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LETTERS TO THE EDITOR 

IN-PLANE VIBRATION OF POINT-SUPPORTED RECTANGULAR PLATES 

The natural frequencies (the dimensionless frequency parameters) and the mode shapes 
of in-plane vibration are presented for point-supported rectangular plates. For this 
purpose, the deflection displacements of the plate are written in a series of the product 
of the power functions, and the frequency equation is derived by the Ritz method. There 
have been many papers available on in-plane vibration of circular plates, but few about 
rectangular plates. Irie et al. [l] studied annular plates by using the transfer matrix method 
and reviewed some papers dealing with in-plane vibration of circular plates. Kawai and 
Yoshimura [2] and Yamabuchi and Kagawa [3] investigated the in-plane vibration of 
rectangular plates by using the finite element method. 

Figure 1 shows a rectangular plate supported at several points. With the length of two 
edges denoted by 2a, 2b and the co-ordinates of the supports by (Xi, yi), the rectangular 
co-ordinates (x, y) are taken in the middle surface of the plate. The maximum kinetic 
and strain energies of the plate are written as 

T=;pHw’ (u’+v*) dx dy, (1) 

in terms of the maximum in-plane deflection displacements U, u in the x- and y-directions, 
respectively, where p is the mass density, H is the plate thickness, w is the frequency in 
radians/second, and D is the extensional rigidity expressed as D = EH/( 1 - v’) by using 
the Young’s modulus E, the Poisson ratio v and the plate thickness. Introducing the 
non-dimensional variables 5 =x/a and 77 = y/b to equations (1) and (2) enables the 
deflection displacements of the plate to be expressed as 

u = f ; AnX”~“, v= c” I? &X”~“, 
m=O n=O m=O n=O 

(3) 

in terms of polynomial functions. The Lagrange functional of the point-supported plates 
is written as 

L= T- u- i {hin([i, n,)+piu(Si, ni)], (4) 
i=l 

i 

Figure 1. A point-supported rectangular plate. 
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where hi and kI are the Lagrange multipliers expressing the components of the unknown 
reaction forces at the point-supports. By substituting the equations which are obtained 
by the substitution of equations (3) into equations (1) and (2) into the conditions for a 
stationary value of the Lagrange functional (4), 

aL/aAk, = 0, aLIaBk, = 0, (k=0,1,2 )...) M; I=O, 1,2,. . . , N), 

aLlah, = 0, aL/apj = 0, (j = 1,2,. . . , I), 

the following equations are derived: 

(5) 

+F ; ;: pi.&f=O, (7) 
m=O n=O *=, 

Here 

For simplicity of the analysis, the following dimensionless quantities have been intro- 
duced: 

P = bla, a2 = pHo*abl D (frequency parameter). (IO) 

Equations (6), (7) and (8) are linear homogeneous equations in the unknown coefficients 
A B,,, Inn, & and pi. The natural frequencies of the plate are determined by calculating 
the eigenvalues R, and the mode shapes of vibration are determined from equations (3) 
by calculating the coefficients corresponding to the eigenvalues. 

Consider a plate supported at four points symmetrically located with respect to two 
axes. In a plate with structural symmetry, only symmetrical (S-type) and antisymmetrical 

TABLE 1 

Power of dejection functions 

Vibration u 
mode h ;i 

V 

5i ii+ 

ss 
SA 
AS 
AA 

Odd 
Even 
Odd 
Even 

Even 
Even 
Odd 
Odd 

Even 
Odd 
Even 
Odd 

Odd 
Odd 
Even 
Even 
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(A-type) vibrations arise due to the axes of symmetry, and it is sufficient to consider only 
a quarter-part of the plate. It is possible to classify the vibration modes into four types 
by taking the integer numbers m and n written in Table 1 as the powers in equations (3). 

In the numerical calculation, the number of terms M x N of the series in equations 
(3) may be truncated at an appropriate finite number by considering the convergence of 
the numerical solution. Table 2 shows the convergence characteristics of the eigenvalues 
of vibration for a point-supported square plate when the number of term M x IV increases. 
The values converge within the range of two or three significant figures with an increase 
in number of these terms. In the present calculation, 7 x 7 terms were used which assures 
sufficient accuracy for practice. 

TABLE 2 

Convergence characteristics of eigenvalues of vibration for 
a point-supported square plate: u = 0.3, 5, = 71, = 0.5 

MxN SA-1 ss-1 ss-2 AA-l 

5X5 1.610 1.489 2.020 2.002 
6x6 1.593 1.489 1.987 1.962 
7x7 1469 1.488 1.919 1,921 
8x8 1.430 1.488 1.877 1.865 

The eigenvalues of vibration for a completely free rectangular plate obtained here are 
compared with the values obtained by Kawai and Yoshimura [2] in Table 3, and the 
values are in good agreement. 

Figure 2 shows the eigenvalues of vibration R for square plates versus the co-ordinate 
5, = rll of a supported point. In the case of 5, = 77, = 0, the plate is supported by a point 
at the center, and the eigenvalues of vibration for SS- and AA-type vibrations agree with 
the values for completely free plates. 

Figure 2. Eigenvalues of vibration of point-supported square plates. Y = 0.3; fi = 1. 
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TABLE 3 

Comparison of eigenvalues of vibration for a 
free rectangular plate; v = 0.3, p = 0.5 

Vibration 
mode Present 

Kawai and 
Yoshimura [2] 

AS-l 0.6907 0.7277 
ss-1 1.047 1.049 
AA-1 1.155 1.228 
AA-2 1.671 1,809 
AS-2 1.691 1.787 
ss-2 1.840 1.900 

Figure 3 shows the eigenvalues of vibration fl versus the length ratio. In the case of 
/3 = 1, the eigenvalues of vibration for SA- and AS-type vibration take on the same value 
because of the symmetry on the diagonals of the plate. 

Figure 4 shows the mode shapes of point-supported square plates. The points marked 
with 0 represent the locations of the supports. The thick lines show the composition of 
the x- and y-direction displacements, where the maximum displacements are taken to 
have unit values. With variation of the co-ordinate & = v,, the mode shapes change, 
being affected by the locations of the supports. The eigenvalues of vibration increase 
considerably when the plate is supported at points where the displacements are large. 

I 1 

3 da’ 

I __---_ 
_---- --AA-4 --_ 

Figure 3. Eigenvalues of vibration of point-supported rectangular plates. Y =0.3; 5, = 1), = 0.5. 
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AA-I SS-I SA-I ss-2 ss-3 SA-2 

n=l.lSO I.314 I.432 I.494 I.726 I.065 

SA-I ss- I ss-2 AA-I ss-3 SA-2 

fi =I.469 I.488 I.919 1.922 2.190 2.328 

ss-I AA- I SA-I ss-2 SA-2 ss-3 

L-l= I.317 1.659 I .790 2.071 2.188 2.405 

Figure 4. Mode shapes of point-supported square plates. v = 0.3; p = 1. 
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