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Intr oduction

- Good illustration of many interesting issues in control

Modeling, stabilization, RHP poles & zeros, limitations
Integrated process and control design

- Educational experiences

— Lund from 1968, Regular use in courses from 1996.
— lllinois Richard Klein 1970-1998
— UCSB from 2000

- How bicycles are used?

— Motivation
— Concrete illustration of ideas and concepts
— Experiments

- Very high student attraction
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Interesting issues

. Nontrivial behavior

- Modeling - complexity vs explanation power

. Stabilization

- Fundamental limitations due to RHP poles and zeros
- What makes a system dif cult to control
- Stabilization and steering

— Stabilization introduces RHP zeros in command signal
response

- Integrated process and control design

- Dif culties with RHP zeros can be avoided by adding
sensors and actuators

- Many (simple and advanced) experiments

& K. J. Astrom, Delft, June, 2004



An Early Paper

Sommerfeld (1952) Mechanics. Lectures on Theoretical
Physics, Vol 1. Academic Press 1952.

F.Klein and A. Sommerfeld (1910) Theorie des Kreisels, Vol 1V,
pp 863-884.

“A bicycle is a doubly non-holonomic system; it has ve
degrees of freedom in nite motion, but only three such
degrees i in nitesimal motion (rotation of the rear wheel Iin its
Instantaneous plane, to which the rotation of the front wheel

IS coupled by the condition of pure rolling; rotation about

the handle bar axis; and common rotation of front and rear
wheel about the line connecting their points of contact with the
ground), as long as we do not consider the degrees of freedom
of the cyclist himself”

& K. J. Astrom, Delft, June, 2004 4



Arnold Sommerf eld on Gyroscopic Effects

That the gyroscopic effects of the
wheels are very small compared
with these (centripetal forces) can
be seen from the construction

of the wheel: if one wanted to
strengthen the gyroscopic effects,
one should provide the wheels
with heavy rims and tires instead
of making them as light as possi-
ble. It can nevertheless be shown
that these weak effects contribute
their share to the stability of the
system.
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Tilt Dynamics - Inverted Pendulum

Assume rigid rider, f O
Assume steer angle is the input
Linearize for small tilt angles

Momentum balance around x axis

d?/
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Kinematics gives the Lateral Force

h Z

— ~\d |

P orz x T
. a
— b

The force acting on the center of mass is

T dt b b dt
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Summary

Linearized tilt dynamics

d?/
J W an (:F
The force acting on the center of mass of frame and rider
VZ  dV V2 aVydd
= Yo y Yo 0
" @ ™ p? b oa

Model that relates steering angle d to tilt
ﬂ mnQ. mQ/OZd amQ/y dd
dt2 Y bJ  dt

amQ/p, s Vj a
bJ s mnQJ

Transfer function: PBE

& K. J. Astrom, Delft, June, 2004
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Physical Interpretation

The ODE model

d3 mnQ mQ/OZd amQ/ dd
az 37 b bd  dt

Interpretation of the different terms

. Y - due to gravity

2
M0 g - due to centripetal force

ano dd _ due to inertial forces

The transfer funciton

amQ/p s Vp a

PE
b s mnQJ

amQ/o
bJ

- Poles: p P mnQJ, Zero: z Vo a, Gain: k

& K. J. Astrom, Delft, June, 2004
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Some Interesting Questions

- How do you stabilize a bicycle?
— By steering or by leaning?
- Do you normally stabilize a bicycle when you ride it?

- How to explain that it is possible to ride without touching
the handle bar

- How Is stabilization in uenced by the design of the bike?
- Why does the front fork look the way it does?

- The main message:

— A bicycle is a feedback system, the action of the front
fork is the key!

& K. J. Astrom, Delft, June, 2004 13



A Slightl y More Complicated Model

- It Is not a good idea to assume that the steering angle is
the control variable!

- The driver in uences the bicycle by applying torques to the
handle bar and by leaning.

- The front fork creates a feedback because leaning creates
a torque on the front fork.

- A simple experimental veri cation.
- Important to understand the basic mechanisms!

- Improved model

— Two subsystems: frame and front fork
— One control variable: Torque on front fork
— Dynamic model for frame static model for front fork

& K. J. Astrom, Delft, June, 2004 14



The Front Fork

The front fork has many interesting features that were devel-
oped over a long time. Its behavior is complicated by geometry,
the trail, tire-road interaction and gyroscopic effects. We will
describe it by a very simple static linear model.

With a positive trail the front wheel
lines up with the velocity, caster
camber. The trail also creates a
torque that turns the front fork into
the lean. This torque is opposed
by the caster-camber action and
by torques generated by tire road
interaction. A simple model is i

d ky kT
Experimental veri cations?

& K. J. Astrom, Delft, June, 2004 15




Bloc k Diagram of a Bicycle

Handlebar torque T

ks Vo ag

s2 mnQJ
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The Closed Loop System

Combining the equations for the frame and the front fork gives

d mnQ  amQldd mQss
ez 3’ bJ  di DbJ
d ky kT

we nd that the closed loop system is described by

d2j amQ(1V0 d_/ an k1V02 1 amsz/o dT Vg
ez b dt J  bn 7 b dt  a

This equation Is stable if

T

P
Vo V. bn ki

where V. is the critical velocity. Physical interpretation. Think
about this next time you bike!

& K. J. Astrom, Delft, June, 2004
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Stabilization

The bicycle is a feedback system. The clever design of the
front fork gives a feedback because a the front wheel will steer

Into a lean. The closed loop system can be described by the
equation

d?/ am@iVod/j mnQ kiV¢ amk,Q/p dT V,
dt? bJ dt J bn bJ dt a

which shows how tilt angle ; depends on handle bar torque T.

T

1)

The equation is uBstabIe for low speed but stable for high
speed Vo V. bn k4, the critical velocity.

This means that if the velocity is larger than V. you are not
actively stabilizing the bike when you ride! You can observe
this by biking at different speeds.

& K. J. Astrom, Delft, June, 2004 18



Gyroscopic Effects

Gyroscopic effects has a little in uence on the front fork

d mnQ  amQ/y dd mQ/ozd
iz 3’ "Dl dt  bJ
. d/
d ki koo keT

we nd that the closed loop system is described by

am@,Vy d?¥ amQ;Vo m&,Vg di mnQ ke
bJ dt? bJ bn dt J bn
amsz/o dT Vo

bJ dt a

1 1

T

Damping is slightly improved, but the stability condition is the

same as before P

& K. J. Astrom, Delft, June, 2004
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Lund Bicycle with Strong Gyroscopic Action
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Summary of Moo

Modeling and feedback ana

eling and Stabilization

ysis gives good insight into sta-

bilization of bicycles. A model of second order captures the

essence.

- Simple models
— Stiff rider

— Static front fork model

- Interesting conclusion

— Bicycle is self stabilizing if velocity is larger than the
critical velocity. Design of the front fork is the key!

- Model can be augmented in several ways

— Better front fork model centrifugal forces ...

— Tire road Interaction

& K. J. Astrom, Delft, June, 2004 21
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The Tilt Equation for Rear Wheel Steering

Rear wheel steering:

d?j . V2 dV, :
JF mn(sin / mQTcosa Te cos/

Front wheel steering:

d?/ . V2 dV, :
JF mn(sin / mQTcosa Te cos/

& K. J. Astrom, Delft, June, 2004 23



The Lineariz ed Tilt Equation

The linearized equation becomes

ﬂ mnQ. amQ/odd mQ/§
Tz / bJ dt bl

The transfer function of the system is

d

S Vo
am Q/o Z
PE
bJ mnQ
J

One pole and one zero in the right half plane.

Physical interpretation.

& K. J. Astrom, Delft, June, 2004
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Rear Wheel Steering

The transfer function from steering angle to tilt is

S Vo
amQ/O Z
PE
bJ mnQ
J
r
mn
One RHP pole at p TQ 3 rad s
Vo
One RHP zero at z =

Pole position independent of velocity but zero proportional to
velocity. When velocity increases from zero to high velocity you
pass a region where z  p and the system is uncontrollable.
The system is very impossible to control when z  p.

& K. J. Astrom, Delft, June, 2004 25



Does Feedback from Rear Fork Help?

Combining the equations for the frame and the rear fork gives

d mnQ  amQldd mQss
ez 3’ bJ  di DbJ
d ky kT

we nd that the closed loop system is described by
am sz/o dT Vo

d2j amQ(]_Vo d_/ an k]_VOZ 1/ T
ez b dt J  bn 7 b dt  a

P . .
where V. bn k;. This equation is unstable for all k;. The
rear fork can be turned but it does not help.

Does a more complicated controller help?

& K. J. Astrom, Delft, June, 2004
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Fundamental Limitations due to Non-minim um
Phase Dynamics

Factor process transfer function as PBE Py, ,BEP,npBBE The
phase lag of the non-minimum phase component cannot be
too large at the crossover frequency!

arg anpDWncE P jm r]ncg

Simple Rule of Thumb
arg PompDwicE 1

Non-minimum phase components can have a phase-lag of at
most 1 radian at the gain cross over frequency!

& K. J. Astrom, Delft, June, 2004
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Bode Plots should Look Like This!
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Examples of Limitations

System with RHP pole-zero pair

¥ sEB pE
PrmoBE
e > sEP pE

Reachability is lost if p  z, robust control requires that
z 4, or, z 0.25
P P

A system with time delay T and unstable pole p cannot be
controlled if pT 2. Robust control requires

pT 0.2

Riding a bike! Stabilizing and inverted pendulum using video
Sensors.

& K. J. Astrom, Delft, June, 2004
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Return to Rear Wheel Steering ...

The zero-pole ratio is
T_ T
Z Mo I Vo Im mQ

p a mnQ a mnQ

The system is dif cult to control robustly if this ratio Is in the
range of 0.25 to 4.

To make the ratio large you can
- Make a small by leaning forward
- Make V, large by biking fast (takes guts)
- Make J large by standing upright

- Move back and sit down when the velocity is suf ciently
large

& K. J. Astrom, Delft, June, 2004
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Klein's Unridab le Bike
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Klein' s Ridab le Bike
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The UCSB Rideable Bike
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The Hamburg-Boc hum Bike
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Rear Wheel Steering

F. R. Whitt and D. G. Wilson (1974) Bicycling Science - Er-
gonomics and Mechanics. MIT Press Cambridge, MA.

“Many people have seen theoretical advantages in the fact that
front-drive, rear-steered recumbent bicycles would have simpler
transmissions than rear-driven recumbents and could have the
center of mass nearer the front wheel than the rear. The U.S.
Department of Transportation commissioned the construction
of a safe motorcycle with this con gur ation. It turned out to be
safe in an unexpected way: No one could ride it.”

The Santa Barbara Connection

& K. J. Astrom, Delft, June, 2004 35



The NHSA Rear Steered Motor cycle

- The National Highway Safety Administration had a project
almed at developing a safe motorcycle in the late 1970s.

. Low center of mass

- Long wheel base
- Separation of steering and braking

- Robert Schwarz, South Coast Technology in Santa Bar-
bara, California

- Use Sharp's motorcycle reverse velocity

- Linearize analyze eigenvalues, in the range of 4 to 12 s for
speeds ranging from 3 to 50 m/s

- Pointless to do experiments
- NHSA insisted on experiments

& K. J. Astrom, Delft, June, 2004 36



The NHSA Rear Steered Motor cycle

& K. J. Astrom, Delft, June, 2004
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Comment by Robert Schwarz

The outriggers were essential; in fact, the only way to
keep the machine upright for any measurable period
of time was to start out down on one outrigger, apply
a steer input to generate enough yaw velocity to pick
up the outrigger an then attempt to catch it as the
machine approached vertical. Analysis of Im data

Indicated that the longest stretch on two wheels was
about 2.5 s.

& K. J. Astrom, Delft, June, 2004
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Steering and Stabilization - A Classic Problem

Lecture by Wilbur Wright 1901

Men know how to construct airplanes.
Men also know how to build engines.
Inability to balance and steer still confronts
students of the ying problem.

When this one feature has been worked out,
the age of ying will have arrived, for
all other dif culties are of minor importance.

The Wright Brothers gured it out and e w the Kitty Hawk on
December 17 1903!

Minorsky 1922:

It is an old adage that a stable ship is dif cult to steer.

& K. J. Astrom, Delft, June, 2004
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Steering

Having understood stabilization of bicycles we will now investi-
gate steering for the bicycle with a rigid rider.

- Key question: How is the path of the bicycle in uenced by
the handle bar torque?

- Steps in analysis, nd the relations

— How handle bar torque in uences steering angle
— How steering angle in uences velocity
— How velocity in uences the path

We will nd that the instability of the bicycle frame causes
some dif culties in steering (dynamics with right half plane
zeros). This has caused severe accidents for motor bikes.

& K. J. Astrom, Delft, June, 2004
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How Steering Torque Inuences Steering Angle

Handlebar torque T

J /
‘ kB Vg af
1 : 2 mnQJ

Transfer function from T to d Is
k2 k2 52 an J

K>
k35 Vo aE 2
1 KkPBE 1 K1z mnOQ"’S . amt()lslvos mJnQ xoz 1

& K. J. Astrom, Delft, June, 2004



Summar y of Equations

Kinematics ;
y
a
dy V
The transfer function from steer angle d to path deviation y is
V2
G,BE —.
vd bs?

Transfer function from steer torque T to y

k,V? s> mnh J

b k,VD  mnh _V?2
52 g2 2 S D
bJ J V2

G,r BE

1E
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Improved Modeling

- The simple second order models

Dynamic momentum balance for frame and rider
Static momentum balance for front fork
Trail is important

. Forth order model nonlinear and linear
. Model for tire road interaction

- Models quickly becomes complex and error prone
- Computational tools very useful

& K. J. Astrom, Delft, June, 2004
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Coordinate System
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M :
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= 3,V J,Vcsin?/
8

Fourth Order Linear Model
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a/a «2/3 303
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DV sin/ 9
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Root

Locus Bicycle with Rider
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Real py
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Eigenvalues with no Gyroscopic Action
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Experiments

. Stabilization

- Observations while riding, straight line and circle
- Instrumentation from simple to complex
- Modi ed bicycles

— Front fork

— Heavy front fork

— Bungee cord

— Rear wheel steering

- Pedagogical use of rear wheel steering

. Automatic stabilization

- Adapted bicycles for children with disabllities

& K. J. Astrom, Delft, June, 2004
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Klein's Adapted Bikes for Children with
Disabillities
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Unstable mode
I
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Conclusions

- Modeling is an important aspect of control

- Bicycle dynamics

— Much insight into stabilization and steering can be
derived from simple models

— Interaction of system and control design (the front fork)

— Counterintuitive behavior because of dynamics with
right half plane zeros

— Importance of several control variables

- Lesson 1: Dynamics is important! Things may look OK
statically but un-tractable because of dynamics.

- Lesson 2: A system that is dif cult to control because of
zeros in the right half plane can be improved signi cantly
by introducing more control variables.
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