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a stationary value has one definite solution, that solution must automatically
yield a minimum (d. chap. IV, section 8).

Summary. After satisfying the conditions for a
stationary value, the further criterion for an extremum
depends on the sign of the second variation. An ex-
tremum requires that the sign of the second variation
shall remain the same for any possible infinitesimal
virtual displacement-positive for a minimum, nega-
tive for a maximum. If the sign of the second varia-
tion is positive for some displacements and negative
for others, then the stationary value of a function does
not lead to an extremum.

4. Stationary value versus extremum value. We should
keep well in mind the difference between stationary value and
extremum and the mutual relation of these two problems. A
stationary value requires solely the vanishing of the first varia-
tion, without any restriction on the second variation. An ex-
tremum requires the vanishing of the first variation plus further
conditions on the second variation. Moreover, we have investi-
gated the question of an extremum under the condition that we
are inside the boundaries of the configuration space. A function
which does not assume any extremum inside a certain region may
well assume it on the boundary of that region. On the boundary
of the configuration space the displacements are no longer rever-
sible and hence our argument that the first variation must
vanish-=-because otherwise it can be made positive as well as
negative-no longer holds. For non-reversible displacements a
function may well assume an extremum without having a sta-
tionary value at that point. In that case an extremum exists
without the vanishing of the first variation. If a ball rolls down
a groove, it will come to equilibrium at the lowest point of the
groove where the tangent to the path is horizontal. But the ball
may be stopped earlier by a peg which prevents its further
descent. The ball is now in its lowest position although the
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tangent is not zero and the height has no stationary value.
That condition is no longer required because the ball arrived at
the limit of the available configuration space and there the
variation of the position is not reversible.

Summary. The ~tremum of a function requires
a stationary value only for reversible displacements.
On the boundary of the configuration space, where the
variation of the position is not reversible, an extremum
is possible without a stationary value.

5. Auxiliary conditions. The Lagrangian A-method. The
problem of minimizing a function does not always present itself
in the form considered above. The configuration space in which
the point P can move may be restricted to less than n dimensions
by certain kinematical relations which exist between the coor-
dinates. Such kinematical conditions are called "auxiliary con-
ditions" of the given variation problem. If such conditions do
not exist and the variables UI, . . . , Un can be varied without
restriction, we have a "free" variation problem, as considered
previously (sections 1-3).

We shall now investigate the variation of the function
F = F(u!, U2, . . . , un),

with the auxiliary condition
feu!, U2, . . . , un) = O. (25.2)

Our first thought would be to eliminate one of the uk-for
example un-from the auxiliary condition, expressing it in terms
of the other Uk. Then our function would depend on the n-1
unrestricted variables u!, . . . , Un-l and could be handled as a
free variation problem. This method is entirely justified and
sometimes advisable. But frequently the elimination is a rather
cumbersome procedure. Moreover, the condition (25.2) may be
symmetric in the variables Ul, . . . , Un and there would be no
reason why one of the variables should be artificially designated
as dependent, the others as independent variables.

(25.1)



Lagrange devised a beautiful method for handling auxiliary
conditions, the "method of the undetermined multiplier," which
preserves the symmetry of the variables without eliminations
and still reduces the problem to one of free variation. The method
works quite generally for any number of auxiliary conditions and
is applicable even to non-holonomic conditions which are given
as non-integrable relations between the differentials of the vari-
ables, and not as relations between the variables themselves.

In order to understand the nature of the Lagrangian multi-
plier method, we start with a single auxiliary condition, given in
the form (25.2). Taking the variation of this equation we obtain
the following relation between the OUk:

- af afof- -OUI+...+-oun=O;
aUI aUn

while the fact that the variation of F has to vanish at a stationary
value, gives

aF aFof = - OUI+...+ - oun= O.
aUI aUn

We know from section 3 that the condition (25.4) would lead to

the vanishing of each
aF

if the OUkwere all independent of each
aUk

other. This, however, is not the case, because of the condition
(25.3). We agree to eliminate oUn in terms of the other varia-
. .

h
af.

tlOns-assummg t at - IS not zero at the point P-and then
aUn

consider the other OUkas free variations. But before we do so,
we shall modify the expression (25.4). It is obviously permis-
sible to multiply the left-hand side of (25.3) by some undeter-
mined factor A, which is a function of UI, . . . , Un, and add it to
of. This does not change the value of of at all since we have
added zero. Hence it is still true that:

aF aF
- OUI+...+ - uon+
aUI aUn

A ( af
OUI+. . + af

oun) = o.
aUI aUn

II
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(25.3)

(25.4)

(25.5)
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This move is not trivial because, although we have added zero,
we have actually added a sum; the individual terms of the sum
are not zero, only the total sum is zero.

We write (25.5) in the form

; (aF + A !L)OUk= O.
k =1 aUk aUk

We wish to eliminate oun. But now we can choose Aso that the
factor multiplying oUn shall vanish:

~~.

aF + A .!L = o.
aUn aUn

This dispenses with the task of eliminating oun. After that our
sum is reduced to only n-l terms:

n~1 (aF + A .!L) OUk = 0,
k=1 aUk aUk

and since only those OUkremain which can be chosen arbitrarily,
the conditions of a free variation problem are applicable. These
require that the coefficient of each OUkshall vanish:

aF + A
af

= 0, (k = 1,2, ..., n- 1). (25.9)
aUk aUk

The conditions (25.9), combined with the condition (25.7) on A,
lead to the conclusion that each coefficient of the sum (25.6) van-
ishes, just as if all the variations OUkwere free variations. The
result of Lagrange's "method of the undetermined multiplier"
can be formulated thus: instead of considering the vanishing of
of, consider the vanishing of

of + Mf, (25.10)

and drop the auxiliary condition, handling the Uk as free, inde-
pendent variables.

We have of + Mf = o(F + Aj), (25.11)

since the termfoA vanishes on account of the auxiliary condition
f = O. Hence we can express the result of our deductions in an
even more striking form. Instead of putting the first variation
of F equal to zero, modify the function F to

F = F + V,

(25.6)

(25.7)

(25.8)

(25.12)
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and put its first variation equal to zero, for arbitrary variations
of the Uk.

We generalize this A-method for the case of an arbitrary
number of auxiliary conditions. Let us assume once more that
the stationary value of F is sought, but under m independent
restricting conditions:

ft (Ul, U2, . . . . un) = 0,

(m < n). (25.13)

fm(Ul, U2, . . . , Un) = O.
These auxiliary conditions establish the following relations be-
tween the variations aUk:

aft =
aft

aUl+...+
afl

aUn = 0,
aUI aUn

(25.14)

afm = afm
aUl+...+

afm
aUn= o.

aUl aUn
Because of these conditions m of the aUk can be designated as
dependent variables and expressed in terms of the others. We
shall consider the last m of the Uk as dependent, the first n - m
as independent, variables.

Now the given variational problem requires the vanishing of
n aFaF = ~ - aUk

k = 1 aUk

for all possible variations aUk which satisfy the given auxiliary
conditions. We should express the last m aUk in terms of the
independent aUk. However, before doing so let us modify the
expression (25.15) by adding the left-hand sides of the equations
(25.14) after multiplying each one by some undetermined A-
factor. We thus get

~ (aF + Al
aft +.. .+ Am

afm ) aUk= O.
k = 1 aUk aUk aUk

(25.15)

(25.16)
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Now the elimination of the last m aUk can be accomplished by
the proper choice of the A-factors, so that
aF + Al

aft +...+ Am
afm

=0, (k=n-m+l,... ,n). (25.17)
aUk aUk aUk

This leaves ,
n;;,m(aF + Al

aft
+. . . +Am afm) aUk = o.

k = 1 au k au k au k

But all the aUk which remain in (25.18) are free variations. Hence
the coefficient of each aUk must vanish separately. In the final
analysis we have the equations

(25.18)

aF + Al
aft +. . .+ Am

afm
= 0, (k = 1,... . n), (25.19)

aUk aUk aUk

which can be considered as obtained from the variational
principle

aF + Al aft+. . .+Am afm= 0, (25.20)

considering all the Uk as independent variables. Thus in the final
result the distinction between dependent and independent vari-
ables disappears.

Equation (25.20) can be stated even more strikingly by
writing it in the form

a(F + Alft+.. .+Amfm)= 0, (25.21)

and interpreting this equation as follows: Instead of asking for
the stationary value of F, we askfor the stationary value of the modi-
fied function

F = F + Aft+.. .+Amfm, (25.22)

dropPing the auxiliary conditions and handling this as a free vari-
ation problem. This yields n equations. In addition to these
equations we have to satisfy the m auxiliary conditions (25.13).
This gives n + m equations for the n + m unknowns

UI, U2, . . . , Un; AI, A2. . . . , Am. (25.23)

The ingenious multiplier-method of Lagrange changes a
problem of n - m degrees of freedom to a problem of n + m
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degrees of freedom. If we add to the n variables Uk the m quan-
tities Xi as additional variables and ask for the stationary value
of the function P, this variation problem gives the same n equa-
tions as we had before if we vary with respect to the Uk, while the
variations of the Xi give the m additional conditions

h= 0,. . . ,fm= 0. (25.24)
These are exactly the given auxiliary conditions, but now obtained
a posteriori, on account of the variation problem.

The method of Lagrange permits the use of surplus coordin-
ates-a great convenience in many considerations of mechanics.
It preserves the full symmetry of all coordinates by making it
unnecessary to distinguish between dependent and independent
variables.

Summary. The Lagrangian-multiplier method re-
duces a variation problem with auxiliary conditions to
a free variation problem without auxiliary conditions.
We modify the given function F, which is to be made
stationary, by adding the left-hand sides of the auxil-
iary conditions, after multiplying each by an undeter-
mined factor X. Then we handle the modified problem
as a free variation problem. The resulting conditions,
together with the given auxiliary conditions, determine
the unknowns and the X-factors.

6. Non-holonomic auxiliary conditions. As was pointed
out in chap. I, section 6, the restrictions on the mechanical vari-
ables of a problem may be given in a differential instead of a
finite form. We then have a variation problem with non-
holonomic auxiliary conditions. The equations (25.13) do not
exist in this case, but we have relations analogous to the differ-
entiated forms (25.14) of the auxiliary conditions. The only dif-
ference is that the left-hand sides of these equations are no longer
exact differentials but merely infinitesimal quantities. We can
write the non-holonomic conditions in the following form:
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5]1= Auoul + A12OU2 +... +AlnOUn= 0,

(26.1)

lfm= AmlOUl+ A~U2+" .+Amnoun= 0.
Here the Aik are given functions of the Ui which cannot be con-
sidered as the partial derivatives of a function fi.

Non-holonomic conditions cannot be handled by the elimin-
ation method, because the equations for eliminating some vari-
ables as dependent variables do not exist. The Lagrangian X-
method, however, is again available. By exactly the same pro-
cedure as before, we can obtain an equation analogous to (25.20),
namely:

of + Xl5]l+. . .+Xm5]m= 0 ;
(26.2)

and again all the OUkare handled as free variations. The only
difference lies in the fact that we cannot proceed to the equation
(25.21) and have to be content with the differential formulation
of the procedure. The reduction of a conditioned variation
problem to a free variation problem is once more accomplished.

Summary. The Lagrangian X-method is appli-
cable even to non-holonomic conditions. We multiply
the left sides of these conditions by some undetermined
X-factors and add them to the variation of the function
F which is to be made stationary. This whole expres-
sion is put equal to zero, considering all the variations
OUkas free variations.

7. The stationary value of a definite integral. The analy-
tical problems of motion involve a special type of extremum
problem: the stationary value of a definite integral. The branch
of mathematics dealing with problems of this nature is called the
Calculus of Variations. A typical problem of this kind is that
of the brachistochrone (the curve of quickest descent), first
formulated and solved by John Bernoulli (1696); it is one of the
earliest instances of a variational problem. We wish to find a



CH APTER II!

THE PRINCIPLE OF VIRTUAL WORK

1. The principle of virtual work for reversible displace-
ments. The first variational principle we encounter in the science
of mechanics is the principle of virtual work. It controls the
equilibrium of a mechanical system and is fundamental for the
later development of analytical mechanics.

In the Newtonian form of mechanics a particle is in equili-
brium if the resulting force acting on that particle is zero. This
form of mechanics isolates the particle and replaces all constraints
by forces. The inconvenience of this procedure is obvious if
we think of such a simple problem as the equilibrium of a lever.
The lever is composed of an infinity of particles and an infinity
of inner forces acting between them. The analytical treatment
can dispense with all these forces and take only the external
force-Leo in this case the force of gravity-into account. This
is accomplished by performing only such virtual displacements
as are in harmony with the given constraints. In the case of the
lever, for example, we let the lever rotate around its fulcrum
as a rigid body, thus preserving the mutual distance of any two
particles. By this procedure the inner forces which produce the
constraints need not be considered.

The mechanical behavior of a rigid body is certainly very
different from that of a sandpile. There are strong inner forces
acting between the particles of a rigid body which keep these
particles together and which do not act between the particles of
a sandpile. But how can we prove the presence of these forces?
By trying to break the rigid body, i.e. by trying to move the
particles relative to each other in a manner which is not in har-
mony with the given constraints. If we merely move a rigid
body or a sandpile by rotation and translation, the mechanical
difference between the two systems disappears, because now the
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THE PRINCIPLE OF VIRTUAL WORK 7S

strong inner forces which characterize the rigid body in contrast
to the sandpile do not come into action. This is the reason why
in the variational treatment of mechanics the "forces of con-
straint" which maintain certain given kinematical conditions are
neglected, and only the work of the" impressed forces" needs to be
taken into account. We may eliminate the action of the inner
forces, since the virtual displacements applied to the system are
in harmony with the given kinematical conditions. The number
of equations obtained by this procedure is smaller than the
number of particles. But it is exactly equal to the number of
degrees of freedom which characterize the system.

Let us use at first the language of vectorial mechanics. We
assume that the given external forces F 1, F 2, . . ., F n act at
the points PI, P2, . . . , P n of the system. The virtual displace-
ments of these points will be denoted by

bRl, bR2, . . . , bRn. (31.1)

These virtual displacements must be in harmony with the given
kinematical constraints, and we shall assume that they are re-
versible, i.e. the given constraints do not prevent us from changing
an arbitrary bRi into -bRio

Now the principle of virtual work asserts that the given mech-
anical system will be in equilibrium if, and only if, the total virtual
work of all the impressed forces vanishes:

ow = Fl. ORl+ F2. oR2+..'+ Fn. oRn= O. (31.2)

Let us translate this equation into analytical language. For
this purpose we express the rectangular coordinates Xi, Yi, Zi as
functions of the generalized coordinates ql, q2, . . . , qn, exactly
as we have done in chap. I, section 7. The differential form
(31.2) is then transformed into the new differential form

ow = Floql+ F2oq2+...+ Fnoq.., (31.3)

where Fl' F2' . . . , Fn are called the components of the general-
ized force. They form a vector of the n-dimensional configu-
ration space.

The principle of virtual work requires that

Floql+ F2oq2+..' + Fnoqn= O. (31.4)
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We can give a striking geometrical interpretation of this equa-
tion. The left-hand side of the equation is nothing but the
"scalar product" of force and virtual displacement. The vanish-
ing of this scalar product means that the force Fi is perpendicular
to any possible virtual displacement.

Let us assume at first that the given mechanical system is
free of any constraints. In that case the C-point of the con-
figuration space can be displaced in an arbitrary direction. Then
the principle (31.4) requires that the force Fi shall vanish, be-
cause there is no vector which can be perpendicular to all direc-
tions in space.

Let us assume that the C-point has to stay within a certain
(n - m)-dimensional subspace of the configuration space, on
account of m given kinematical constraints. Then the condition
(31.2) no longer requires the vanishing of the force Fi, but only
its perpendicularity to that subspace. This amounts to n - m
equations, in conformity with the n -m degrees of freedom of
the mechanical system.

We now come to the physical interpretation of the principle
of virtual work. According to Newtonian mechanics, the state
of equilibrium requires that the resultant force acting on any
particle of the system shall vanish. This resultant force is the
sum of the impressed force and the forces which maintain the
given constraints. These latter forces are usually called" forces
of reaction." Since the principle of equilibrium requires that
"impressed force plus resultant force of reaction equals zero,"
we see that the virtual work of the impressed forces can be re-
placed by the negative virtual work of the forces of reaction.
Hence the principle of virtual work can be formulated in the fol-
lowing form, which we shall call Postulate A:

"The virtual work of the forces of reaction is always
zero for any virtual displacement which is in har-
mony with the given kinematic constraints."

This postulate is not restricted to the realm of statics. It
applies equally to dynamics, when the principle of virtual work
is suitably generalized by means of d'Alembert's principle. Since

1f
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an the fundamental variational principles of mechanics, the prin-
ciples of Euler, Lagrange, Jacobi, Hamilton, are but alternative
mathematical formulations of d'Alembert'~ principle, Postulate
A is actually the only postulate of analytical mechanics, and is
thus of fundamental importance. I

The principle of least action assumes a ~pecial significance i.n
the particularly important case where the Impress~d force Fi IS
monogenic, i.e. derivable from a single s.calar functIOn, the. w?rk
function. In this case the virtual work 1Sequal to the vanatlOn
of the work function U(ql, . . . ,qn)' Since the work function can
be replaced by the negative of the potenti~l energy, we. ca~ s~y
that the state of equilibrium of a mechamcal system IS d1stlll-
guished by the stationary value of the potential energy, i.e. by
the condition

oV = O. (31.5)

If the equilibrium is stable, the potential energy must assume its
minimum value-the minimum understood in the local sense-
while in general, equilibrium does not require the minimum, but
only the stationary value, of V.

Summary. The principle of virtual work dema?ds
that for the state of equilibrium the work of the 1m-
pressed forces is zero for any infinitesimal variation of
the configuration of the system which is in harmony
with the given kinematical constraints. For mono-
genic forces, this leads to the condition th~t, for eq~i-
librium, the potential energy shall be statIOnary wIth
respect to all kinematically permissible variations.

The following two sections will be devoted to the appliCation of the prin-
ciple of virtual work to the statics of a rigid body. The results are well known

lThose scientists who claim that analytical mechanics is nothing but a
mathematically different formulation of the laws of Newto~ must assume th~t
Postulate A is deducible from the Newtonian laws of motIOn. T~e a~,tho~ IS

unable to see how this can be done. Certainly the third law of motion, actIOn
equals reaction," is not wide enough to replace Postulate A.
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