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Abstract. The objective of this paper is to investigate the accuracy of the elastic force models that can be used in
the absolute nodal coordinate finite element formulation. This study focuses on the description of the elastic forces
in three-dimensional beams. The elastic forces of the absolute nodal coordinate formulation can be derived using
a continuum mechanics approach. This study investigates the accuracy and usability of such an approach for a
three-dimensional absolute nodal coordinate beam element. This study also presents an improvement proposal for
the use of a continuum mechanics approach in deriving the expression of the elastic forces in the beam element.
The improvement proposal is verified using several numerical examples that show that the proposed elastic force
model of the beam element agrees with the analytical results as well as with the solutions obtained using existing
finite element formulation. In the beam element under investigation, global displacements and slopes are used
as the nodal coordinates, which resulted in a large number of nodal degrees of freedom. This study provides a
physical interpretation of the nodal coordinates used in the absolute nodal coordinate beam element. It is shown
that a beam element based on the absolute nodal coordinate formulation relaxes the assumption of a rigid cross-
section and is capable of representing a distortional deformation of the cross-section. The numerical results also
imply that the beam element does not suffer from the phenomenon called shear locking.
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1. Introduction

Multibody simulation has been proven to be an effective tool for the design of machines.
With the help of multibody simulation, some physical prototypes can be avoided and, in this
way, the product development cycle speeded up. The multibody simulation approach is based
on the concept of replacing an actual system with an equivalent mathematical model that
consists of discrete bodies. This concept is useful when the bodies are either rigid or linearly
deformable. Consequently, multibody simulation can be used to analyze a wide variety of
machines including robots, vehicles, manipulators and mechanisms. Multibody simulation
has recently been extended to cases in which a body exhibits nonlinear deformation. This
important generalization makes it possible to build more accurate and sophisticated simulation
models. Nonlinear deformation should be considered when, for example, cables, belts and
slender robot arms are under investigation. Nonlinear deformation can be taken into account
in multibody simulations through the use of, for example, the large rotation vector formulation
or the absolute nodal coordinate formulation.

In the large rotation vector formulation [1–9], the rotations of the cross-section and global
displacements of the centerline of an element are used as the nodal coordinates. The cross-
section rotation within an element is approximated through the use of interpolation polyno-
mials. The finite element interpolation of the rotations must be carefully handled, since it
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can lead to frame-indifferent and path-dependent elements, as described in [8]. Moreover,
the use of rotations as the nodal coordinates often leads to excessive shear forces, which
produces a phenomenon known as shear locking. This problem can be alleviated using a
reduced numerical integration procedure. In some cases, reduced numerical integration can
produce an ill-conditioned stiffness matrix, which leads to spurious zero energy modes. In the
large rotation vector formulation, the rigid body motion and deformation of the beam element
are expressed directly in a fixed inertial frame. This simplifies the description of the inertia
of the element. It is important to note, however, that, in a three-dimensional case, the large
rotation vector formulation does not lead to a constant mass matrix.

The absolute nodal coordinate formulation is a recently developed method based on fi-
nite element formulation [10] and is designed for large deformation multibody analysis; the
absolute nodal coordinate formulation has been successfully applied to three-dimensional
beams [11, 12] and shells [13]. In the absolute nodal coordinate formulation, slopes and
displacements are used as the nodal coordinates instead of infinitesimal or finite rotations. This
helps avoid the cumbersome interpolation of rotational coordinates. By using slopes instead
of rotations, no assumptions are made with regard to the magnitude of the deformation within
the element. The formulation can be used systematically to relax some of the assumptions
used in classical beam and plate models [12, 13]. The absolute nodal coordinate formulation
uses a displacement field that is linear in the nodal coordinates. In addition, the shape function
matrix, together with the nodal coordinates, is able to describe arbitrary rigid body motion.
For these reasons, the absolute nodal coordinate formulation leads to a constant mass matrix
in two- and three-dimensional cases. The constant mass matrix simplifies the nonlinear equa-
tions of motion and, consequently, accelerates the time integration of the nonlinear equations
of motion. The absolute nodal coordinate formulation can be used in the framework of a
non-incremental solution procedure.

The objective of this study is to investigate the kinematics, as well as the stiffness proper-
ties, of the absolute nodal coordinate formulation. This is accomplished by comparing the
absolute nodal coordinate formulation with the large rotation vector formulation in static
cases. This study focuses particularly on a three-dimensional beam element that is based on the
use of the absolute nodal coordinate formulation. The beam element was originally proposed
by Shabana and Yakoub [11] and is capable of representing large deformations and arbitrary
rigid body motion. As demonstrated by Yakoub and Shabana [12], the elastic forces of the
beam element can be derived using a continuum mechanics approach. This study discusses
the accuracy and usability of such an approach. This study proposes an improvement to the
expression of the elastic forces of the beam element. The three-dimensional beam element,
based on the absolute nodal coordinate formulation, uses slopes and displacements as the
nodal coordinates, which leads to a large number of generalized coordinates. This study offers
a physical interpretation of the nodal degrees of freedom used in the beam element. By using
the absolute nodal coordinate formulation, it is possible to obtain an expression for the elastic
forces, which takes into account the effect of shear deformation. This paper also discusses the
accuracy of the shear forces of the absolute nodal coordinate beam element.

2. The Large Rotation Vector Formulation

The large rotation vector formulation [1–9] is based on the large displacement and rotation
theory. In this formulation, a vector field defines the position of the centerline of the ele-
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ment. The cross-section of the beam is defined by a moving frame, which is oriented by
an orthogonal matrix, i.e. a rotation matrix. In the large rotation vector formulation, it is
assumed that the cross-section remains plane and maintains its area, as well as its shape,
during deformation. This formulation expresses rigid body motion and the deformation of the
beam element directly in the fixed inertial frame. The configuration of the beam is described
completely by vector R that defines the centerline of the beam and the rotation matrix, �, as
follows:

r(x, y, z) = R(x) + �(x)


 0

y

z


 , (1)

where x is a coordinate along the centerline of the beam and y and z are coordinates on
the cross-section. The rotation matrix can be parameterized by using the rotational vector as
follows [7]

� = exp ψ̃ = I + sin ψ

ψ
+ 1 − cos ψ

ψ2
ψ̃

2
, (2)

where ψ̃ is the skew-symmetric matrix associated with the rotational vector ψ = [ψ1 ψ2 ψ3]T
and ψ =

√
ψ2

1 + ψ2
2 + ψ2

3 .
During the solution procedure, the rotation matrix must be updated. The relationship

between the rotation matrices in two consecutive configurations, k and k + 1, of the element
can be defined using the rotational vector as follows:

�k+1 = exp ψ̃�k. (3)

In the large rotation vector formulation, strains are defined through the use of a body-attached
frame. This can be accomplished by defining translational � and rotational κ strain measures
using the current configuration of the beam element, (R,�), as follows:

� = �T R′ −

 1

0
0


 , (4)

κ = �T ω, (5)

where the vector ω can be obtained by employing the rotational vector. In Equation (4), R′ is a
derivation of vector R with respect to x. In the large rotation vector formulation, it is difficult
to establish the relationship between finite rotations and strains [7]. The representation of the
three-dimensional rotation of a moving frame with respect to the inertial frame is not linear,
while the finite rotations are, in general, not commutative. The interpolation of the rotations
along the beam length becomes, thus, nontrivial and must be handled carefully. As pointed
out by Jelenić and Crisfield [8], the interpolation of the rotation coordinates of the beam
element can lead to frame-indifferent and path-dependent elements. In the large rotation vector
formulation, the strain measures may not be invariant under rigid body motion and the strains
may be dependent on the history of the deformation. In order to overcome these drawbacks,
Jelenić and Crisfield [8] proposed the interpolation of local rotations in a co-rotational manner.

Another approach for three-dimensional beam formulation was proposed by Avello and
García de Jalón [4]. They used orthogonal unit vectors to describe the cross-section of the



56 J. T. Sopanen and A. M. Mikkola

beam. The components of these vectors are used as nodal variables, and finite element inter-
polation is applied to these vectors instead of to the rotational degrees of freedom. Constraint
equations are used to obtain orthonormality and the unit length conditions of the vectors that
define the cross-section of the beam. This method causes the mass matrix of the beam element
to become constant and singular. It must be noted that the singularity of the mass matrix is
not a problem, since the equations of motion are solved using the Newmark procedure, which
does not require the inverse of the mass matrix.

3. The Kinematics of Absolute Nodal Coordinate Formulation

3.1. THE KINEMATICS OF AN ELEMENT

In the absolute nodal coordinate formulation, the global position vector, r, of an arbitrary point
on a three-dimensional element can be written as

r = S(x, y, z)e, (6)

where S is the element shape function matrix, x, y and z are the local coordinates of the
element and e is the vector of the nodal coordinates. The shape function matrix and vector of
the nodal coordinates must be selected in such a way that they represent both arbitrary rigid
body motion and element deformation. The displacement field of a three-dimensional beam
element can be obtained using the following polynomial expression [12]:

r =

 r1

r2

r3


 =


 a0 + a1x + a2y + a3z + a4xy + a5xz + a6x

2 + a7x
3

b0 + b1x + b2y + b3z + b4xy + b5xz + b6x
2 + b7x

3

c0 + c1x + c2y + c3z + c4xy + c5xz + c6x
2 + c7x

3


 . (7)

In Equation (7), the element is described as being a continuous volume, which makes the
deformation of the cross-section possible. The assumed displacement field in Equation (7)
includes 24 unknown polynomial coefficients. For a two-noded beam element (I, J ), 12 nodal
coordinates can be used for each node. The coordinates of node I , eI , can be written as

eI =
[

rT
I

∂rT
I

∂x

∂rT
I

∂y

∂rT
I

∂z

]T

, (8)

where vector rI defines the global position of node I and vectors ∂rI /∂x, ∂rI /∂y and ∂rI /∂z

are the slopes at node I . Using the interpolating polynomial introduced in Equation (7) and
the nodal coordinates, the element shape function matrix, S, can be expressed as follows:

S = [S1I S2I S3I S4I S5I S6I S7I S8I], (9)

where I is a 3 × 3 identity matrix and

S1 = 1 − 3ξ 2 + 2ξ 3, S2 = l(ξ − 2ξ 2 + ξ 3), S3 = lη(1 − ξ), S4 = lζ(1 − ζ ),

S5 = 3ξ 2 − 2ξ 3, S6 = l(−ξ 2 + ξ 3), S7 = lξη, S8 = lξζ.

The non-dimensional quantities, ξ , η, ζ , are defined as

ξ = x

l
, η = y

l
, ζ = z

l
,
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Figure 1. The physical interpretation of the slope coordinates.

where l is the length of the beam element in the initial configuration.

3.2. THE PHYSICAL INTERPRETATION OF THE SLOPE COORDINATES

In the beam element introduced above, the 24 nodal coordinates are independent. Physically,
this means that the cross-section of the beam can deform. In general, vector ∂r/∂x defines the
global orientation of the centerline of the beam. Correspondingly, the orientation of the height
and the width coordinates of the cross-section of the beam are defined by vectors ∂r/∂y and
∂r/∂z. The length deviation of these vectors from unity describes the elongation or contrac-
tion in the corresponding direction. To illustrate this, we consider the simple prismatic beam
shown in Figure 1. For simplicity, the beam is initially parallel to the global coordinate system.
Vectors rJ,x = ∂rJ /∂x, rJ,y = ∂rJ /∂y and rJ,z = ∂rJ /∂z are the slope coordinates at node
J . In Figure 1a, these vectors are orthogonal unit vectors. This is a special case in which the
cross-section of the beam is normal to the beam’s centerline. In Figure 1b, the vectors are still
orthogonal but the length of vector rJ,y has increased from unity. As a result, the height of the
cross-section increases. In Figure 1c, vectors rJ,y and rJ,z are not orthogonal unit vectors, and
the resulting deformed shape of the beam represents the distortional deformation of the cross-
section. In Figure 1d, vector rJ,x is modified; for this reason, the orientation and length of the
centerline of the beam at node J has changed. Figure 1 shows that a beam element, based
on the absolute nodal coordinate formulation, relaxes the assumption of a rigid cross-section.
The slope coordinates can describe the shearing, axial, transverse, torsion and distortional
deformation of the element. The values of the slope coordinates at any arbitrary point on the
element can be interpolated with the use of nodal coordinates. The interpolation of the slope
coordinates, unlike that of infinite or finite rotations, is straightforward.
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4. Description of Externally Applied Loads

4.1. EXTERNAL FORCE

The principle of virtual work can be used to develop the vector of the generalized forces
[10]. The virtual work caused by the external force vector acting on an arbitrary point on the
element can be written as

δW = FT δr = FT Sδe = QT
f δe, (10)

where r is the position vector of the point of the applied force and Qf = ST F the vector
of the generalized forces associated with the nodal coordinates. The virtual work caused by
distributed forces, such as gravity forces, can be obtained by integrating Equation (10) over
the volume of the element [16].

4.2. EXTERNAL MOMENT

In the absolute nodal coordinate formulation, the external moments are functions of the nodal
coordinates. This is because slopes, instead of rotations, are used to define the orientation of
the element. As shown earlier, the slope vectors define the orientation of the cross-section
of the beam. On the other hand, externally applied moments change the orientation of the
cross-section. Thus, the externally applied moments must be described as forces that affect
the components of the slope vectors. The generalized external forces caused by the applied
moments can be defined with the help of virtual work [16]. For the sake of simplicity, the
following equations are derived by assuming that the element is initially parallel to the global
coordinate system. The virtual work caused by externally applied moments around the x-, y-
and z-axis is given by

δWM = MT δγ , (11)

where

M = [Mx My Mz]T , (12)

γ = [γx γy γz]. (13)

The positive directions of the applied moments, Mx , My and Mz, around the x-, y- and z-axis
of the beam are determined by the right-hand rule. Vector γ contains the rotation angles of
the vectors that define the cross-section. The virtual changes in these angles can be defined
by using the slope coordinates [16]. The virtual change in the orientation angle of the cross-
section around the z-axis of the beam can be defined as

δγz = −(∂r2/∂y)δ(∂r1/∂y) + (∂r1/∂y)δ(∂r2/∂y)

dyx

, dyx =
(

∂r1

∂y

)2

+
(

∂r2

∂y

)2

. (14)

Correspondingly, the virtual change in the orientation angle of the cross-section around the
y-axis of the beam can be written as

δγy = (∂r3/∂z)δ(∂r1/∂z) − (∂r1/∂z)δ(∂r3/∂z)

dzx

, dzx =
(

∂r1

∂z

)2

+
(

∂r3

∂z

)2

. (15)
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The virtual change in the orientation angle of the cross-section around the x-axis can be
written as

δγx = (∂r2/∂y)δ(∂r3/∂y) − (∂r3/∂y)δ(∂r2/∂y)

dyz

+ (∂r2/∂z)δ(∂r3/∂z) − (∂r3/∂z)δ(∂r2/∂z)

dzy

, (16)

where

dyz =
(

∂r2

∂y

)2

+
(

∂r3

∂y

)2

, dzy =
(

∂r2

∂z

)2

+
(

∂r3

∂z

)2

. (17)

It can be seen from Equation (16) that the torsion moment is applied to two vectors, and thus,
moment Mx must be distributed evenly among them. The slope coordinates can be interpolated
using the nodal coordinates and shape function matrix. If an external torsion moment, Mx , acts
on node I of the beam element, the generalized external force vector applied on node I can
be written as follows:

QI
f = Mx

2

[
0 0 0 0 0 0 0 − e9

dI
yz

e8

dI
yz

0 − e12

dI
zy

e11

dI
zy

]T

. (18)

Note that Equations (14)–(16) can be used to describe the generalized moments when the
beam element has an arbitrary configuration. This can be accomplished by employing coordin-
ate transformations between the global and element local coordinate systems. The following
procedure is proposed:

1. The applied moment vector in the global coordinate system, MG, is mapped onto the local
element coordinate system as follows:

M = J−1MG, (19)

where matrix J can be defined using the slope vectors as follows:

J =
[

∂r
∂x

∂r
∂y

∂r
∂z

]
. (20)

Note that the inverse of the matrix is used instead of the transpose, since the slope vectors
do not define an orthogonal frame in a general case.

2. The slope vectors are mapped onto the local element coordinate system as follows:

r′
,α = J−1r,α, (21)

where r,α = ∂r/∂α, α = x, y, z.
3. The generalized external forces, Q′

f , associated with the slope vector, r′
,α , are calculated

using Equations (14)–(16).
4. The external forces associated with the slope vector, r′

,α , are mapped to the global
coordinate system as follows:

Qf = JQ′
f . (22)
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In the case of the non-follower moments, matrix J must be used in mapping. The follower
moments can be defined through the use of a constant mapping, J0, which can be defined
using initial nodal coordinates and a shape function matrix as follows:

J0 =
[
∂Se0

∂x

∂Se0

∂y

∂Se0

∂z

]
. (23)

5. The Elastic Forces of a Three-Dimensional Beam Element

A continuum mechanics approach can be used for defining the nonlinear elastic forces of
an absolute nodal coordinate beam element [12, 15, 16]. This study discusses the linear and
nonlinear expressions for the elastic forces.

5.1. NONLINEAR ELASTIC FORCES

The gradient of the displacement vector can be written as follows:

D = ∂r
∂x

(
∂X
∂x

)−1

= ∂(Se)
∂x

[
∂(Se0)

∂x

]−1

= JJ−1
0 , (24)

where S is the shape function matrix, X the vector of the global coordinates, x the vector
of the local element coordinates, and e and e0 are the vectors of the nodal coordinates in
the deformed and initial configuration, respectively. Matrix J is the displacement gradient
expressed with respect to the local coordinates, x, y and z. Matrix J0 is a constant matrix
and must be considered in the formulation of the elastic forces if the element has an arbitrary
initial configuration. If the element local coordinate system is parallel to the global coordinate
system and the element is not curved, matrix J0 is an identity matrix.

The Lagrangian strain tensor, εnl
m , can be defined using the right Cauchy–Green deforma-

tion tensor as follows [10]:

εnl
m = 1

2
(DT D − I), (25)

where I is a 3 × 3 identity matrix. Because of the symmetry of the strain tensor, it is sufficient
to identify only six strain components, ε11, ε22, ε33, ε12, ε13 and ε23; thereby, the strain vector
can be written as

ε = [ε11 ε22 ε33 2ε12 2ε13 2ε23]T . (26)

The stress components of the element can be defined using the constitutive equation as
follows:

σ = Eε, (27)

where E is the matrix of the elastic constants of the material. For an isotropic homogenous
material, matrix E can be expressed in terms of Lame’s constants, λ and µ, as follows:

E =




λ + 2µ λ λ 0 0 0
λ λ + 2µ λ 0 0 0
λ λ λ + 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ




, (28)
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Figure 2. The definition of the vectors in the linear strain-displacement relationship.

where

λ = Eν

(1 + ν) (1 − 2ν)
, µ = E

2 (1 + ν)
,

E is Young’s modulus of elasticity and ν is the Poisson ratio of the material.
The elastic forces of the element can be derived by using the following expression of the

strain energy:

U = 1

2

∫
V

εT Eε dV. (29)

The vector of the elastic forces, Qe, can be defined using the strain energy, U , as follows:

Qe =
(

∂U

∂e

)T

. (30)

5.2. LINEAR ELASTIC FORCES

In order to define the linear strain-displacement relationship, a local element coordinate sys-
tem must be used. An orthogonal triad on the element can be defined using the following
vectors:

î = rx

|rx| , k̂ =
(

rx

|rx |
)

×
(

ry

|ry |
)

, ĵ = k̂ × î. (31)

In the preceding equation, rx = ∂r/∂x and ry = ∂r/∂y. Figure 2 shows the vectors used in
the formulation of the deformation vector. In Figure 2, the displacement vector, d, is defined
as

d = (S(x, y, z) − S(x0, y0, z0))e. (32)
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Vector d is defined in the global coordinate system. The deformation vector, u, in the local
element coordinate system can be defined as follows:

u = AT d − x, (33)

where A is a transformation matrix which can be expressed in terms of unit vectors, î, ĵ and
k̂, defined in an arbitrary point A(x0, y0, z0),

A = [îA ĵA k̂A]. (34)

The displacement gradient can be written as

D̄ = ∂u
∂x

. (35)

The linear strain tensor can be obtained by neglecting the higher-order terms as follows:

εl
m ≈ 1

2
(D̄T + D̄). (36)

Since the strains are defined in the local coordinate system, they are invariant under arbitrary
rigid body motion. The vector of the elastic forces can be calculated using Equations (29) and
(30). This model, which is based on the pure continuum mechanics approach, is called Model
I.

The continuum mechanics approach is a straightforward method for defining elastic forces.
However, in order to achieve accurate results, the finite element should be uniform in all
directions, which means that the interpolation functions should be of the same polynomial
order in all dimensions. This is not the case in the absolute nodal coordinate beam element.
Cubic interpolation is used in the x-direction while linear interpolation is used in the y- and z-
directions. For these reasons, the constitutive relations should be modified in order to achieve
more accurate results. The problems that can be encountered when using the continuum
mechanics approach with inconsistent interpolation are discussed in the section on numerical
results.

The strain components that correspond to normal, bending and shear strains can be derived
from the linear strain tensor defined in Equation (36). For reasons of simplicity, we assume
that the beam element is initially parallel to the global coordinate system. In this case, the
transformation matrix, A, is an identity matrix. The axial strain along the x-axis can be defined
as follows:

εa
x = S1,ξ e1 + S2,ξ e4 + S5,ξ e13 + S6,ξ e16 − 1, (37)

where Si,ξ is the derivative of the shape function, Si , with respect to ξ . The bending strains
can be defined as

εbend Z
x = S3,ξ e7 + S7,ξ e19 = η(−e7 + e19), (38)

εbend Y
x = S4,ξ e10 + S8,ξ e22 = η(−e10 + e22). (39)

It can be seen that the bending strain is constant along the length of the beam element. Since
the cross-section of the beam element can deform, the transverse normal strains are not equal
to zero, and they can be calculated as follows:

εy = S3,ηe8 + S7,ηe20 − 1, (40)
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εz = S4,ζ e12 + S8,ζ e24 − 1. (41)

The equations of the transverse shear strains include both constant and linearly varying terms.
The constant terms can be written as

γ V
xy = 1

2
(S1,ξ e2 + S2,ξ e5 + S3,ξ e7 + S5,ξ e14 + S6,ξ e17 + S7,ξ e19), (42)

γ V
xz = 1

2
(S1,ξ e3 + S2,ξ e6 + S3,ξ e10 + S5,ξ e15 + S6,ξ e18 + S7,ξ e22). (43)

The constant shear strain distribution is known to be inaccurate since the true distribution
is parabolic. However, the Timoshenko beam theory assumes the same kind of shear strain
distribution, and a shear correction factor is used to obtain the correct shear strain energy. The
linearly varying shear strain terms can be written as follows:

γ T
xy = 1

2
(S4,ξ e11 + S8,ξ e23), (44)

γ T
xz = 1

2
(S3,ξ e9 + S7,ξ e21). (45)

These shear strains can describe the torsion or distortion of the cross-section. The remaining
shear strains are produced by the deformation of the cross-section and can be written as
follows:

γ defY
xy = 1

2
(S3,ξ e8 + S7,ξ e20), (46)

γ defZ
xz = 1

2
(S4,ξ e12 + S8,ξ e24), (47)

γyz = 1

2
(S3,ηe9 + S4,ζ e11 + S7,ζ e21 + S8,ζ e23). (48)

By employing the above strain definitions, the strain energy of the beam element can be
defined as follows:

U = 1

2

l∫
0

{
5∑

i=1

�i

}
dx, (49)

where

�1 = EA
{[(εa

x )
2]A + [(εy)

2]A + [(εz)
2]A

}
, (50)

�2 = EIzz[(εbend Z
x )2]A + EIyy[(εbend Y

x )2]A, (51)

�3 = GA
{
ksy[(γ V

xy)
2]A + ksz[(γ V

xz)
2]A

}
, (52)

�4 = 1

2
GIxx

{[(γ T
xy)

2]A + [(γ T
xz)

2]A
}
, (53)
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�5 = GIzz[(γ def Y
xy )2]A + GIyy[(γ def Z

xz )2]A + GA[(γyz)
2]A. (54)

In Equations (50–54), A is the area of the cross-section, E and G are the modulus of elasticity
and rigidity of the material, respectively, Iyy and Izz are the second moments of the area,
ksy and ksz are the shear correction factors and Ixx is the torsion constant. The brackets with
subscript A, [·]A, means that the equation inside is integrated over the area of the cross-section
and the resulting area property, i.e. A or Iαα, is extracted. The strain energy of the beam can
also be written as follows:

U = 1

2
eT Ke, (55)

where e is the vector of the nodal coordinates and K the stiffness matrix, which is given in
Appendix A. This model is called Model II. There are three main differences between Model
I and Model II:

1. In Model I, the transverse normal strains are coupled using the Poisson ratio. This coup-
ling is removed in Model II. The reason for this is as follows: The transverse normal strains
do not depend on the y- and z-coordinates, while the normal strain in the x-direction
depends on x, y and z. This means that the following equation is valid only when εx is
constant with respect to y and z

εy(x) = εz(x) = −νεx(x, y, z), (56)

where εx(x, y, z) = εa
x + εbend Z

x + εbend Y
x . In Model I, this leads to spurious results in

bending cases.
2. The shear correction factors, ksy and ksz, are used in order to obtain a more accurate value

for the shear strain energy.
3. The torsion constant, Ixx , is used in Equation (53), since, in general, Ixx �= Iyy + Izz.

The bending strains in Equations (38) and (39) are constant along the length of the beam,
which is different from the classical analytical solution. However, this discrepancy can be
corrected by introducing a residual bending flexibility correction. In this method, a fictitious
shear parameter, φ̄, is applied such that [9]

1 + φ̄

4

φ̄
= 1 + φ

3

φ
, φ̄ = φ

1 + φ

12

, φ = ksGAl2

EI
. (57)

A modified value for the shear correction factor can be calculated as follows:

k̄s = ks

φ̄

φ
. (58)

This beam model, which uses the formulation of Model II, in addition to the residual bend-
ing flexibility correction, is called Model III. Note that Models I, II and III can be used for
large rotational problems with the use of an incremental solution procedure as explained in
Appendix B. It is important to point out that by using generalized description of the strains,
the element can be used in the framework of non-incremental solution procedures. This is due
to the fact that no assumptions are made with regard to the kinematic motion description of
the element.
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Figure 3. The cantilever beam under investigation in the first four examples.

Figure 4. The convergence of the different beam models, (a) a Poisson ratio of 0.0, (b) a Poisson ratio of 0.3.

6. Numerical Examples

This section discusses simple cantilever beam structures. The cantilever beam shown in Fig-
ure 3 is considered in the first four examples. One end of the beam is clamped, while forces and
moments are applied to the free end. The length of the beam shown in Figure 3 is 2.0 m, and
the Young’s modulus of the material is 2.07 · 1011 N/m2. Linear deformations are considered
in the first three examples, and nonlinear deformations are analyzed in the last two examples.

6.1. CONVERGENCE TEST

In this example, the solution convergence of the different beam models is analyzed. A vertical
load, F = 1,000 N, is applied to the free end of the cantilever. The cross-section of the beam
is a 0.1 m square. The results of the absolute nodal coordinate models (Model I, Model II and
Model III) and the ANSYS [14] BEAM188 model are compared with the analytical solution
of the cantilever. BEAM188 is a linear beam element based on a formulation proposed by
Simo and Vu-Quoc [2] and Ibrahimbegović [6]. The convergence results for the two values
of the Poisson ratio, 0.0 and 0.3, are shown in Figure 4. It can be seen in Figure 4 that in the
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Figure 5. The shear deformation of the cantilever beam.

case of a Poisson ratio of zero, the convergence results of the BEAM188 model and Models
I and II are almost equivalent. The best convergence is obtained with Model III that uses
the residual bending flexibility correction. When the Poisson ratio of the material is 0.3, the
absolute nodal coordinate formulation Model I converges to an inaccurate solution while the
other models converge to the analytical solution. This can be explained as follows. A bending
load causes an axial normal stress, σx , that varies linearly over the cross-section. In Model I,
the resulting transverse normal strains can be expressed as follows:

εy = 1

E
[σy − ν(σx + σz)], εz = 1

E
[σz − ν(σx + σy)]. (59)

If the cross-section of the beam can deform freely, the transverse normal stresses, σy and σz,
are zero. In bending, the deformed shape of an initially rectangular cross-section is a trapezoid,
which is not kinematically possible in the absolute nodal coordinate beam element. As a
result, in the case of a bending load, the transverse normal strains are zero, since otherwise,
the equilibrium of the finite element solution is not achieved. This, in turn, causes residual
transverse normal stresses that contribute to the axial strain as follows:

εx = 1

E
[σx − ν(σy + σz)]. (60)

The result is that Model I predicts overly small displacements.

6.2. SHEAR DEFORMATION IN BENDING

The shear deformation of the cantilever beam is studied in this section. The beam has a rect-
angular cross-section, the width of which, w, is 0.1 m, and the Poisson ratio of the material is
0.0. The vertical displacement of the end tip of the beam is studied for different values of the
height of the beam. The vertical load at the end tip is a function of the height of the beam as
follows: F = −1.0·106 ·h3 N. The shear correction factor, ks , for a rectangular cross-section is
5/6. In Figures 5 and 6, the vertical displacements of the end tip, which are obtained from the
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Figure 6. The difference in shear deformation in comparison to the analytical solution of the cantilever beam.

different absolute nodal coordinate beam models and the BEAM188 model, are compared to
the analytical solution. It can be seen that the results of the absolute nodal coordinate Model III
agree very well with the analytical solution. The results of Model II and the BEAM188 model
are almost equivalent while, however, the displacements are underestimated. It is important
to note that these elements have a constant bending moment along the length of the beam;
therefore, more accurate results can be obtained by increasing the number of elements. The
shear deformation predicted by Model I is too small in comparison with the analytical solution.
This is simply due to the fact that the shear correction factor is not used in Model I.

6.3. PURE BENDING MOMENT LOAD AND SHEAR DEFORMATION TEST

In this example, a moment load, Mz, is subjected to the end tip of the cantilever beam. The
beam is modeled with one element and all the nodal coordinates are fixed in the clamped end.
In the case of small linear deformations and after the constraints have been accounted for, the
vector of the generalized external forces for the cantilever can be written as

Qf = [0 0 0 0 0 0 − Mz 0 0 0 0 0]T . (61)

The unknown nodal displacements of node J can be solved using the following equation:

�eJ = K−1
J Qf , (62)

where KJ is a portion of the stiffness matrix shown in Appendix A. The solution of Equation
(62) is

�eJ =
[

0
Mzl

2

2EIzz

0 0
Mzl

EIzz

0 − Mzl

EIzz

0 0 0 0 0

]T

. (63)
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It can be seen that the displacement and rotation of the tip are equal to those given by the
beam theory in the analytical solution. By substituting the values of the nodal coordinates into
Equation (42), the transverse shear strain can be written as follows:

γ V
xy = −3Mzx

2EIzz

+ 3Mzx
2

2lEIzz

+ Mzx

EIzz

− 3Mzx
2

2lEIzz

+ Mzx

2EIzz

= 0. (64)

Under a pure bending moment, the transverse shear strain should be equal to zero. This ex-
ample implies that the absolute nodal coordinate beam element does not suffer from shear
locking.

6.4. NONLINEAR LARGE DEFORMATION EXAMPLES

This section analyzes the nonlinear deformations of two cantilever beams. The results of two
different nonlinear absolute nodal coordinate beam models are compared to those obtained
with the nonlinear solution (NLGEOM, ON) of the BEAM188 model in ANSYS [14]. The
first absolute nodal coordinate beam model uses the nonlinear strain tensor defined in Equation
(25). The other model uses the formulation of the elastic forces of linear Model II. Linear
Model II can be used in nonlinear deformation analysis by employing an updating procedure,
which is described in Appendix B. The nonlinear equations are solved using the Newton–
Raphson iteration procedure in which the values of the nodal coordinates can be calculated at
step n + 1 as follows:

e(n+1) = e(n) − (K(n)
T )−1Q(n), (65)

where K(n)
T is the tangent stiffness matrix and vector Q(n) includes the elastic and external

forces at iteration step n as follows:

Q(n) = Q(n)
e − Q(n)

f . (66)

In the absolute nodal coordinate formulation, the tangent stiffness matrix can be written as

K(n)
T = ∂Q(n)

∂e(n)
. (67)

In the solution process, the tangent stiffness matrix is calculated numerically using perturba-
tions in the nodal coordinates and finite differences. The convergence criterion for the iteration
is defined as follows:

|Q| < 0.001 · |Qf |, (68)

where | · | is the Euclidean norm of the vector.

6.4.1. Tip-Loaded Cantilever
Two cases of the cantilever shown in Figure 3 are analyzed in this section. In Case I, the beam
has a 0.1 m square cross-section and the Poisson ratio of the material is 0.3. In Case II, the
Poisson ratio is 0.0 and the width and the height of the beam are 0.1 and 0.5 m, respectively.
The vertical force, F , at the free end of the beam is −5.0·108 ·h3 N in both cases. The positions
of the end tip obtained using different models and different numbers of elements are shown
in Tables 1 and 2. In Case I (Table 1), the nonlinear absolute nodal coordinate model predicts
smaller deformations than do the other models. This is caused by the non-zero Poisson ratio,
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Table 1. The beam end tip positions in Case I.

Table 2. The beam end tip positions in Case II.

which results in residual transverse normal stresses in the element, as explained in Section 6.1.
Linear Model II and the BEAM188 model converge to equivalent solutions as the number of
elements is increased. In Case II (Table 2), the discrepancies between the different models are
not as large as in Case I; however, both ANCF models predict slightly larger deformations
than does the BEAM188 model.

6.4.2. General Moment Load
In this section, the cantilever beam, shown in Figure 7, is analyzed. The clamped end of the
beam is at point (0.0 m, 0.0 m, 0.0 m), while the free end is at point (2.0 m, 1.0 m, 0.5
m). The cross-section of the beam is a 0.1 m square and the Poisson ratio of the material is
0.0. The beam is modeled using eight elements. A moment load, MX, about the global X-
axis is applied to the free end. Table 3 shows the deformations of the end tip obtained using
different models and different values of moment MX. The results of the nonlinear absolute
nodal coordinate model and the BEAM188 model are in good agreement, while the linear
ANCF model predicts larger deformations when the applied moment is large. In this particular
example, the nonlinear ANCF model gives good results, since the Poisson ratio is zero and
transverse shear deformation is zero. On the other hand, the accuracy of the linear model
decreases when the deformations are large. In [17] it was shown that the linear model gives
correct results in the case of a small torsion load. It must be noted that ANSYS could not find
the solution when MX = 1.0 ·106 Nm, while no convergence problems were encountered with
the ANCF models.
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Figure 7. The deformed shape of the beam obtained with the non-linear ANCF model and with a moment load,
MX, of 1.0 · 106 Nm.

Table 3. The beam end tip positions in the case of the moment load.
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7. Conclusions

This investigation compared different elastic force models of the absolute nodal coordin-
ate formulation for a three-dimensional beam element. A straightforward procedure can be
obtained for elastic forces by employing the continuum mechanics approach. In the three-
dimensional beam element, the interpolation polynomials are cubic in the axial direction
and linear in the cross-sectional direction. For this reason, the pure continuum mechanics
approach should be used with care when deriving the elastic forces. This study showed that the
accuracy of elastic forces based on continuum mechanics can be improved by modifying the
constitutive relations. The proposed improvement to the elastic forces can describe transverse
shear deformation more accurately and was verified using several numerical examples. The
numerical examples demonstrate that the proposed elastic force model of the beam element
agrees with the analytical results as well as with solutions obtained using existing finite
element formulation.

Most finite element formulation that takes transverse shear deformation into account suf-
fers from shear locking caused by the tendency of the element to store excess shear strain
energy. The numerical results for the beam element under investigation imply that the absolute
nodal coordinate formulation for the beam element does not suffer from shear locking. In
the three-dimensional beam element, global displacements and slopes are used as the nodal
coordinates, which results in a large number of nodal degrees of freedom. This study gives a
physical interpretation of the nodal coordinates used in the absolute nodal coordinate beam
element. This study also introduced descriptions for the generalized external moments in
a three-dimensional case. It has been shown that a beam element based on the absolute
nodal coordinate formulation relaxes the assumption of a rigid cross-section and is capable
of representing the distortional deformation of the cross-section.

Appendix A

The linear stiffness matrix of the absolute nodal coordinate beam element (Models II and III)
can be written as

K =




K11 K12 K13 K14

K22 K23 K24

K33 K34

symm. K44


 , (A.1)

where Kij are 6 × 6 matrices, the non-zero elements of which are as follows:

K11(1, 1) = −K13(1, 1) = K33(1, 1) = 6

5

EA

L
,

K11(2, 2) = −K13(2, 2) = K33(2, 2) = 6

5

ksyGA

L
,

K11(3, 3) = −K13(3, 3) = K33(3, 3) = 6

5

kszGA

L
,

K11(4, 4) = −4K13(4, 4) = K33(4, 4) = 2

15
EAL,
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K11(5, 5) = −4K13(5, 5) = K33(5, 5) = 2

15
ksyGAL,

K11(6, 6) = −4K13(6, 6) = K33(6, 6) = 2

15
kszGAL,

K11(1, 4) = K11(4, 1) = K13(1, 4) = −K13(4, 1) = −K33(1, 4)

= −K33(4, 1) = 1

10
EAL,

K11(2, 5) = K11(5, 2) = K13(2, 5) = −K13(5, 2) = −K33(2, 5)

= −K33(5, 2) = 1

10
ksyGAL,

K11(3, 6) = K11(6, 3) = K13(3, 6) = −K13(6, 3) = −K33(3, 6)

= −K33(6, 3) = 1

10
kszGAL,

K12(2, 1) = K14(2, 1) = −K23(1, 2) − K34(2, 1) = −1

2
ksyGA,

K12(3, 4) = K14(3, 4) = −K23(4, 3) = −K34(3, 4) = −1

2
kszGA,

K12(5, 1) = −K14(5, 1) = −K23(1, 5) = K34(5, 1) = 1

12
ksyGAL,

K12(6, 4) = −K14(6, 4) = −K23(4, 6) = K34(6, 4) = 1

12
kszGAL,

K22(1, 1) = K44(1, 1) = ksyGAL

3
+ EIzz

L
,

K22(2, 2) = K44(2, 2) = EAL

3
+ GIzz

L
,

K22(3, 3) = K44(3, 3) = K22(5, 5) = K44(5, 5) = GAL

3
+ GIxx

2L
,

K22(4, 4) = K44(4, 4) = kszGAL

3
+ EIyy

L
,

K22(6, 6) = K44(6, 6) = EAL

3
+ GIyy

L
,

K22(3, 5) = K44(3, 5) = K22(5, 3) = K44(5, 3) = GAL

3
,
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K24(1, 1) = ksyGAL

6
− EIzz

L
,

K24(2, 2) = EAL

6
− GIzz

L
,

K24(3, 3) = K24(5, 5) = GAL

6
− GIxx

2L
,

K24(4, 4) = kszGAL

6
− EIyy

L
,

K24(6, 6) = EAL

6
− GIyy

L
.

Appendix B. The Updating Procedure for the Linear Model II

The following steps are performed in the updating procedure:

1. The transformation matrix, A, is calculated at point (x0, y0, z0) = (l/2, 0, 0) on the ele-
ment using the nodal coordinates of iteration step n. Matrix A is used in the definition of
the 24 × 24 transformation matrix, T, as follows:

T =




A 0 0 0 0 0 0 0
0 A 0 0 0 0 0 0
0 0 A 0 0 0 0 0
0 0 0 A 0 0 0 0
0 0 0 0 A 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0 0 0 A 0
0 0 0 0 0 0 0 A




, (B.1)

where 0 is a 3 × 3 null matrix.
2. The nodal coordinates are transformed into the initial reference coordinate system, be-

cause in linear Models I, II and III the strains are defined in the initial reference coordinate
system. The relation can be expressed as follows:

ē(n) = TT e(n), (B.2)

3. The vector of the elastic forces, Q̄(n)
e , is calculated using the nodal coordinate vector, ē(n).

4. The vector of the elastic forces, Q̄(n)
e , is transformed into the global coordinate system as

follows:

Q(n)
e = TQ̄(n)

e . (B.3)

5. The calculation of Q(n), the tangent stiffness matrix, K(n)
T , and the solution of the nodal

coordinates at iteration step n + 1.
6. Return to step 1.
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The above-presented updating procedure allows for the incremental solution of linear absolute
nodal coordinate formulation elements.
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