q = (04×1,−0.0001,0,0.1,0,w,0.0075,−0.0949,−0.0316,0)
and q̇d = (−0.1,0,0,0). The system uses the control law de-
scribed in Section 4.1 for a period of 12 seconds. During this
period the steering angle is subjected to a sinusoidal motion with
an amplitude of 0.4 and a frequency of 1Hz. The system builds
Copyright c© 2005 by ASME



up momentum for 12 seconds. Note that the system also rec
ers from its initial falling roll velocity. Further, although the sys
tem deviates considerably from its equilibrium position, the lin
ear controller is still able to balance the bike. It should be not
that the bicycle at rest is a very unstable system and may
be able to recover from bigger disturbances. However, as no
earlier a bicycle in motion exhibits better stability.

After 12 seconds, the forward speed of the bicycle is grea
than the critical speedvc required for the input-output controller
derived in Section 4.3 to stabilize the system. We now use t
input-output linearizing controller derived in Section 4.3 that a
tempts to regulate the roll of the rear frame (φr) and the lean of
the rider (ρ) to the equilibrium upright position. As can be see
from the system response, the bicycle is easily stabilized at
higher speed. The system finally stabilizes to an upright positi
with a constant forward velocity.

5 Motion Planning

Once the bike has gained some velocity, it can be steered
the rider by leaning from side to side. In this section, we prese
a rudimentary controller that lets a rider converge to a desir
trajectory. The controller functions by exploiting a phenomeno
commonly referred to ascounter-steering. Counter-steering is a
well-known method for steering motorcycles. A turn is initiate
by turning the steering handle in the opposite direction (to t
intended direction of the turn). This leans the bicycle into th
turn. After a certain point, because of the stability of the bike
speed, the steering angle turns back to the right angle for the t
to continue. Thus, the bicycle first turns in a direction opposi
to the intended direction. Note that we assume the absence
dissipative forces acting on the bicycle.

To use this kind of behavior to initiate the turn, we specif
a desired angleφd for the bike and rider and use the feedbac
linearized controller from Section 3.1.1. The effect of this con
troller is shown in Figure 8. Here, we start off by generatin
motion for the bike using a sinusoidal input as before. After
certain period of time, the sinusoidal input is stopped and the
cycle stabilizes to a straight forward motion. Now, the bike ca
be made to track a desired angular velocity. Given a forwa
velocity V and a desired angular velocityωd , the radius of the
circular trajectory followed by the bike isRc = V

ωd
and the lean

angleφd can be easily determined.φd is given by setting the
moment due to the weight of the bike about the point of conta
with the ground equal to the moment due to the centrifugal for
at the mass center of the bike. Thus,

mtω2
dRclt cosφd = mtglt sinφd (18)
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Figure 8. Simulation results for tracking a circular trajectory.

Hence

φd = arctan
ω2Rc

g
. (19)

Heremt is the total mass of the bike andlt is the (approximate)
distance of the center of mass of the bike and rider above the
ground in the upright position. In Figure 8, note the non-zero
roll angle required to keep the bike moving in a circle. Also note
thatρ = 0 when the bike is traversing the circular trajectory,i.e.
the rider stays fixed relative to the bike.

Counter-steering can be seen more clearly in a different case.
Here, the goal is to converge to a trajectory with(xd ,yd ,θd) =
(0,−3,0), i.e. yd = constant= −3. The controller used here is
the same as in Eq. 19 exceptωd is now specified by the following
control law

ωd = Kω
p (yd − yr)+ Kω

d V sinθr. (20)

Figure 9 plots these results. The controller that converges on the
desired trajectory is switched on att = 15s. It can be clearly
seen from the plot ofθ vs. t that the system turns initially in
the counter-clockwise direction before turning back in the clock-
wise direction and converging on the desired trajectory. (Note
that because of the convention adopted, positiveδ is the result of
turning the steering handle clockwise).
Copyright c© 2005 by ASME



0 10 20 30 40 50 60
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

x

y

(a) Trajectory of
contact point of
rear wheel.

0 5 10 15 20 25 30 35 40
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

t(s)

θ

(b) θ vs. t

0 5 10 15 20 25 30 35 40
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

t(s)

φ

(c) Roll Angle of
Bike.

0 5 10 15 20 25 30 35 40
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

t(s)

δ

(d) Steering an-
gle.

0 5 10 15 20 25 30 35 40
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

t(s)

ρ

(e) Lean angle.

0 5 10 15 20 25 30 35 40
−6

−5

−4

−3

−2

−1

0

t(s)

ψ̇r

(f) Angular
velocity of rear
wheel.

Figure 9. Simulation results for lane change.

6 Conclusions
We have shown that it is possible to propel a pedal-less bi

solely by periodic motion of the steering handle of the bicycle
We have also shown that a rider on the bike can actively balan
the bicycle while propelling the bike forward in this manner. W
have also shown how, once the bicycle gains some speed,
bicycle can be controlled to converge to a desired trajectory. T
analysis presented here offers the first explanation of our origin
observation that bike riders can sometimes balance their bik
almost at rest.

REFERENCES
[1] Whipple, F. J. W., 1899. “The stability of the motion of a

bicycle”. The Quarterly Journal of Pure and Applied Math-
ematics, 30, pp. 312–348.

[2] Rankine, W. J. M., 1869. “On the dynamical principles o
the motion of velocipedes”.The Engineer, 28.

[3] Klein, F., and Sommerfeld, A., 1897.́’Uber die Theorie
des Kreisels. Teubner, Leipzig. Chapter IX, Section 8 ,
”Stabilit’́a des Fahrrads, 1910, pp. 863-884.

[4] Timoshenko, S., and Young, D. H., 1948.Advanced Dy-
namics. McGraw-Hill Book Company, New York.
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