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The lnfluence of Structural Flexibilities on the
Straight-running Stability of Motorcycles

R. S. SHARP* and C. J. ALSTEAD+

SUMMARY

A new tyre model for studies of motorcycle lateral dynamics, and three new motorcycle models,
each incorporating a different form of structural compliance, are developed. The tyre model i;
based on “‘taut string” ideas, and includes consideration of tread width and longitudinal tread
rubber distortion and tread mass effects, and normal load variation. Parameter values approp-
riate to a typical motorcycle tyre are employed. The motorcycle models are for small lateral
perturbations from struight running at constant speed, and include (a) lateral compliance of the
front wheel in the front forks, (b) torsional compliance of the front forks, and (c) torsional
compliance in the rear frame at the steering head about an axis perpendicular to the steering
axis.

Results in the form of eigenvalues, indicating modal damping properties and natural
frequencies are presented for each model. The properties of four large production machines for
a range of forward speeds, and the practicable range of stiffnesses are calculated, and the
implications are discussed,

It is concluded that typical levels of structural compliance in models (a) and (c) contribute
significantly to the steering behaviour properties of large motorcycles, and their observed
behaviour can be understood better in terms of the new results than of those existing
previously. Some conclusions relating to optimal structural stiffness properties are also drawn,

1. INTRODUCTION

The application of well established principles and techniques of road vehicle
dynamics to the small perturbation lateral behaviour of motorcycles has led
to a good measure of general agreement between theory and observation,
[1]. Subsequent experimental work by Eaton [2] and Verma [3], backed by
conventional theoretical analysis, and the experimental results of Roe and
Thorpe [4] and Weir and Zellner [5], suggest that the theory predicts
substantially more wobble mode damping at moderate road speeds than
actually occurs, although the picture is confused by the so far unknown
influences of tyre non-uniformities, and it is likely that the theory predicts
too little wobble mode damping at high road speeds. Sharp’s tyre model [1]
was elaborated somewhat by Eaton [2], and further by Sharp and Jones 6],
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and Verma [3], but the predictions of the theory have not been much altered
by those elaborations. Verma also developed a model which included some
lateral flexibility of front and rear wheels relative to the motorcycle frame,
and repeated his calculations using measured stiffness values, but found that
the inclusion of the flexibilities did not bring his theoretical results nearer to
his experimental ones. Verma’s equations however contain some erroneous
terms and his theoretical results must be regarded with some suspicion. Roe
et al. [7] and Kane [8] have also developed theories, the former insisting
that the wobble mode can be accurately represented via the assumption that
the steering head is constrained to move in a straight path (without any
lateral motion), while the latter assumes (unrealistically) that the steering
axis is vertical and no roll motion of the machine is allowed. Further, neither
one employs a realistic tyre model. The point relating to the strength of the
coupling between front and rear frames in the wobble mode context was
taken up by Sharp [9], who showed that if the analysis of [1] is reduced to
incorporate the constrained steering axis assumption, the wobble mode
frequency is not much altered but the damping is minimal (negative with the
parameter values chosen) at a moderate road speed. Thus for the advocates
of the constrained steer axis assumption, there appears to be no problem in
explaining the occurrence of medium speed wobble oscillations. Roe’s
theory [7] will only predict unstable oscillations if some lateral flexibility is
allowed in the front fork/wheel system, which is not at all surprising since his
tyre model does not allow for any phase lag between tyre side force and
motion, and he takes as strong support for his theoretical treatment his
observation that lateral clearances and flexibilities in the front forks have
significant influence on the occurrence of the medium speed wobble. Con-
ventional theory, however, notably that of Pacejka [10], shows lateral
stiffness to have a crucial bearing on stability in appropriate parameter value
ranges for castored wheel systems, and the significant questions for motorcy-
cles are (i) are they stiff enough structurally to be treated as rigid without
too much inaccuracy in the results (i) what are the consequences of various
locations and forms (or modes) of compliance, and (iii) how stiff in the
various places and modes do motorcycles need to be. These questions have
been answered to some extent for the case in which torsional flexibility of
the rear swinging arm suspension member is allowed [11], the conclusions
being that, for large motorcycles, a stiffness of the order of at least
1200 Nm/rad is desirable, that lower stiffnesses than this promote weave
mode oscillations, and that modern machines in good condition typically
have much higher stiffness than this.
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When front frame flexibilities are considered, Roe’s experimental obser-
vations, stated but not presented in quantitative form, [4], make it likely that
the answer to question (i) above is no, although Eaton looked for evidence
of flexing in his experiments and detected none [2]. Also it can easily be
observed that considerable efforts to stiffen the steering head area on large
production motorcycles are normally made, while lightweight motorcycles
are usually quite different in this respect. The general state of knowledge
was reviewed by Sharp [12].

In this paper, the mathematical model of [1] is extended to include each
of three different forms of frame flexibility, and straight line stability
properties, natural frequencies and damping factors, are calculated for
various values of the relevant stiffness, employing realistic sets of parameter
values to describe basic machines. The flexibilities considered involve (a)
freedom of the front wheel to move laterally on its spindle restrained by a
linear spring and linear damping, (b) freedom of the front forks to twist
about an axis parallel to the steer axis and passing through the front frame
mass centre, with linear stiffness and damping elements joining the lower
and upper parts of the front frame, and (c) freedom of the steering head
assembly to rotate relative to the rear frame about an axis perpendicular to
the steer axis and intersecting it roughly midway between the steering head
bearings (by twisting the frame), again with linear stiffness and damping
elements joining the steering head to the rear frame. In each representation,
the masses continue to be lumped. Considering distributed mass in any form
would complicate the analysis considerably. All the analyses continue to
involve the assumption that the rider is a rigid extension of the motorcycle
rear frame.

In order to make the analyses as realistic as possible, without undue
complication, a tyre model derived from Pacejka’s taut string based theory
[10,13] is employed. In this theory, the tyre tread band is represented as a
number of stretched strings elastically connected to the wheel rim, and tread
rubber blocks with freedom to deform longitudinally are included. Tread
mass effects giving rise to “gyroscopic’ couples are included in a simple way,
and to preserve the linear constant coefficient form of the differential
equations of motion, the “parabolic” approximation to the exact response is
employed. Pacejka’s experimental results are sufficient to show that, in
principle, such a model is representative of real behaviour for reduced
frequencies less than about 10 rad/m, except that omitting the freedom of
the tread rubber blocks to deform laterally leads to the predicted self
aligning moments being somewhat greater than they should be. The effect of
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aerodynamic forces on the wheel loading has been included, and tyre
parameters estimated as functions of loading to fit the known general
properties of motorcycle tyres. Relaxation length, contact length, lateral
stiffness per unit length, contact width, tread rubber longitudinal stiffness
per unit area, and tyre tread band mass are the required parameters. The
side force, aligning moment, and overturning moment responses to camber
angle are represented empirically, and superposed on the lateral velocity
and yaw velocity responses defined by Pacejka’s parabolic approximation.
The camber responses are considered instantaneous, since motorcycle
straight line stability characteristics are insensitive to lags associated with
camber [6], and the analysis is thereby simplified.

Notation
b,c,e, f,f,h,j,k,
¢, R,s,8,t linear dimensions (Fig. 1)
g acceleration due to gravity
iy wheel spin inertia (i, includes the referred inertia of
the engine flywheel)
r=1 yaw velocity of rear frame
v lateral velocity of rear frame
U forward velocity
M mass
F. F,, E,,M,, M, M, tyre forces and moments
L.5,51, 1. frame inertias
W(=-F,) wheel load
M tyre aligning moment arising from lateral distortion

AXIS OF TWIST
( MODEL C)

STEER AXIS

s

]

Fig. 1. Motorcycle layout and dimensions.
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tyre aligning moment arising from longitudinal tread
rubber distortion

tyre aligning moment arising from tyre tread inertia

change in wheel load

kinetic energy

potential energy

dissipative energy

angular displacements (Fig. 2)

steering head angle (Fig. 1)

lateral displacement of front wheel from equilibrium
(model A)

steer angle of upper part of front frame (model B)

tyre cornering stiffness

tyre aligning moment stiffness

stiffness

damping coefficient

tyre half contact length

relaxation length

tyre lateral stiffness per unit length

tyre half contact width

Fig. 2. Axis systems, angular displacements, and angular velocities (model C).
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Cox longitudinal tread rubber stiffness per unit area
tyre tread band mass
4\*p>C, /3

=

r
*

Suffixes

front

rear

wheel

translation

camber

lateral flexing of front wheel (model A)

upper part of front frame (model B)

twist of rear frame at steering head (model C)

< E XRP TR

2. MODEL DESCRIPTIONS

The three motorcycle models employed will be referred to as A, B, and C.
They incorporate different structural flexibilities as mentioned in the Intro-
duction and defined further subsequently. Each model rests on the following
assumptions. (1) The vehicle consists of two frames joined at the steering
axis with freedom of the front frame to steer relative to the rear one. (2) The
front frame consists of the front wheel, forks, handlebars, and fittings. (3)
The rear frame consists of the main structure, engine, transmission, rear
wheel, rigidly attached rider, etc. (4) A linear steering damper acts between
the two frames. (5) In the unstrained state, each frame has a longitudinal
plane of symmetry, and the axis through the front frame mass centre parallel
to the steering axis is a principal axis. (6) The main rotating engine and
transmission components rotate about transverse axes, and consequently
contribute to the effective spin inertia of the rear wheel. (7) The wheels roll
without longitudinal slip. (8) The motorcycle retains a constant forward
speed, and is restricted to small perturbations from straight running with
lateral, yaw, roll, and steer, freedoms and a structurl distortion degree of
freedom appropriate to the model considered. (9) The air through which the
machine moves is still, and the effects of aerodynamic side force, yawing
moment, and rolling moment are negligible in comparison with tyre force
effects. Drag, lift and pitch moment cause changes in the tyre loading with
speed variations, and are accounted for by representing wheel loads as
functions of speed, and tyre properties as functions of wheel load.
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The tyre model employed is the same in each case, and its details will be
considered next.

The tyre model

The tyre model employed is intended to represent average properties of the
tyres which are conventionally fitted to large motorcycles. These properties
are known to vary significantly from the new to the worn condition and
between nominally similar tyres of different manufacture, but typical varia-
tions do not cause large changes in calculated motorcycle stability properties
(1, 6].

In the absence of comprehensive data on tyre side force, aligning mo-
ment, and overturning moment in response to lateral velocity, and yaw
velocity, for a range of normal loads and reduced frequencies, Pacejka’s
extensively validated development of the taut string tyre model [10, 13, 14]
is employed as a basis for the tyre model. Sufficient data is available to the
authors [13, 15, 16, 17] to indicate (1) average values of cornering stiffness
for front and rear tyres at typical normal loadings, (2) average values of
relaxation length for front and rear tyres at typical normal loadings, (3)
average values of contact length for front and rear tyres at typical normal
loadings, and (4) the general way in which cornering stiffness varies with
normal loading for front and rear tyres. Also Von Schlippe and Dietrich [18]
found the relaxation length to be independent of normal load, as may be
expected from its physical nature, and the results of a simple static test on a
motorcycle front tyre, and information in [13] are consistent with represent-
ing the contact length as proportional to the square root of the load.

According to string theory, the tyre cornering stiffness is given by
2k(o+A)* where «k is the static carcass lateral stiffness per unit length, o is
the relaxation length, and A is the half contact length, so that, with cornering
stiffness, relaxation length, and contact length as known functions of load,
the lateral stiffness can be represented as a function of load such that (a) the
cornering stifiness has the desired value for a typical load, and (b) the
variation of cornering stiffness with load has the desired form.

Specifically, relaxation lengths of 0.108 and 0.147 m for front and rear
tyres have been taken, and to obtain half contact lengths of 0.064 m at
1275 N load (front), and 0.063m at 1766 N load (rear), the relations
A¢=0.0018 «/Wf and A, =0.0015 s/W—, have been used. Least square fitting
was then employed to obtain K; and K, as functions of load, and the
following cubic expressions K;=112625+312.5 W—0.,1219
W2+0.00001161 W? and K,=146544+418.9 W,—0.1945 W2+
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Fig. 3. Tyre cornering and aligning moment stiffnesscs against load,

0.00002692 W? give cornering stiffnesses of 20000 N/rad at 1275 N load
(front) and 21260 N/rad at 1766 N load (rear), together with load depen-
deney in close agreement with the data of [15] and [17]. The cornering
stiffnesses as represented are shown as functions of load in Fig. 3.

The parameters o, A, and « define the cornering stiffness Cg, =2k (0 +A)?
as above, and the aligning moment stiffness Cyy, =2xA{o (o + A)+ A2/3}, see
equations (81) of [10]. Also, from equations (116) and (117) of [10], by
expanding the exponential functions in series and truncating the series such
that the contact line is approximated as of parabolic form, the lateral and
yaw velocities of the wheel determine the tyre side force and aligning
moment according to the equations

chy/U +F, = —CpVo/U +2kA2(2N3 + 0)0,,/ U? = Cppy I/ U + Cpgo Aty /U
(1)

and

O'M;/U + Mé = CMVVW/U - CMVAVW/UZ
—2KkAH40N3+200% 3 +20%/15+ 0P, /U (2)
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