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A VECTORIAL APPROACH TO COMPUTATIONAL
MODELLING OF BEAMS UNDERGOING FINITE ROTATIONS
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ABSTRACT

The description of �nite rotations of beam-like structures using rotational parameters is not the most e�cient,
from a computational standpoint, because of the non-vectorial nature of �nite rotations in three-dimensional
space. In the present study, the classical rigid cross-section assumption is abandoned and the motions of beam
directors in three-dimensional space is represented using vector quantities so that the resulting con�guration
space of a beam becomes a linear vector space. Issues concerning the proper constitutive relations are also
discussed. Numerical results illustrate that the present approach produces attractive properties for various non-
linear problems involving very large rotations compared to the conventional rotational parameter approach.
? 1998 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1. General remarks

The interest in e�cient and reliable modelling of beam-like structures is demonstrated by the
signi�cant body of literature devoted to this subject. Many structural members can be modelled as
beams and their applications span a broad range of engineering �elds. Especially, the computer-
based geometrically non-linear analysis of 
exible three-dimensional structures has attracted consid-
erable interest in recent years. In the aerospace �eld, this is due to the establishment of challenging
goals for space research, such as the space station, space-based antennae and telescopes, solar arrays
and a variety of similar devices. Further interest comes from the need for e�cient computational
tools in stability analyses of weight-optimized, highly 
exible frame structures, crash analyses
and simulations of multi-body and free-
ying body dynamics that exhibit pronounced geometrical
non-linearities.
A general three-dimensional non-linear formulation is not a simple extension of a two-

dimensional formulation because fully three-dimensional �nite rotations have to be accounted for
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that are not vector quantities.1 This is in contrast with shell elements in which the nodal rotations
are two-dimensional objects due to the absence of the drilling rotation.2

The use of rotation group (or orthogonal rotation tensor) in the kinematics of deformation is
inevitable if the beam �nite element formulation is to be constructed based on the classical rigid
cross-section assumption. Among others, three-parameter representation of the rotation group such
as the Euler angles and the rotation vector appears to lead the development of �nite rotation beam
elements due to its close link to the traditional concept of rotation and moment.3–14

All formulations using rotational parameters su�er from one inherent drawback: they are re-
stricted to small rotations between two successive load increments during the deformation process.
This limitation arises because the con�guration space of a beam is a non-linear function of rota-
tional parameters and thus forming the incremental equilibrium equations for non-linear analyses
requires the linearization of the con�guration space. The formulations based on the approxima-
tion require small rotation increments and, consequently, small load increments leading to slow
convergence.4; 15 Other di�culties associated with the non-vectorial nature of three-dimensional
�nite rotations are the extra storage and calculations necessary to avoid the singularity and the un-
symmetric tangent sti�ness matrices resulting from the Eulerian treatment of the three-dimensional
rotation.5; 6 In dynamic analyses, the resulting mass and gyroscopic matrices are con�guration-
dependent, which increases the computational cost.6; 7

1.2. Historical review

Papers by Besseling16; 17 appear to be the �rst ones in which the geometrical sti�ness matrices
for large de
ections were established with the attention to the intricacies of rotational parameters.
Argyris et al.18; 19 developed an ingenious formulation entirely based on the concept of semi-
tangential rotation which corresponds to the semi-tangential moments introduced by Ziegler.20

Although the resulting tangent sti�ness matrices are symmetric due to the semi-tangential rotation
being commutative, the classical meaning of rotation and moment were lost and the formulation
was restricted to straight beams.
A paper by Argyris3 triggered the virtually exclusive use of rotation vectors in the subsequent

works on �nite rotation analyses. Simo and Vu-Quoc5 proposed an Eulerian formulation adopting
the classical concept of rotation. Thus, rotations were regarded as actions of the orthogonal group
in the Euclidean 3-space which do not commute. The resulting tangent sti�ness matrices are un-
symmetric even for conservative loadings. They provided a con�guration update procedure which
is an algorithmic counterpart of the exponential map of a skew-symmetric matrix associated with
the rotation vector, in which extra storage and manipulation for four quaternion parameters are
necessary. Cardona and Geradin,6 using the rotation vector, gave general treatments of Eulerian,
total and updated Lagrangian formulations. The use of Lagrangian formulation yielded symmetric
tangent sti�ness matrices. To avoid singularity in �nite rotation analyses, frequent con�guration
updates are needed and the rotational vector should be corrected in a global sense. Ibrahimbegovic
et al.8 also followed this approach. In these papers, the linearization of the equilibrium equations
were achieved with the aid of the concept of directional derivative in the theory of non-linear
manifolds.21

There are numerous papers in which authors used linearizations di�erent from that of the papers
mentioned above. Surana and Sorem4 and Dvorkin et al.9 employed the degenerated beam concept
to develop total Lagrangian formulations. Euler angles4 and a rotation vector9 were chosen as
kinematic variables and the quadratic terms in the series expansion of rotation tensor were kept in

Int. J. Numer. Meth. Engng., 41, 527–540 (1998) ? 1998 John Wiley & Sons, Ltd.



A VECTORIAL APPROACH TO COMPUTATIONAL MODELLING 529

the linearization process. Kouhia22 and Saleeb et al.23 pointed out the importance of including the
quadratic terms in their rotational parameter formulation for buckling analysis. A beam model based
on a helicoidal approximation was proposed by Borri and Bottasso.24 Danielson and Hodges25 used
the method of a decomposition of the rotation tensor.
The co-rotational approach seems to o�er a non-linear framework in which standard linear

formulations are used with respect to the rotating frame and non-linearity is introduced via the
rotation of this frame. Earlier works on the co-rotational approach26; 27 simply apply transformation
matrices to linear sti�ness matrices not accounting for the variation of these transformation ma-
trices. Bathe and Bolourchi10 developed a three-dimensional degenerated beam element based on
Euler angles. Rotation vector based co-rotational elements can be found in References 11 and 12.
A notable contribution to the co-rotation formulation was made by Rankin and Nour-Omid,28 who
developed an element-independent algorithm where the invariance principle of rigid-body rotation
is satis�ed. Because the geometrical non-linearity comes only from the rigid-body rotation, these
formulations are restricted to small strain problems. A recent article by Atluri and Cazzani29 pro-
vides a comprehensive exposition including an extensive list of references on �nite rotations in
computational solid mechanics.

1.3. Objectives, scope and outline

The existing �nite elements for �nite rotation beams su�er from limitations associated with the
use of rotational parameters. To overcome these limitations, a completely di�erent approach is
taken in this study. In the present kinematics of deformation, the traditional rigid cross-section
assumption in bending is discarded and the cross-sections are allowed to deform in their own
planes. The result of this choice is that in contrast with the rotational parameter approach, the
con�guration space of the beam becomes a linear vector space in which the exact linearization
exists and the con�guration update can be achieved by simple vector additions. The cross-sectional
warping is also considered because the warping can signi�cantly a�ect the response and stability
of structures.30; 31

The �rst objective of this paper is to derive a consistent �nite element formulation based on
the classical director approach and the vectorial description of the director displacement �eld. Due
to the three-dimensional nature of the resulting strain �eld, a proper beam constitutive law needs
to be considered. The second objective is to demonstrate through numerical tests that the pro-
posed formulation possesses computational advantages over the rotational parameter approach in
non-linear response and stability analyses owing to the vectorial kinematics.

2. GEOMETRY AND KINEMATICS OF DEFORMATION

In the following, Latin indices have the values 1, 2 and 3, Greek indices 1 and 2, and repeated
indices in a term are summed over the appropriate values.
Consider a three-dimensional slender beam in Figure 1. For the description of geometry and

kinematics of deformation, a �xed global Cartesian co-ordinate system (x; y; z) is de�ned with unit
vectors ei. Let a curve C, the beam axis, embedded in three-dimensional space R3, be de�ned by
the equation

x0 = x0(�3) (1)
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Figure 1. Geometry and kinematics of deformation

Figure 2. Graphical interpretation of the uniformly deformable cross-section

where x0 is the position vector of a point on C in the initial undeformed con�guration. �3 is
regarded as a convected co-ordinate de�ning points on the curve C. Let

a3 ,
@x0
@�3

(2)

be a unit vector tangent to the curve. Without loss of generality, �3 can always be chosen so that
‖a3‖=1. A beam is de�ned to be a curve at each point of which there are two assigned directors.
Thus, two directors a� which are orthonormal in the reference (undeformed) con�guration, are
assigned to every point of C. Let �� be the material co-ordinates along a�. Then (�1; �2; �3) form
a curvilinear co-ordinate system along the beam axis.
Let x be the position vector of a generic point P in the cross-section normal to the beam axis

at x0. With the above de�nitions of the co-ordinate systems at hand, the position vector x can be
expressed in terms of the global co-ordinates as

x= x0 + ��a� (3)

To parameterize the displacement �eld, the classical assumption of rigid cross-sections in bend-
ing is abandoned. That is, any initially straight line segment on a cross-section remains straight
and the angle of distortion is constant over the cross-section after deformation. The geometrical
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interpretation is depicted in Figure 2. As the body deforms, a� become a′� and the vector a
′
3 can

be formed such that

a′3 = a
′
1× a′2 (4)

is still normal to the deformed cross-section. The vectors a′1 and a
′
2 are allowed to change their

lengths and the condition a′1 • a′2 = 0 is no longer valid according to the present assumption of
deformable cross-section. Therefore, the three-dimensional motions of the two directors can be
completely described with six vector components.
Taking into account the cross-sectional warping, the displacement of a point u can then be

expressed as

u= u0 + ��u� + uf (5)

where u0 is the translational displacement of the beam axis, the director displacement vectors u�
are de�ned as

u� , a′� − a� (6)

and uf represents the cross-sectional warping displacement.
The warping of the cross-section is represented by a warping displacement �eld superimposed

over the 
at cross-section parallel to the beam axis in the deformed con�guration. For this pur-
pose, the vector A3 is de�ned such that it is in the direction of the beam axis in the deformed
con�guration:13

A3 =
@(x0 + u0)
@�3

(7)

Then the warping displacement uf can be written as

uf = b(�3)W (�1; �2)A3 (8)

where W is a suitably chosen warping function and b is its coe�cient. The unit vector a′3 di�ers
from A3 in direction because of the non-zero transverse shear strains.
In the absence of warping, the con�guration space under the present approach is a linear vector

space where the exact con�guration update is achieved by simple vector addition. This is in contrast
with the conventional rotational parameter approach based on the rigid cross-section assumption.

3. FINITE ELEMENT MODELLING

For a three-dimensional body in equilibrium state, the principle of virtual work states that∫
V
(�E)T S dV − �W =0 (9)

where S is the second Piola–Kirchho� stress vector, E is the Green–Lagrange strain vector and �W
is the external virtual work. The volume integration is carried out over the reference (undeformed)
con�guration. The Green–Lagrange strain vector E is de�ned as

E=(E11 E22 E33 2E12 2E23 2E31)T (10)
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where Eij are the components of the Green–Lagrange strain tensor measured in the curvilinear
co-ordinate system (�1; �2; �3).32 The second Piola–Kircho� stress vector is related to the strain
vector such that

S=CE (11)

where C is the linear elastic material sti�ness matrix.
Based on equations (1) and (5) the strain vector E can be symbolically approximated as

E=
∑
PkEk (12)

In the above equation, Ek are dependent on �3 only, while Pk is independent of �3. The �rst
term in equation (9) can then be integrated a priori over the cross-sections. In the �nite element
modelling, the x0 and a� vectors describing geometry and kinematic variables u0, u� and b are
then expressed in terms of the nodal values with the nodes located along the �3-axis.
Unlike conventional beam theories based on the rigid cross-section assumption, the extensional

strains (E11 and E22) and the in-plane shear strain (E12) have non-zero values under the present
kinematic assumption. Therefore, a three-dimensional constitutive relation involving six components
of strain and stress must be established. However, the use of the classical Hookean law yields
grossly erroneous results because the coupling between axial strains and axial stresses causes the
deformed states to violate the assumption in the kinematics of deformable cross-section.15 A stress–
strain relationship which is consistent with the kinematics of deformation is constructed by �rst
expressing strain in terms of stress such that

E=CS (13)

where C is the 6× 6 matrix of elastic compliance coe�cients of a given material. The o�-diagonal
terms are set to zero and the resulting matrix is then inverted to obtain the desired C matrix. For
orthotropic materials, this process leads to a material sti�ness matrix expressed as follows:

C=




E1 0 0 0 0 0

0 E2 0 0 0 0

0 0 E3 0 0 0

0 0 0 G12 0 0

0 0 0 0 G23 0

0 0 0 0 0 G31




(14)

where Ei and Gij are the Young’s moduli and the shear moduli, respectively. For isotropic mate-
rials, single values of Young’s modulus E and shear modulus G are used.
Among the six components of strain, the magnitude of the axial strain E33 is much larger than

those of the other strain components. For thin beams undergoing bending actions, the condition
that all strain components except E33 become zero induces the element locking because E33 and the
other strain components are kinematically coupled. The locking can be eliminated by the reduced
numerical integration relaxing the zero strain condition as long as the reduced integration does not
trigger any spurious kinematic modes.
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Table I. De
ections of a pinched ring—locking test

Normalized de
ection w
Number
of elements R=t=10 R=t=100 R=t=1000

2 0·981 0·956 0·955
4 1·014 0·995 0·994
8 1·009 0·999 0·999
16 1·008 1·000 1·000

4. NUMERICAL TESTS AND DISCUSSIONS

Several non-linear benchmark tests are conducted to demonstrate that the proposed vectorial kine-
matics of deformation produces improved incremental=iterative performances over the rotational
parameter approach. Three node quadratic elements with nine degrees of freedom per node are
used in the numerical tests. The reduced integration (the two-point Gaussian quadrature in this
case) is employed to eliminate the element locking.
A full Newton–Raphson solution procedure under the total Lagrangian setting is employed in

all the calculations reported herein. Convergence of the �nite element solution is established based
on the Euclidean norm of the normalized incremental displacement. The criteria is

1
2

( ‖�qt‖
‖(n)qt‖ +

‖�qd‖
‖(n)qd‖

)
¡ �s (15)

where �q is the incremental displacement vector and (n)q is the accumulated displacement vector
at the current state and �s is an error tolerance. A value of �s = 10−4 is used for all of the
calculations. The subscripts d and t denote the nodal degrees of freedom corresponding to u� and
to u0 and b in equations (5) and (8).
To trace the non-linear equilibrium paths, a modi�ed arc-length method33 is employed and the

instability points are sought through criteria suggested by Bergan34 in which the determinant of
the tangent sti�ness matrix and the sti�ness parameter play key roles.
Simple polynomial functions are used as the basis of warping function W (�1; �2) in this study.

For example, skew-symmetric polynomials such as �1�2, �31�2 and �1�
3
2 produce excellent results

for rectangular cross-sections.

4.1. Pinched ring—locking test

A circular ring of unit width subject to two opposite concentrated loads as shown in Figure 3
is chosen to test the e�ects of the locking as the radius-to-thickness ratio becomes very large.
Owing to the symmetry of geometry and loading condition, only a quarter of the ring is modelled
with the proposed elements. An isotropic material with Young’s modulus of E=107 psi and shear
modulus of G=5× 106 psi is used.
Three meshes of 2, 4, 8 and 16 elements equally spaced along the circumference and three values

of radius-to-thickness ratio R=t are used to parameterize the curvature e�ect. Linear analyses is
conducted with unit loading P=1 lb to calculate the de
ections of the loading points w. Table I
lists the de
ections of the loading points normalized by the theoretical value.35 Calculated and
theoretical values are in excellent agreement as convergence is achieved with eight elements.
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Figure 3. Circular ring under concentrated loads

Figure 4. 180◦ rigid-body rotation of a single element

These results demonstrate that the proposed element, having six non-zero strain components, is
very accurate and free of locking under the reduced integration.

4.2. Rigid-body rotation test

Because the strain energy and the internal stress of a deformable body should be invariant
under any amount of rigid-body rotations, passing a rigid-body rotation test is one of the crucial
requirements for �nite elements to simulate deformations involving �nite rotations accurately. For
this reason, a 180◦ rigid-body rotation of a hinged beam modelled with one element as shown
in Figure 4 is considered. The beam is 10 in long, 0·3 in thick, and with unit width. An isotropic
material with Young’s modulus of E=106 psi and shear modulus of G=4× 105 psi is used.
A displacement control is applied in one step.
Table II contains the convergence behaviour of the axial stress S33 and shear stress S23 at the

centre of the beam and the normalized error � de�ned in equation (15). Surprisingly, convergence is
achieved with only one non-linear iteration following a linear analysis. The invariance condition,
i.e. the zero stress condition of rigid-body rotation is also veri�ed. These results illustrate the
importance of the exact linearization and con�guration updating guaranteed by the present vectorial
description of the director displacement �eld.
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Table II. Convergence behaviour of the 180◦ rigid-body rotation

Non-linear iterations

Linear analysis 1 2 3

S33 0·2841× 105 0·3433× 10−7 0·1787× 10−9 0·3062× 10−9
S23 0·1943× 104 0·7783× 10−9 0·2566× 10−10 0·8003× 10−10
� 1·000 0·7073× 10−5 0·3551× 10−8 0·1950× 10−9

Figure 5. 180◦ twist of a cantilever beam

Figure 6. (a) 45◦ bending problem; (b) deformed shapes for P=300 lb and (c) P=600 lb

4.3. 180◦ twist of a cantilever beam

A cantilever beam subject to an end torque T is considered to examine torsional behaviour of
the proposed element. The beam is 10 in long, 0·25 in wide, and 0·1 in thick. An isotropic material
with Young’s modulus of E=12× 106 psi and shear modulus of G=4·6× 106 psi is used. The
beam is modelled with �ve elements. Because no angles are used in the present �nite element
formulation, torques are modelled as forces following the motion of directors.
The convergence is achieved in 15 Newton–Raphson iterations. The midplane of the undeformed

and deformed con�gurations are shown in Figure 5. The total load needed to reach the 180◦ twist
is approximately 7760·3 in lb, applied in only one load step. No previous solution of this problem

? 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 41, 527–540 (1998)
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Table III. Tip displacements of a 45◦ bend

Tip displacement (u; v; w)

Element P=300 lb P=600 lb

Present (−7·13;−12·03; 40·31) (−13·70;−23·64; 53·46)
Bathe and Bolourchi10 (−6·8;−11·5; 39·5) (−13·4;−23·5; 53·4)
Cris�eld11 (−7·13;−12·18; 40·53) (−13·69;−23·87; 53·71)
Simo and Vu-Quoc5 (−6·96;−11·87; 40·08) (−13·50;−23·48; 53·37)
Cardona and Geradin6 (−7·15;−12·07; 40·35) (−13·74;−23·67; 53·50)
Dvorkin et al.9 Not reported (−13·6;−23·5; 53·3)
Surana and Sorem4 Not reported (−13·3;−23·7; 53·2)

Table IV. Incremental=iterative performance for the 45◦ bend—Comparison

P=300 lb P=600 lb

Element Load steps Iterations Load steps Iterations

Present 1 8 1 13
Bathe and Bolourchi10 60 equal increments
Cris�eld11 1 9 3 17
Simo and Vu-Quoc5 1 13 3 27
Cardona and Geradin6 6 equal increments, total 47 iterations
Dvorkin et al.9 10 equal increments, total 34 iterations
Surana and Sorem4 10 equal increments, total 35 iterations

using a beam element has been reported. Only recently, Simo et al.36 conducted this test using a
shell element using rotation vectors as kinematic variables. They reported that they had a converged
result, but did not state what the total load was or the number of iterations required. Three load
steps were needed in their calculation.

4.4. 45◦ bend subject to an out-of-plane force

A 45◦ bend of unit square cross-section and radius of 100 in subject to an out-of-plane shear
load P as shown in Figure 6(a) is modelled with 5 and 8 elements for P=300 lb and P=600 lb,
respectively. An isotropic material with Young’s modulus of E=107 psi and shear modulus of
G=5× 106 psi is used for this problem. This example involves a genuinely three-dimensional
response and has been studied by a number of authors using the rotational parameter approach.
The undeformed and deformed con�gurations are shown in Figures 6(b) and 6(c). Table III

compares the present solution with those given by a number of authors for the tip displacements.
Table IV compares the incremental=iterative performances. This type of comparison cannot be
de�nite because of di�erent convergence criteria but does give an overall trend. The converged
solutions of numerous elements including the present one are so close to one another that no prac-
tical distinction can be made in terms of accuracy. However, the incremental=iterative performance
of the proposed element is far better than existing ones. Only the proposed element converges for
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Figure 7. (a) Clamped-hinged deep circular arch subject to a concentrated downward force at the apex. (b) Deformed
shapes of the clamped-hinged circular arch for various load levels

Figure 8. Equilibrium path of the clamped-hinged deep circular arch

Figure 9. Hinged deep circular arch subject to a concentrated downward force at the apex

P=600 lb in one load step and the number of iterations required is signi�cantly less than the other
elements listed in Table IV. These results demonstrate that the present vectorial description of the
director displacement �eld is more e�ective than the rotational parameter description, especially
in the problems involving three-dimensional large rotations.

? 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 41, 527–540 (1998)
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Figure 10. Non-linear behaviour of the clamped-hinged deep circular arch: (a) load–de
ection curve; (b) sti�ness parameter
Sp and determinant det(Kt)

4.5. Buckling of a clamped-hinged circular arch

Consider a clamped-hinged circular arch as shown in Figure 7(a) subjected to a downward point
load P at the apex. The radius R is 100 units and the cross-section is a unit square. An isotropic
material with Young’s modulus of E=12× 107 and shear modulus of G=6× 107 is used. This
arch undergoes limit point bucklings due to its unsymmetricity of the boundary condition. The
entire arch is discretized with 12 equally spaced curved elements.
The deformed con�gurations for various values of load levels are shown in Figure 7(b) illustrat-

ing how the structure gradually becomes unstable undergoing large rotations. The entire non-linear
equilibrium path is shown in Figure 8. The postbuckling behaviour of this particular structure is
very unusual—four limit points and a pair of turning points. The analytical solution for the crit-
ical load (the �rst limit point load) based on the Kirchho�–Love theory given by DaDeppo and
Schmidt37 is P=10 270 and in agreement with the calculated value of P=10 310.

4.6. Hinged deep arch under an apex load

A hinged circular arch subject to a central point load P is shown in Figure 9. The radius R
is 100 units and the cross-section is a unit square. An isotropic material with Young’s modulus
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E=106 and shear modulus G=3·8× 105 is used. This structure has two instability points on the
non-linear path with bifurcation occurring before the limit point is reached. The entire arch is
modelled with 10 equally spaced curved elements.
The non-linear equilibrium path, shown in Figure 10(a), is traced until the applied force P

vanishes after the snap-through of the arch. The sti�ness parameter Sp34 and the determinant of
tangent sti�ness matrix det(Kt) are calculated at every iteration to detect the instabilities as shown
in Figure 10(b). The calculated bifurcation and limit points are P=13·0EI=R2 and P=15·2EI=R2,
respectively. These values are identical to Huddlestone’s analytic solution.38

5. CONCLUSIONS

A �nite element formulation for analysis of �nite rotation beam problems has been developed.
Whereas existing �nite element formulations for �nite rotation problems are solely based on the
rigid cross-section assumption and thus various types of rotational parameters are inevitably used as
kinematic variables, the present formulation abandons the classical rigid cross-section assumption
so that the three-dimensional evolution of directors can be represented by displacement vectors.
Accordingly, in the absence of cross-sectional warping, the con�guration space becomes a linear
vector space where the exact con�guration updating and linearization can be achieved regardless
of the size of displacement increments.
The proposed vectorial approach improves the overall performance of beam �nite elements

in various non-linear response analyses. For the example problems tested in the present paper,
single-load-step convergence is achieved with signi�cantly fewer number of iterations than the
rotational parameter �nite elements require, regardless of the magnitude of rotations. Non-linear
equilibrium paths including limit point and bifurcation instabilities are accurately traced using a
simple continuation method.
Based on the observations made in this study, the vectorial approach can be applied to the

areas where the �nite rotation and stability considerations make the computation costly, such as
collapse and crash analyses. Further development of the beam �nite elements using the vectorial
approach for multi-body and free-
ying-body dynamics appears promising because of the improved
performance on large (rigid-body) rotations and the con�guration independent mass matrix which
could render the dynamic simulations signi�cantly e�cient.
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