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Orientation of a rigid body in space.

We can keep track of any point on the rigid
body by means of translation t of a point
of the body and and a rotation about t de-
scribed by means of an orthogonal rotation
matrix R.

An arbitrary location p’ in the rigid body ex-
pressed in the body fixed coordinate system
(2',v',2') can be exprressed in the space fixed
coordinate system (z,y,z) (f.i. inertia sys-
tem):

p =t+ Rp’

The translation vector t has three compo-
nents (tz,ty,t>). The orthogonal rotation ma-
trix R has 9 components but can be de-
scribed by means of 3 independent param-
eters due to the orthogonality conditions:
RR! =T which are 6 (due to symmetry) in
total.

An example of this parametrization are:
Euler angles, but there are many more see
f.i. Wittenburg (1977).



Euler angles (¢, x,v), also known as 3-1-3 or
Z-X-z angles, as a parameterizations of R.

How do we get R out of (p,x,9) ?

Recipe:

e 1 Rotate with ¢ about the z-axis

e 2 Rotate with yx about the rotated x-axis

e 3 Rotate with ¢ about the rotaated z-axis

Now you can think of this rotation matrix R
as the product of 3 successive rotation ma-
trices:

(Note the order!)

The individual matrices are:



Rotate with ¢ about the z-axis

Cgp —890 O
Rgp — Sgp Cgp O
0 0O 1

(with: sy =sinx en ¢; = cosx)
Rotate with x about the rotated x-axis

1 O 0
RX — O CX —SX
O SX CX

Rotate with ¢ about the rotaated z-axis

Cw —Sw O
Rw — S¢ C¢ O
0 O 1

The rotation matrix R = ReRy Ry, is given
by:
Cgpcfgb — SQOCXS'Qb _Cgpsw — S@Cch SQOSX
R = SpCyp + CoCxSyhy  —SpSyh —+ CoCxCyy  —CipCx
stw chw CX

Note: Euler angles are NOT vectors!
They lack the commutative property:

v1 +vo =vo 4 vq



In order to find the motion we need to inte-
grate the accelerations and the velocities.

Newton: Y f. = mXe — Xc

XC — fXCdt, and
Xe = fXCdt

Euler: Z MC — Icwc —I_ We X (Icwc) — wc

We = wadt, aﬂd
(9, %, %) =7 [wedt : NO!

but
(o, x, %) = (¢, x,9)dt

So what are angular velocities?



Angular velocities, for simplicity assume only
rotation no translation (t = 0):

p=RR'p
The matrix RR? is a-symmetric and there-

fore has 3 independent components, by defi-
nition the angular velocities w = (wg, wy, wz),

P=Wp=wXp

with the angular velocity matrix (=vector cross
product)

0 —w: wy
W = Wz 0] —Wygx
—Wy W 0

T hese angular velocities are vectors, contrary
to the Euler angles.

The angular velocities in the body fixed frame
are:

I-)/ — RTRp’ — (:J/p/
or, since w is just a vector, simply transform:

W =RIw



In order to integrate the motion we need an
expression for the time derivatives of the Eu-
ler angles in terms of the angular velocities.

Start from
RR! =@ —
OR OR 8R ~
—R'o+ "R+ "R =0
Oy Ix o

or by means of successive rotation (visual-
izel):

Wy © 0 Y
combined
W O Csp SSOSX @
wy | = | 0 sp —cpsy X



But, we need the inverse expressions: given
the Euler angles and the angular velocities
what are the time derivates of the Euler an-

gles:

© 1 [ ~S¢cx cpex 1 We
X —_— — CSOSX SSOSX 0 Cdy
w SX Sgp —Csp O Wz

Note the singularity at y = 0 4 k!

Moreover, any combination of angles f.i. Bryant
angles, Cardan angles or whatever angles,
will show a singular configuration somewhere

along the line.



Finally, with the body fixed angular velocities
RIR =&

Resolve by means of successive rotation (vi-
sualize!):

w’x 0 . X - 0
/ _
W, 02 0 @
combine
w:}; SihSx  Cb O gp
wly = | cypSx —Sy 0 X

and the inverse expressions are .....

Alas, the Determinant equals sy, SO again a
singularity at at x = 0 4 k.

—The End—



