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Coupled Differential and Algebraic Equa-

tions (DAE’s)

For the dynamic analysis of systems of inter-

connected rigid bodies, the so-called multibody

systems, we have the Newton-Euler equations

of motion for the rigid bodies together with the

algebraic equations expressing the interconnec-

tions or constraints. Together these result in a

set of coupled differential and algebraic equa-

tions (DAE’s) from which we can solve the

motion.

The principle of virtual power tells us some-

thing about the ‘equilibrium’ of the system.

Proposition: The system is in equilibrium if the

virtual power of the applied forces is zero for all

virtual velocities which fulfill the constraints.
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d’Alembert’s Tric: Transform a dynamics prob-

lem into a statics problem by adding the inertia

forces to the applied forces.

The virtual power of the applied forces to-

gether with the inertia forces is now

(fi −Mijẍj)δẋi = 0,

with i, j = 1..n, and n = 6∗b where b is number

of bodies.

In general the constraints can be written as:

Ck(xi, t) = 0,

with k = 1..m, where m is the total number of

constraints, e.g. for s hinges m = 5 ∗ s.

Differentiation with respect to time results in

m constraints on the velocities ẋi:

Ċk =
∂Ck

∂xi
ẋi +

∂Ck

∂t
= 0.
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The virtual velocities have to fulfill these ve-

locity constraints (virtual = time stands still):

δĊk =
∂Ck

∂xi
δẋi = 0.

These constraints on the virtual velocities can

be added to the virtual power by means of the

(unknown) Lagrange multipliers λk, as many

as we have constraints δĊk = 0:

(fi −Mijẍj)δẋi = λkδĊk,

Substitution of the expressions for the virtual

velocities results in:

(fi −Mijẍj)δẋi = (λk
∂Ck

∂xi
)δẋi,
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This must hold for arbitrary virtual velocities

δẋi, therefore the scalar virtual power equation

results in i differential equations:

Mijẍj +
∂Ck

∂xi
λk = fi,

These are the n differential equations of mo-

tion with n + m unknowns, namely: ẍi and λk.

Next add the m algebraic equations for the

constraints. But since the unknowns are the

accelerations we will differentiate these con-

straints twice with respect to time :

Ck,iẍi + Ck,ijẋiẋj + 2
∂Ck,i

∂t
ẋi +

∂2Ck

∂t2
= 0,

where we use the comma notation to express

partial derivatives, e.g. Ck,i = ∂Ck
∂xi

.
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Finally we have the complete set of coupled

Differential and Algebraic Equations (DAE’s):

Mijẍj +
∂Ck

∂xi
λk = fi,

Ck,iẍi = −ddCk.

with the ‘known’ acceleration terms

ddCk = Ck,ijẋiẋj + 2
∂Ck,i

∂t
ẋi +

∂2Ck

∂t2
.

Or in mixed Matrix-Vector-Index notation:
[

Mij Ck,i
Ck,j 0kk

] [
ẍj
λk

]
=

[
fi
−ddCk

]
.
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The motion of the system can now be found by
numerical integration of the time derivatives of
the state (state equations). Where the state
of the system is given by the moment in time
t, the positions of the centres of mass of the
rigid bodies (x, y, z)i (i = 1..b, where b is the
number of rigid bodies), the orientation of the
rigid bodies expressed in f.i. the Euler angles
(ϕ, χ, ψ)i, the velocities of the centres of mass
(ẋ, ẏ, ż)i, and the angular velocities of the rigid
bodies (ω′x, ω′y, ω′z)i expressed in the body fixed
frame x′y′z′.

These state equations are:

d(x, y, z)i/dt = (ẋ, ẏ, ż)i
d(ϕ, χ, ψ)i/dt = A((ϕ, χ, ψ)i)(ω

′
x, ω′y, ω′z)i

d(ẋ, ẏ, ż)i/dt = (ẍ, ÿ, z̈)i from the DAE’s
d(ω′x, ω′y, ω′z)i/dt = (ω̇′x, ω̇′y, ω̇′z)i from the DAE’s

with, for (313) Euler angles, the A matrix as

A((ϕ, χ, ψ)i) =
1

sχi




sψ cψ 0
sχcψ −sχsψ 0
−cχsψ −cχcψ sχ




i

.

– END –
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