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1. Abstract 
The proposed research focuses on improved multi-scale models for slender atomic structures idealized 
as rods (one-dimensional continua), with applications in mechanics of nanotubes and DNA at zero 
temperature. The specific goals are: a) development of an improved rod model that captures extension, 
twist, bending, shear, in-plane cross-sectional deformations and the coupling between such modes in a 
unified formulation, b) application of the improved rod model to simulate vibrations of clamped, 
suspended nanotube oscillators [1] with the goal of studying vibration modes and estimating clamping 
losses, and c) application of the improved rod model to study DNA loops formed by the lac repressor 
protein [2, 3] and determine loop conformations and forces that influence the lac repressor structure.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 1: Configurations of single-walled carbon nanotubes in relation to graphene [9-11] 
 

 
2. Introduction 
My research interests lie in developing computational methods and models to address the behavior of 
materials which exhibit complexity and structure at varying spatial and temporal scales. Recent 
developments in micro- and nano-manipulation of systems have ushered in a new era of modeling 
efforts, which seek to validate experiments as well as provide a framework to predict and explain 
behavior difficult to observe experimentally. Such efforts have also been inspired by materials in which 
extraordinary macroscopic properties emerge from their underlying atomic structure. Examples of such 
materials are carbon nanotubes and DNA which are the systems of study in this proposal. Recent 
studies on other materials include understanding the color-changing wing structure of the Morpho 
sulkowskyi butterfly to develop photonic sensors [4], brick and mortar architecture in sea-shells to 
develop lightweight, strong, hierarchical ceramics [5], and nano-textured wax on lotus leaves to develop 
super-hydrophobic coatings [6].  
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In developing such applications, it is important to understand how atomic structure determines 
macroscopic properties of such materials. This calls for the bridging of multiple spatial and temporal 
scales often referred to as multi-scale modeling. The success of a multi-scale model depends on 
accuracy of the theory used, as well as the scheme through which information is transferred across 
different scales. For an atomic-scale description of materials, all-atom molecular dynamic (MD) 
simulations using appropriate energetic descriptions are accurate and often employed. However, 
computational expense severely limits the size of atomic systems and time scales that can be studied to 
obtain meaningful information. For example, the limitations on computer power today permit 
simulations of 10 million integration steps, i.e., in the multi-nanosecond range, which is short by a 
factor of 1000 million for many important biological processes [2]. Alternatively, continuum models 
capture a collective behavior of atoms and offer computational efficiency by reducing degrees of 
freedom. However, the accuracy of standard continuum models suffers from the dominant presence of 
van der Waals forces, surface, interface and size effects, and ambiguities in model parameters. Hence, 
there is a need to develop atomistically enriched continuum models which combine the accuracy of all-
atom simulations and the efficiency of continuum analyses. In my dissertation, I focused on building 
such atomistically enriched continuum models of carbon nanotubes to study their mechanical 
deformations. 

 
3. Carbon nanotubes (CNTs) 
A CNT can be considered as a honeycomb lattice of carbon atoms that has been rolled up to form a 
seamless hollow cylinder (see Fig. 1). CNTs possess remarkable strength and ductility and can be either 
electrically conducting or semi-conducting based on their underlying atomic structure. They offer 
exciting potential applications in diverse areas utilizing their superior mechanical, electrical, thermal 
and optical properties.  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: CNT electro-mechanical oscillator – SEM image and schematic diagram [1] 
 
Among the several applications of CNTs is a nano-electro-mechanical (NEMS) oscillator. This is of 
interest in attogram sensitive mass detection of airborne pathogens, radio-frequency signal processing, 
and as a model system for investigating quantum phenomena in macroscopic systems. Electrical 
actuation and detection of guitar-string oscillation modes of clamped CNT oscillators [1] (see Fig. 2) 
have shown that the resonance frequencies can be widely tuned and that the devices can be used to 
transduce small forces. These experiments motivate challenging studies of large elastic deformations of 
CNTs in a dynamic, coupled electro-mechanical setting in which electronic properties such as the band 
gap have also been observed to change under mechanical deformations [7]. However, there are intrinsic 
difficulties in experimentally carrying out such studies with challenges in dispersing, sorting and 
placing CNTs on a substrate [1, 8]. Hence, accurate modeling and simulation tools are necessary to 
drive these efforts. As a first step towards building such a tool for CNTs, I worked on developing zero-
temperature, atomistically enriched membrane (two-dimensional) [9-11] and rod (one-dimensional) 
[12] models for mechanical deformations of CNTs that are one atomic layer thick (called single-walled 
CNTs or SWNTs). Sections 4 and 5 summarize the work that has been completed as a background for 
proposed research plans in Sections 6, 7 and 8. 
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Completed work 
 
4. Membrane model 
Approach: The SWNT is modeled as a nonlinearly elastic membrane in which the continuum strain 
energy density is defined in terms of bond energies over a representative unit cell of the honeycomb 
lattice (containing 2 atoms) (see Fig. 3). The Brenner multi-body interatomic potential for carbon is 
used to model bond energies [9-11]. Bond lengths are determined by an atomistic-continuum bridging 
hypothesis that assumes the continuum deformation to be homogeneous at the atomic scale (Cauchy-
Born (CB) rule) (scheme outlined in Fig. 3). Modifications to the CB rule as well as aspects related to 
spatial inhomogeneity of deformations at the atomic scale [10] are investigated in the context of 
extension-twist deformations [9-11] in which kinematic coupling between extension and twist, stress-
strain relationship and elastic moduli for different SWNTs are also studied [11]. 
 
Key findings: Among the different SWNT atomic configurations (Fig. 1) – armchair, zig-zag and chiral 
– it is observed that only chiral SWNTs exhibit twist under imposed extension [9, 10]. Further, the 
sense of imposed twist (clockwise or counterclockwise) affects the induced extension in chiral SWNTs, 
unlike for armchair and zig-zag configurations which exhibit symmetric induced extension [9, 10] with 
respect to imposed twist. An a posteriori investigation reveals that an axial strain of 25-30% can be 
reached before bond orders change [9, 10] in all cases studied. The extracted elastic moduli do not 
depend strongly on SWNT chirality although they do depend on parameter sets present in the potential 
[11]. Further, the moduli are underestimated in comparison to most reported experimental/all-atom 
studies. However, ab initio unit-cell simulations using pseudo-potential density functional theory (DFT) 
in a plane-wave basis lead to extensional moduli that agree well with experimental measurements [11]. 
Two key issues with the membrane model that motivate the following alternative approach are: (a) 
better suitability of a one-dimensional model (e.g., rod) in studying long SWNTs (microns in length) of 
interest in nano-oscillators (Section 3), and (b) use of a more accurate atomic-scale energy description 
(e.g., DFT). 
 
 
 
 
 
  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
5. Rod model 
Approach: The rod model has been successful in capturing deformations of a variety of systems 
such as marine cables, MEMS components, SWNTs [12, 13] (Fig. 4) and DNA [2, 3] (Fig. 5) each 
having their respective material constitutive behavior. The rod model is a large deformation, 
nonlinearly elastic generalization of models such as Bernoulli-Euler and Timoshenko beams that 
are restricted to small deformations and linearly elastic materials. This generalization enables 
capturing aspects of systems such as DNA and SWNTs that are not portrayed at small deformations 
such as coupling between different deformation modes. The focus of this work is to develop a rod 
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Figure 3: Multi-scale (atomistic-continuum) approach for SWNT membrane model along with 
representative unit cell of the honeycomb lattice [9-11] 

 



model of SWNTs [12] that is based on the underlying atomic structure. The SWNT is modeled as a 
curve joining the centroids of a stack of rigid cross-sections whose motions are tracked by a set of 
orthonormal basis vectors (called directors) attached to each cross-section (Figs. 4, 5(a)). Motions 
of the directors, viewed as material fibers in the cross-section, determine strain measures for the rod 
– extension, twist, shear (rotations of cross-sections about in-plane directors) and bending strains. 
The nonlinearly elastic strain energy density is obtained from representation theorems proved in 
[14] by invoking principles of material objectivity and symmetry. By choosing an explicit 
representation (a quadratic polynomial, in this case), the strain energy density is expressed as a 
function of the strains. The coefficients in this expression capture effects of direct extension, twist, 
bending and shear, as well as coupled extension-twist and bending-shear. The atomistic-continuum 
bridging is performed by determining these coefficients from unit cell simulations performed using 
a self-consistent-charge density-functional based tight-binding method (SCC-DFTB) [15], a more 
accurate approach compared to an empirical potential while being several times faster than DFT. 
 
Key findings: The described approach is applied to a representative (9, 6) chiral SWNT (Fig. 4, 
228 atoms per unit cell, diameter of 1 nm, unit cell length of 2 nm) and leads to predictions for 
coefficients that characterize SWNT stiffness in all the different deformation modes [12], some of 
which are the first estimates for SWNTs. It is shown that extension-twist coupling vanishes at 
quadratic order of the strain energy – any extension-twist coupling for this SWNT is of cubic or 
higher order. 
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Figure 4: Multi-scale (atomistic-continuum) approach for SWNT rod model [12] 
 
This result is in agreement with extension-twist coupling obtained from the membrane model using the 
Brenner potential. Further, it is found that each of the bending and shear deformation modes about both 
in-plane directors leads to identical energies thus indicating transverse cross-sectional symmetries. 
Further, the model brings to notice certain shortcomings of applying isotropic beam models to SWNTs. 
The computed twist modulus is much higher than the shear modulus, indicating that the SWNT is stiffer 
in twist compared to shear. An isotropic model fails to distinguish between these two moduli. It is also 
found that the bending stiffness is much lower than a beam model prediction, indicating higher 
flexibility than predicted by a beam model.  
 
Proposed future work 
 
6. Deformable cross-section rod model 
Motivation: The rod model described in Section 5 treats the rod as a stack of rigid cross-sections. 
However, the assumption of cross-sections being rigid may be inaccurate for hollow, thin-walled 
structures such as SWNTs and fails to capture important effects such as the change in radius of cross-
section under an axial strain (Poisson effect). One possibility is to model hollow, thin-walled structures 
using a membrane model (Section 4). However, this approach loses the dimensionality advantage of a 
one-dimensional model for long, slender structures. A modified rod approach presented in [13] 
accounts for cross-sectional deformations. However, the longitudinal and cross-sectional deformations 



in this work are decoupled thus failing to capture the Poisson effect. Moreover, this work is restricted to 
isotropic, linearly elastic materials. The proposed approach is one that addresses these issues, accounts 
for underlying atomic symmetries and captures cross-sectional deformations by retaining the 
advantages of a one-dimensional model.  
 
Preliminary work: Our key idea to account for cross-sectional deformations in the proposed rod model 
is to relax the orthonormality constraint imposed on directors in the restricted theory. This enables 
capturing in-plane cross-sectional shears through angles between in-plane directors, and cross-sectional 
thickness change using magnitudes of in-plane directors. These additional strains characterize cross-
sectional deformations. It is noted that the restricted theory described in Section 5 is immediately 
realized as a special case of the proposed formulation when directors are mutually orthonormal.  
 
Next steps: Within the nonlinearly elastic material assumption, it is first necessary to derive strain 
energy density representations for the improved rod model, similar to work on the restricted rod model 
in [14]. This improved rod model will, then, enable a unified treatment of extension, twist, bending, 
shear, coupled modes and in-plane cross-sectional deformations. This is expected to be a significant 
step in improving the applicability of a rod model to hollow structures such as SWNTs and 
biomolecules such as DNA. The only neglected effect will be that of warping (out-of-plane 
deformation) of cross-sections, which is not expected to be significant for slender structures such as 
SWNTs and DNA of interest in this work. Application of the improved rod model to SWNTs will 
require fitting additional coefficients that arise in this model to SWNT unit cell simulations (Section 5). 
 
7. Modeling clamping losses in SWNT oscillators 
Motivation:  Nanotube oscillators (Section 3, Fig. 2) undergo mechanical dissipation through intrinsic 
mechanisms such as electron-electron, electron-phonon and phonon-phonon interactions, as well as 
extrinsic mechanisms such as air friction, imperfections in clamping, point defects and dislocations. The 
quality (Q) factors (defined in terms of the ratio between stored and dissipated energies) of nanotube 
devices have been reported to be several orders of magnitude lower [1] than other NEMS and MEMS 
devices [16]. Maximizing Q-factors is essential to improve oscillator sensitivity. Hence, characterizing 
oscillator losses is of importance in minimizing them and improving Q-factors. Intrinsic energy loss due 
to phonon-phonon interactions in SWNTs has been studied computationally [16]. However, the high 
theoretical limit obtained for Q-factors from these studies does not explain the low experimental Q-
factor [1]. Hence, it is important to explore extrinsic dissipation mechanisms such as clamping losses 
which have been reported to be potentially significant [1], although no studies exist that estimate them 
quantitatively. The proposed goal is to model clamped SWNT oscillators using the improved rod model 
(Section 6) to quantify clamping losses. 
 
Approach: As a preliminary step to estimate clamping energy loss, it is proposed to model the 
boundary as a linearly elastic continuum half space with periodic point forces due to the vibrating 
SWNT acting on it (one force normal to the boundary, and the other parallel to the boundary). The 
displacements in a linearly elastic half space due to such periodic point forces are well known [17]. This 
work will attempt to use these solutions to estimate the total power of elastic waves propagating into the 
clamps due to vibrating SWNTs. The actual forces due to a vibrating SWNT can be calculated from 
free/forced vibration simulations using a finite element analysis with the atomistic-continuum rod 
model (Section 6) providing the material description. Finally, the energy transmitted into the elastic 
half-space can be computed as the power of the elastic wave propagating through the half-space by 
integrating the energy flux over any arbitrary hemispherical boundary [18]. 

 
8. Improved DNA rod model for the DNA-lac repressor complex 
Background: DNA interacts with a host of proteins involved in replication, transcription, repair and 
regulation. These interactions as well as its constant packing and unpacking into chromatin and other 
higher-order structures make it bend, twist, supercoil, fold and loop dynamically even as it undergoes a 
variety of structural changes during these processes. Since much of the action spans a large range of 
length scales from the width of DNA (2 nm) to the size of tertiary structures such as DNA loops (a few 
microns), it is important to develop models that capture the essential mechanics across such scales 
efficiently and accurately. Among the most widely studied DNA-protein interactions is the DNA-lac 



repressor complex in E. coli bacteria.  The lac operon, a DNA functioning unit, contains genes that 
code for proteins required for lactose uptake and metabolism. When lactose is absent from the bacterial 
environment, the lac operon is turned off by the lac repressor protein. The lac repressor achieves this by 
binding to two out of three target DNA sites (called operator sites), forcing the DNA segment between 
the sites to form a loop, thus blocking transcription of the DNA (see Fig. 5(b)). While the structure of 
the lac repressor itself is known, it is difficult to crystallize the induced DNA loops because of their size 
[3]. It is experimentally challenging to study the DNA structure and forces exerted on the lac repressor 
(which are known to subsequently affect its structure) [2, 3], and mechanical properties of the complex 
and its in vivo configuration remain unknown [2]. Alternatively, an all-atom simulation of the DNA-lac 
repressor complex would be of enormous computational cost, as the size of the fully solvated complex 
amounts to 700,000 atoms for a 76 base pair (26 nm) DNA length [2]. As a result, multi-scale models 
have been developed [2, 3] to reduce the size of the atomic system using a continuum rod theory to 
describe the DNA loop and MD simulations to describe the protein. Bridging of scales is carried out by 
the exchange of boundary conditions and forces at the interface between the two domains. 
 
Motivation:  Rod models have been employed previously in modeling DNA [2, 3, 19, 20] (see Fig. 5) 
because they capture essential deformation modes including sequence dependence of the DNA elastic 
constants, intrinsic curvature and twist. However, these models are based on assumptions of rigid cross-
sections, inextensibility and unshearability of the rod. Further, they do not account for bending-twist 
[19] and extension-twist [20] coupling reported in the DNA literature. DNA is known to be shearable 
and stretchable, and inclusion of additional deformation modes captured in the improved rod theory 
may influence both the local and global structure of the modeled DNA loop as well as forces exerted on 
the lac repressor [3]. The proposed goal is to apply the improved rod theory (Section 6) to model DNA 
in this problem, and develop improved predictions of loop conformations and forces influencing the lac 
repressor structure. 
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Approach: The basic idea is to compute coefficients (elastic constants) of various terms in an 
appropriate strain energy density representation in the improved rod model as applicable to DNA. The 
procedure to extract these coefficients will be similar to that for SWNTs (Section 5) carried out already. 
Certain elastic properties of DNA in bending, extension and twist are well known and in use [2, 3, 19, 
20]. However, obtaining all required coefficients for the improved rod model experimentally is 
challenging. In order to compute all coefficients in a unified manner, one needs to employ simulations 
using an appropriate energetic description – ab initio-based or empirical. Examples of empirical energy 
functions used previously in DNA simulations include the AMBER98 force field with the ICMD 
method [21] and the CHARMM22 force field in the NAMD2 MD simulation package [2, 3]. Such 
simulations are required to capture all modes in the improved rod model. Upon determination of these 
coefficients, the multi-scale approach presented in [2, 3] can be followed to obtain improved loop 
conformations and forces on the lac repressor.  

 

Figure 5: (a) Continuum rod model of DNA [12], (b) DNA loop formed due to the lac repressor [12] 



 
9. Broader impact of proposed research 
The approach to model SWNTs presented in this work can be extended to model systems such as boron 
nitride nanotubes or silicon nanowires by use of appropriate lattices and energetic descriptions to 
perform unit cell simulations, as well as investigate phenomena such as self-folding and unfolding of 
CNTs [22]. The proposed studies on the DNA-lac repressor complex lay the foundation to accurately 
and efficiently model DNA loop formation in several cellular processes and gene regulation 
mechanisms involving gal, ara, lac, and deo operons in E. Coli, the DNA-protein complex between c-
Myb and C/EBP in the mim-1 promoter and the protein p53 [23], cooperative binding by CAP and lac 
repressor [24], as well as multi-protein loop formation [25]. Further, the rod model can serve as a good 
starting point for all-atom simulations of protein complexes with whole DNA loops [2, 3, 24]. Other 
possible applications of the improved DNA rod model include characterization of symmetry breaking 
and multiple equilibria of DNA rings [26], as well as supercoiled states by inclusion of self-contact 
forces [27]. There has also been recent interest in understanding properties of DNA-wrapped CNTs [8] 
and exploiting them to sort and place individual CNTs. The present work on material models for CNTs 
and DNA can enable effective modeling of such hybrid systems as well. 
 
During my post-doctoral period, I wish to further my knowledge as well as contribute to theories in 
multi-scale modeling of materials and applications of such modeling techniques to nano-/biological 
systems. I seek to interact closely with experimentalists to validate modeling efforts as well as to 
identify experimental issues in which modeling efforts can provide insight and make a difference. In 
pursuit of the described goals in this proposal as well as my overall interests in materials modeling and 
computations, I seek a post-doctoral position that provides an ideal platform on which to develop my 
skills as well as contribute to ongoing efforts. 
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