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Fig. 2ka, Lines of constent v and a as functions of fx and fy’

a/b=1, 0=0,28, X=0.

seem to have little practical interest: it is the case of a contact
area which is narrow in the lateral direction, an extreme case of
which is a circular knife rolling over a plane. The trouble in the
case a/b=5 was already foreshadowed in the calculations of the case
a/b=2, where near the peak many sberrations T > 5, |(X,Y)|>uz
occurred, In pure spin also, the resulting values near the peak of
f for a/b=2 were somewhat erratie, which is the reason why that
portion of the curve of fy for a/b=2 is given in fig. 23 with a
broken line,

In fig. 23 we show the case of pure spin, for different values
of a/b. The curve for a/b=0.5 is shown only partially; it goes
through the origin in the same way as the other curves, and on the

right the curve a/b= 0.5 is very close to the curve a/b=2, In fact,
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the values of fy lie slightly higher in the case a/b=0,5, but not
significantly so, It is seen that the curves of fy as functions of X
increase from zero to a maximum, then decrease again, appr-.ching
zero asymptotically. Two competing mechanisms are at work., For small
values of |x|, the effective spin pole lies far from the origin, see
fig. 21. However, the area of adhesion is large, which keeps the mean
absolute value of the traction down as a conseguence of elastic
deformation., As |X| increases, the area of adhesion becomes smaller,
and the mean absolute value of the tractions grows. At the same time,
however, the effective spin pole moves towards the origin.
Consequently, the direction of the traction becomes diversified,
which tends to diminish the total force. Especially for small values
of a/h, the effects appear to keep each other in check for a large
range of values of X around the maximum, for the maximum is very
flat, -

It is seen from fig. 23, that the value of the maximum decreases
when a/b decreases, that is, when the ellipse becomes narrower in the
rolling direction, If we assume tentatively that the effective spin
pole lies in the point (-aa,0), where a is some function of X
independent of the ratio a/b, it is clear that with decreasing a/b
the area occupied by points with a large x-component of the traction
increases, while in the determination of the total force the x-
components cancel each other, owing to the mirror antisymmetry of thé
traction.

It is also seen from fig. 23 that the wvalue of X at which the
maximum is reached, first increases with decreasing a&/b, reaches a
maximum at a/b~0.5, when 0=0,.28, and then decreases again. This is
partially because for the same value of the spin parameter ¢c, a
slender ellipse has a larger area of slip than a non-slender ellipse,
so that the effect of the elastic deformetion described above, dies
out for a smaller value of ¢c,

We now turn our attention to the figures 24, They represent the
case 0=0,28, a/b=1, In the three-dimensional [fx,fy,x]—space
introduced above, they are planes of constant X. In fig. 2hka, X = 0
(pure creepage). Fig. 24b represents a value of X near the pesk of
fig., 23 {x = 2), Fig., 2hc represents a value of X beyond the peak,
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for which fy(ux=0, uy=0)z% max £ : X = 5, In the figures, the
X
tangentials ere lines of constant creepage v = YE2+n2 = constant,

The redials are lines of constant a, where
£ = vcosa, n = usina, v = VE2+n?, a in degrees, {5.30)

in accordance with (5.16).

In fig. 24a, only the first quadrant is shown because when ¥ =0,
there is symmetry asbout both the fx and fy axes, It is seen that the
lines a = 30° and a = 60° are nearly straight, except at the end
v + o , yhere they make a sharp turn., This means that the ratio fx/fy
depends principelly on the ratio £/n for vslues of u up to 1.7. In
fact,

25° < tan™ (1 /) < 27.6° vhen a = 30, 0 < v < 1.T;] a/b=1
¥ (5.31a)

60°, 0 < v < 1,7.| 0=0.28

53° < tan"[fy/fx] < 56.7° vhen a

According to the theory of JOHNSON and VERMEULEN [5], these angles

are constent, and

30°, v > 0y

25,8° when «

L]

tan"[fy/fx]

]
L

tan’1(fy/fx) 55.4° when o = 60°, u > 03 (5.31b)

a/b=1, 0=0,28.

In figs. 24b and 2he, only the first and fourth quadrants are
shown, since the f -axis is a line of symmetry. The curves u=constant
are egg-shaped, with the flat end up. In fig. 2¥b (X = 2.0), the
curves for a = -30° and o = -60° show some waviness. It is not at all
certain whether this waviness actually occurs in practice: it is
quite possible that it is due to evrors in the numerical celculation.
It is seen from fig. 2he that the waviness is completely gone for
X = 5, In fig., 2l4c, the effect of the diminishing radius of the tube

v=constant with increasing X is clearly shown.
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6. Conclusion.

In this final chapter we will review in 6.1 the results which
have been achieved in this thesis, and in 6,2 we will meke some

observations on further research.

6.1. Results achieved.

In this thesis, we confine ourselves to contact problems
between purely elastic bodies which can be approximated by half-
spaces, while the contact area is elliptic in form. The method for
the solution of contact problems with friction which is discussed in
this thesis is, strictly speaking, only valid when the elastic
constants of the bodies are the same, or when both bodies are incom-
pressible, The method gives an approximation in case that these ‘
conditions are not sastisfied. A crude estimate of the error of this
approximation is given in sec. 2.1,

In chapters 2 and 3, we discuss the general theory. It was shown
in 2.2 that a generalized version of GALIN's theorem (GALIN [1],.ch.
2, sec. 8) can be established without recourse to LAME's ellipsoidal
harmonics. As a consequence of this, DOVNOROVICH's method [1] for the
calculation of contact problems without friction on the basis of
GALIN's theorem could be adapted in 2,3 to contact problems in which
there are also frictional forces. DOVNOROVICH's metﬁod was generalized
in 2.4 sqq. in the sense that the connectioﬁ between tractions and
displacement differences was given explicitly for any degree M of the
determining polynomials., In 3.1, the theory is worked out for the
case without traction singularity at the edge of the contact area.
DOVNOROVICH also considered this problem, but he did not arrive at the
simple relationship (3.15)., The examples treated in 3.2 sqq. are all
well-known.

In chapters 4 and 5, we discuss the problem of contact in steady
rolling. The boundery conditions are well established, see e.g. DE
PATER [1] and KAIKER [1]; they are set up in section 4.1, In k.2,, we
derive a number of symmetry relations between the surface tractions
and the slip on the one hand, and creepage and spin on the other

hand. These relations lead to a number of symmetry properties of the

1hh,



total force and the total torsional moment as functions of creepage
eand spin, It is also found that the determining parameters of the
problem are a/b, £, n, X, and 0. We have not found the symmetry
relations in this form in the literature.

The limiting case of infinitesimal creepage and spin (sec. 4.3
sqq.) was treated before in the literature, but we generalized it to
elliptic contact areas, KAIKER's proof (see [1], p. 168-169) that no
slip takes place at the leading edge of the contact area when creepage
and spin are infinitesimal, and which is valid for circular contact
areas and vanishing POISSON's ratio, was extended in sec. 4.31 to
elliptic contact areas and arbitrary POISSON's ratio, The creepage
and spin coefficients Ci' (p.91 to 93) coincided with those obtained
in KAIKER [1], pg. 174, when the contact area is circular., It was
found in KATKER [1] that the creepage and spin coefficlents agree
with JOHNSON's experiments [1,2,3], when the contact area is a
circle., In a comparison with the experiments of JOHNSON and
VERMEULEN [5], it was found that C,, agrees well with the experiment
when the contact area is an ellipse., The curious and unexplained
phenomenon that Cog = =C3p» which was noted in KAIKER [1], occurred
also with elliptic contact areas,

The theory of LUTZ [1,2,3] and WERNITZ [1,2] for very large
creepage and spin, which is confined to the case thet Ux=0 or v _=0
when the contact area is an ellipse, was generalized in sec. 4.4 to
the case that v # 0, Uy # 0,

The numerical theory of ch. 5 for steady rolling with arbitrary
creepage and spin, which consists of the minimalization of a certain
integral, appeared to work reasonsbly well for the degree M=3, and
the weight function W=W,. The error in the total force is at most
about 10%, see fig. 15. The error in the traction distribution is
larger, see fig. 16, A qualitstive description of the tractions in
steady rolling is given in sec. 5.32 sqq. The calculations were
carried out for a large number of the defining paremeters a/b,

E, n, X (see (5.29)); POISSON's ratio was kept at 0=0.28 throughout.
The calculations provéd to be exceedingly lengthy, so that in our
opinion the main significance of the theory of ch, 5 lies in the
possibility that existing approximate theories (JOHNSON [1,2,3,4,5],
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wrz [1,2,3] -~ WERNITZ [1,2], DE PATER [1] - KALKER (sec. 4.3 sqq.),
HAINES - OLLERTON [1], KALKER [2]) or theories that will be developed

yet can be tested with the numerical theory.

6.2, Further research.

It would be of interest to have a deeper insight in the inter-
action between the normal and the tangential problem, when k # 0,

Such an interest is mainly academic in the case of the influence
of the tangential traction on the normal problem, An interesting
aspect of such a theory is the change of the contact area as a
consequence of tangential tractions, A simple, non-trivial problem of
this sort is the problem of gross slidirg in Hertzian contact. In

that case, the boundary conditions are

W = ~Ax2-By? + qa,

X =z, ¥ =0 in E, (6.1)
> --sz—By2 + a,

X=Y=2=0 on z = 0, outside E, (6.2)

Displacements and stresses vanish at infinity. (6.3)

In the rotationally symmetric case of pure spin about the z-axis,

X=- —Efz-; s Y =+ —Efg—; y the normal problem is unaffected by the
Vxe+y VXSty

tangential tractions, see SNEDDON [1], ch. V, sec.-31,

The case of the normal problem influencing the tangential
problem is of greater practical interest, especially in the case of
e small cnefficient of friction u. This would be an investigation
into the second approximation of sec. 2.1, This has slready been
carried out for the two-dimensional case of two cylinders rolling
freely over each other, see JOHNSON [h]. In the general three-
dimensional case of rolling contact, the treatment would differ only

slightly from the one given in chapter 5. The only new thing needed

is
H
put _ [31_1] o' [av (6.14)
ax X |x=y=0" 0x 3X ) X=Y=0 *

which can be given as a surface integral derived from (2.11a,b), with

the Hertzian normal pressure
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Z(x',y') = G fOO Y1=(x"/a)?-(y'/b)2. (6.5)

By means of the substitutions of the fundeamental lerma of sec, 2,2,
the double integral derived from (2.11) can be reduced to a single
integral with periodic continuous integrand which is integrated over
the period. So the guantities (6.4) are brought in a numerically
accessible form. The relative slip is then given by (k4.15¢):

Sx T W +[%]= Ut [%glv\@o * [2—21250 ' 1

., -

v oV 9V .
u+x+[—;{-:|=u+x+—- + | ;
y = YD y' [ax}x=x=o [ax}z=o
the only difference with the theory of ch, 5 is, that a known
function is added to 5, and Sy at each point.

An amnalytical investigation into JOHNSON's problem of free

rolling is also feasible in the case of & circular contact area. The

n

(6.6)

8

problem is:

Determine Vs uy and ¢ so, that

= ﬂl. B_u = 1
sx = Ux oy + [ax]X=Y=O + [3x]z=0 0 in E,
8. E u_+¢x + v + -a—v] = 0 in E; (6.7)
y y 9% | ¥=y=0 89X |7=0

No singularity at the edge of the contact area;

7 = £,, G /1-x2/aZ-y?/az,
This investigation could he based on potential theory, using the
methods developed in KAIKER [1].

As a final project we mention the case of instationary rolling:
it is perhaps possible that the theory of ch. 5 can be adapted to

some problems of unsteady rolling.
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Notations.

. N S
Underlined symbols designate vectors. A superscript indicates that
the quantity belongs to the lower body. A superscript  indicates
that the quantity belongs to the upper body. We list only symbols

the meaning of which extends beyond the section where they are

defined.
Symbol Meaning Definition, etc,
a In sec. 1.1: half width of contact | Fig. 2
area
Elsewhere: semi-axis of contact (1.5a)
ellipse in x-direction
& Coefficient of u-polynomial (1.10)
B (No vector) A complete elliptic (3.17)
integral
b In sec, 1,1: coordinate of trailing | Fig. 2
edge of locked area
Elsewhere: semi-axis of contact (1.5a)
ellipse in y-direction
b Coefficient of v-polynomial (1.10)
C. . In sec. 4.32: creepage coefficient | (4.36), Fig. 8
by Table 3
c (No vector) A complete elliptic (3.17), Table 1
integral
c = /ab, geametric mean of semi-axes (3.50)
of contact ellipse
o Coefficient of w-polynomial (1.10)
D (No vector) A complete elliptic (3.17), Table 1
integral
Integer witbh special meaning (2.67)
dPq Coefficient of X'-polynomial (1.9), (4.63)
(Elliptic) contact area (1.5a)
E Slip ares
g 1
Eh Ares of adhesion, also called
locked area
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Symbol

Meaning

Definition, etc.

ER3PL
mn
Eh;2p+e,2q+w
2mte , 2ntw

e
pq

(7,7

FPa
mn

Fh;2p+e,2q+w
2m+e ,2n+w

1(d,i,j,e)
J(x,y)
J{d,i,j,e)
K

X

152.

A certain integral

Exnressed in complete elliptic
integrals

(No vector) Camplete elliptic
integral of the 2nd kind
Signed excentricity of contact
ellipse -
Coefficient of Y'-polynomial

(x,y) components of total
tangential force on lower body.

See also (fx,fy)

Coefficients derived from Eh;ig
Expressed in complete elliptic
integrals

In 5.22, 5.23: integrand of I
Components of dimensionless
total force exerted on lower
body

Modulus of rigidity: combinéd,
upper body, lower body
=min(a/b,b/a). Ratio of axes of
contact ellipse

In ch, 5: an integral to be
minimized ,
A complete elliptic integrai
"Square root singularity"

A complete elliptic integral
Integer connected with the
degree: M=2K+v

{Io vector) Complete elliptic
integral of the 1st kind
Integer; also: major semi-axis

of contact ellipse max(a,b) .

(2.35),(2.48),(2.53)

(2.73),(2.74),(3.22)
(3.17), Table 2
(2.63), Table 2

{(1.9) ,(4.63),(5.1)
(4.2k)

(3.%4),(3.15)

(3.12),(3.13),(3.22)

sec, 5.22

(4.19), Figs. 3, 8,
10, 11, 13, 14, 15,
23, 24

(2.4),(2.10)

(2.63), Table 2
(5.9)
(2.74),(3.1h),(3.21)
(2.21a)
(3.13),(3.14),(3.21)

(2.54)

(3.17), Table 2



Symbol Meaning Definition, etc.

M Degree of traction polynomial (1.9)

Mz Total moment sbout the z~axis (4,24)
on lower body

m, Dimensionless total moment (4, 19)
about z-axis

N Total normal force (3.50)

0 Origin of cartesian coordinate
system, centre of contact aresa,
Also: order of magnitude symbol

P Proportional to x~comnonent of | (5.18)
relative slip

D In ch, 5 only: number of (5.1)
degrees of freedom

Q Proportional to y-component (5,18)
of relative slip

q In ch. 5 only: summation limit | (5.1)

R Distance between two points on | (2.9)
the surface

R;,R;,R;,R; Radii of curvature of bodies in |sec. 3.221
X%, Y2 plane

r Distance from origin to a point | (2.33)
of the plane 2z=0 (except in
sec, 2,1)

s Positive definite function of (5.6)
relative slip

3 Minor semi-axis of contact (2,63)
ellipse min(a,b)

Elsx,sy] Relative slip (vector end (4,15)
components) of upper body
over lower

T Positive definite function of (5.6)
traction difference

t Time

153,



Meaning

Definition, ete.

)

Wy

(Wx ) "’y]

(X,Y,2)

(%,Y)
(X',Y")
(xa.VsZ)
x-direction
y-direction

z=direction

™

15k,

Displacement differences,

except in 2,41 and 4.31

Elastiec displacement of lower/
upper body

Magnitude of rolling velocity,
except in sec. 5.23

Weight function

A special weight function

Components of unit vector in'
the direction of the slip
(x,y42) components of surface
tractions on lower body
Tengehtial traction components
Traction polynomials

Cartesian coordinate system
{Nearly the) rolling direction
Lateral direction

Inner normal on lower body at
centre of contact area

Normal pressure distribution,
mostly Hertzian

Standard polynomial

x~-derivative of zj

Angle between creepage and
x-8xis in degrees

A small positive number with
several meenings

Parity numbers (0 or 1);
e+e'=1

Lateral creepage parameter
An elastic constant

(neglected in the present work)

Coefficient of friction, assumed

(1.4}, (1.6b)

(4.9), (4. 10)

(5.3)
(5,14)

(1.88)

(4,%0),(4.63),(5.5)

sec, 2

(4.10)

{1.5b)

(5.1)
(5.2)
(4. 104),(5.30)

(2.38)3(4.10);(5.12¢)

(2.54)

(4.20)
(2.10)



Symbol Meaning Definition, ete,

to be constant

v,V Parity numbers (0 or 1)3; v+u'=1 [(2,54)
Longitudinal creepage parameter |[{4,20)

p Characteristic length of the (3.38)
bodies

a,0+,c- Poisson's ratio: combined, upper|(2.4),(2.10)
body, lower body

" Coefficients of traction (5.1)
polynomials
Creepage., In ch. 5: (5.16),(5.30)

giux,uy) Creepage vector, longitudinal (4.11), (k. 14a)
and lsteral creepage

¢ Spin (4.12), (4. 1ka)

X Spin parameter (4.20)

weln? Parity numbers (0 or 1); wtw'=1 |(2,54)
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