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Newton-Euler equations of motion for a rigid

body in space:

Newton:
∑

fc = mcẍc.

Euler:
∑

Mc = Icω̇c + ωc × (Icωc).

with, at the centre of mass c, the total mass

mc, and the mass moments of inertia tensor

Ic:

Ic =




Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz




where Ixx =
∫
(y2 + z2)dm and Ixy = − ∫

(xy)dm,

other terms are obtained by cyclic permuta-

tion of x, y, z.

From these we can calculate for a given set

of forces
∑

fc and moments
∑

Mc acting at

the centre of mass of the rigid body, in a

given state, the accelerations of the centre

of mass ẍc and the angular acceleration ω̇c

of the rigid body.
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Note that in the Euler equations the compo-

nents of the inertia tensor Ic change due to

the rotation of the body!

However, in a body fixed coordinate system,

(x′, y′, z′), the inertia tensor of a rigid body,

I′c, is constant.

Transformation of the Euler equations of mo-

tion from the space fixed coordinate system

(x, y, z) into the body fixed coordinate system

(x′, y′, z′) result in:

∑
M′

c = I′cω̇′c + ω′
c × (I′cω′c)

with constant I′c!
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Newton-Euler equations for a rigid body de-
rived by means of linear and angular momen-
tum balance.

Linear Momentum: pc = mcvc.
Angular Momentum: Hc = Icωc

Taking the rate of change, we get:

Linear Momentum Balance:
∑

fc = ṗc.
Angular Momentum Balance:

∑
Mc = Ḣc.

Now with the Rotating Axes Theorem:

d
dt(X)fixed = d

dt(X)moving + Ωmoving × (X),

where X is some vector quantity and Ωmoving

is the angular velocity of the moving coordi-
nate system with respect to the fixed coor-
dinate system.

We get, again, the Newton-Euler equations
as:

∑
fc = mcv̇c∑
Mc = Icω̇c + ωc × (Icωc).
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Assignment 2

In order to examine the steering forces and
moments of a bicycle in motion, the front
wheel of a bike is put to a further test. The
model of this front wheel consists of a thin
hoop with a mass of m = 1.8 [kg] and a
diameter of d = 28”, which can rotate around
its own axle, φ. It is assumed that the mass
is concentrated along the perimeter of the
wheel. Perpendicular to this axis of rotation,
a second hinge has been attached in order
to be able to rotate the φ-axle, the so-called
steering, around an angle ψ.

1. Make an estimate, by means of the Eu-
ler equation of motion for a rigid body,
M = Iω̇ +ω× (Iω), of the size and direc-
tion of the moment M1 that is exerted
on the wheel in the first hinge at a con-
stant riding speed of v = 20 [km/hour]
and a constant steering angular velocity
of ψ̇ = 30 [◦/sec].
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